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ABSTRACT
Background: We study a generalized Colonel Blotto game that

incorporates both global costs of acquiring resources and battlefield-

specific assignment costs, reflecting strategic allocation problems

where both investment and deployment decisions are costly.

Objectives andResearchQuestions: Themain questions concern

how Nash equilibria of this generalized game relate to those of the

standard Colonel Blotto game, andwhether this relationship enables

efficient equilibrium computation.

Methods: We analyze the Colonel Blotto game with costs using

the notion of strategic equivalence and construct a reduction to a

standard zero-sum Colonel Blotto game.

Results:We show that for every Colonel Blotto game with costs,

there exists a strategically equivalent zero-sum Colonel Blotto game

with one additional battlefield. Consequently, Nash equilibria can

be computed in polynomial time with respect to the number of

battlefields and resources using the flow graph algorithm of [4].

Conclusions: Our results establish the tractability of equilibrium

computation in a significantly more expressive Blotto model.

This work was published in the proceedings of the AAAI 2026

conference [20].
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1 INTRODUCTION
In the competitive landscape of the global electric vehicle (EV)

market, Tesla and Volkswagen are two major players making strate-

gic decisions about increasing and allocating production capacity

across multiple key markets. Each market has unique characteris-

tics, such as production costs, market potential, and regulations,

that influence both the potential return on investment and the costs

associated with expanding production capacity. Furthermore, the
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costs of increasing production capacity in any given market may

differ among companies due to factors like existing infrastructure,

supply chain efficiency, and local partnerships. This creates a dual

challenge: first, deciding how much to invest in expanding overall

production capacity, and second, determining how to allocate this

capacity across different markets to maximize competitive advan-

tage. Strategic planners must carefully weigh these considerations

to decide how to globally increase and distribute production ca-

pacity. The central questions are: How should a company balance

its investments in expanding capacity with the costs and benefits

of allocating it to specific markets? What is the optimal strategy

for assigning the increased capacity across markets with varying

cost structures? Finally, what are the total costs that each company

incurs in pursuing this global expansion?

Similarly, in the competitive pharmaceutical industry, compa-

nies like Pfizer and Johnson & Johnson are engaged in a strategic

race to develop new drugs. They must decide how much to invest

in expanding their R&D capacity—such as hiring scientists and

expanding lab facilities—-and how to allocate these resources to dif-

ferent research areas such as oncology, immunology, and neurology.

Each area has its own set of challenges, including market potential,

scientific difficulty, and regulatory requirements, which affect both

the cost and the potential return on investment. In addition, the

cost of conducting research in these areas can vary between compa-

nies due to factors such as existing expertise, access to specialized

equipment, and previous partnerships with research institutions.

The key strategic questions are: How should a company increase

its R&D capacity? How should it allocate this capacity across vari-

ous research areas to balance risk, cost, and reward? What are the

overall costs for each company in this R&D competition?

Strategic decisions regarding the aforementioned scenarios share

similar characteristics. First, they involve allocating resources across

multiple contests, where strategic planners aim to maximize the

sum of utilities across all contests. Second, both obtaining and as-

signing resources come at a cost. A strategic planner aiming to

maximize the outcome of her decisions needs to consider both the

anticipated outcomes of contests as well as the total costs incurred.

The Colonel Blotto game [7] is a well-known model that captures

the strategic problem of allocating limited resources across multiple

contests. However, in its classic formulation, the Colonel Blotto

game imposes a sunk-cost assumption, i.e., the budgets of com-

peting parties are fixed, and there are no costs related to either

obtaining resources or assigning them to specific battlefields. Since

the sunk-cost assumption does not capture the scenarios mentioned

above, we study the problem of computing equilibrium strategies in

a generalized variant of the Colonel Blotto game, called the Colonel

Blotto game with costs.



2 COLONEL BLOTTO GAME
The Colonel Blotto game was first introduced by Borel in 1921. In its

original formulation, two colonels are tasked with simultaneously

assigning their limited number of troops across the set of battle-

fields. Each colonel wins all the battlefields where he assigns strictly

more resources than the opponent, and the remaining battlefields

are tied. In the original formulation of the model, all battlefields

are equally valuable, and the payoff to a colonel is the difference

between the number of won and lost battlefields. Although the

original motivation for introducing the Colonel Blotto game was

military [6, 7, 34], the model has been since applied for analyzing

competitions in various scenarios, such as politics [12, 24, 26, 33],

network security [9, 10, 15, 16], and marketing [11, 19, 21]. A sim-

ple description of this game combined with a rich structure and

many possible applications resulted in the ongoing interest in solu-

tions of the Colonel Blotto game of researchers in multiple areas.

Examples of these fields are operations research [2, 5, 6, 34], eco-

nomics [18, 22, 30, 31], and computer science [1, 3, 4, 32].

The first stream of research concerning solutions of the Colonel

Blotto game aims to obtain (at least partial) characterization. Al-

though in most formulations the game is zero-sum, the exponential

number of strategies with respect to the model parameters makes

the problem of characterization of optimal strategies hard, and most

results were obtained under restrictive assumptions that narrow

their possible applications. One of such restrictive assumptions is

relaxing the integrality constraint of the problem, i.e., allowing the

players to split their troops, resulting in the continuous variant of
the model. Working under this assumption, Borel and Ville (1938)

solved the game for three battlefields and the same number of re-

sources of both players. Their results were extended by Gross and

Wagner (1950), who obtained a general solution under the symmet-

ric budget of both players. Roberson (2006) extended the knowledge

on continuous variants of the game, providing solutions for the

general case both in terms of the number of battlefields and asym-

metric budgets of players. These results were further generalized by

Kovenock and Roberson (2021), who solved the variant allowing for

different valuations across battlefields. As for the discrete variant

of the problem, Hart (2008) provided partial characterization of

solutions of the budget-symmetric model as well as for some of

the budget-asymmetric cases for a general number of battlefields.

As for today, the general characterization of the equilibrium set in

Colonel Blotto games with discrete strategy spaces has remained

elusive.

Difficulties in characterizing solutions of the more general vari-

ants of the Colonel Blotto game (e.g. different values across bat-

tlefields or different values of battlefields across players) resulted

in increased attention regarding the problem of computing or ap-

proximating solutions of such models. Beale and Heselden (1962)

introduced a method of approximating solutions of the Colonel

Blotto game, based on a new game involving the mean numbers

of forces allocated to each battlefield in the original game. A more

generalized multiplier method, allowing for computing solutions

of a broader class of games, including the Colonel Blotto game was

introduced by Penn (1971). Combining the idea multiplier method

with the fictitious play resulted in an implementation for comput-

ing the Colonel Blotto game solutions, described by Eisen and Le

Mat (1968).

Recently, Ahmadinejad et al. (2019) proposed a first method of

computing solutions for the Colonel Blotto game in polynomial

time with respect to the number of resources of both players and

the number of battlefields. The proposed method utilized the idea

of separation oracle and was proved applicable to a broader class

of games satisfying the bilinearity of payoffs, i.e., the payoff to a

player is the sum of payoffs across single battlefields. Although

considered a breakthrough because of the guarantees of polynomial

runtime, the method proposed by Ahmadinejad et al. (2019) uses

the ellipsoid method, which makes it insufficient for larger model

parameters. Behnezhad et al. (2023) addressed this problem, provid-

ing a first polynomial-size LP formulation of the problem, resulting

in a simpler and significantly faster algorithm. Furthermore, they

showed that their LP representation is asymptotically tight. Their

method, based on the idea of representing a mixed strategy of a

player as a flow in the corresponding layered graph, is applicable

to every zero-sum Colonel Blotto game satisfying the bilinearity

of payoffs and the zero-sum property at every battlefield, and it is

considered the state-of-the-art algorithm for computing solutions

of the Colonel Blotto game.

As for the variants of the Colonel Blotto game that allow for cap-

turing the costs of either obtaining or assigning resources, Roberson

and Kvasov (2010) considered a Colonel Blotto game with contin-

uous resources and linear costs. They show that if the level of

asymmetry between the players’ budgets is below a threshold, then

there exists a one-to-one mapping between the solutions of the

Colonel Blotto game with costs and the solutions of the Colonel

Blotto game. We are not aware of any other results on solutions of

the Colonel Blotto game with costs outside of the work of Roberson

and Kvasov (2010).

Our contribution: We study a generalized variant of the Colonel

Blotto game, called the Colonel Blotto game with costs, which cap-

tures both global costs of obtaining the resources aswell as battlefield-

specific costs of assigning resources to the given battlefield. Al-

though the game in question is not zero-sum (or even strictly com-

petitive), using the notion of strategical equivalence, we show that

the Colonel Blotto game with costs satisfies the interchangeability

of Nash equilibria. Furthermore, we prove that every instance of

the Colonel Blotto game with costs is strategically equivalent to a

corresponding variant of the standard Colonel Blotto game where

players have fixed budgets. By applying the results of Behnezhad et

al. (2023) about solution computation in the standard Colonel Blotto

games with fixed budgets, we show that the problem of computa-

tion of Nash equilibria of the Colonel Blotto game with costs can be

expressed using a linear program with at mostΘ(𝐷2 ·𝑛) constraints
and Θ(𝐷2 ·𝑛) variables, where 𝑛 is the number of battlefields and 𝐷

is the maximum number of resources that any player is allowed to

assign. Lastly, we present our experimental results and discuss their

consistency with theoretical results for the continuous resources

setting of Roberson and Kvasov (2010).



3 MODEL
This section introduces the Colonel Blotto game with discrete re-

sources and costs, a generalization of the classic Colonel Blotto

game that captures the strategic costs of assigning resources over

a set of battlefields. The Colonel Blotto game with costs models

competition between two players, denoted by A and B. Each player

has a number of available discrete resources, e.g. military units

or coins, denoted by 𝐷A
and 𝐷B

, respectively. Players compete on

the set [𝑛] = {1, 2, . . . 𝑛} of 𝑛 battlefields, where 𝑛 ≥ 2. A strategy

of player 𝑃 ∈ {A,B} is an assignment of at most 𝐷𝑃
resources

across the set of battlefields. Formally, the set of strategies of player

𝑃 ∈ {A,B} is

𝑆 (𝐷𝑃 , 𝑛) =
{
𝒔 ∈ N𝑛

:

𝑛∑︁
𝑖=1

𝑠𝑖 ≤ 𝐷𝑃

}
. (1)

Elements of 𝑆 (𝐷𝑃 , 𝑛) are partial assignments, as the players are not

required to use all of their available resources. When the parameters

are clear from the context, the set of partial assignments is denoted

𝑆𝑃 .

Given a strategy profile (𝒔A, 𝒔B), the payoffs to the players from

battlefield 𝑖 ∈ [𝑛] are defined as

𝑢A𝑖

(
𝑠A𝑖 , 𝑠

B
𝑖

)
= 𝑣𝑖

(
𝑠A𝑖 , 𝑠

B
𝑖

)
− 𝑐A𝑖

(
𝑠A𝑖

)
,

𝑢B𝑖

(
𝑠A𝑖 , 𝑠

B
𝑖

)
= −𝑣𝑖

(
𝑠A𝑖 , 𝑠

B
𝑖

)
− 𝑐B𝑖

(
𝑠B𝑖

)
,

where 𝑣𝑖 : N × N −→ R is a valuation function associated with the

battlefield 𝑖 , and 𝑐A𝑖 , 𝑐
B
𝑖 : N −→ R are non-decreasing assignment

cost functions that capture the costs of assigning a given number of

resources to the given battlefield by each of the players.

The payoff to player 𝑃 ∈ {A,B} from strategy profile (𝒔𝑃 , 𝒔9𝑃 ) is

𝜋𝑃
$

(
𝒔𝑃 , 𝒔9𝑃

)
=

𝑛∑︁
𝑖=1

𝑢𝑃𝑖

(
𝑠𝑃𝑖 , 𝑠

9𝑃
𝑖

)
− 𝑔𝑃

(
𝑛∑︁
𝑖=1

𝑠𝑃𝑖

)
, (2)

where 𝑔𝑃 is a non-decreasing obtainment cost function that de-

scribes the cost of obtaining the total number of resources assigned

across all the battlefields.

Definition 1 (Colonel Blotto game with costs). For a given tuple

(𝐷A, 𝐷B, 𝑛, 𝒗, 𝒄A, 𝒄B, 𝑔A, 𝑔B), a strategic game with strategy sets de-

fined by (1) and payoffs defined by (2) is denoted with

B$ (𝐷A, 𝐷B, 𝑛, 𝒗, 𝒄A, 𝒄B, 𝑔A, 𝑔B) ≡ B$ and called the Colonel Blotto
game with costs.

The players are allowed to make randomized choices. A mixed
strategy of player 𝑃 ∈ {A,B} is a probability distribution on 𝑆𝑃 .

Given a non-empty set 𝑋 , let Δ(𝑋 ) denote the set of all probability
distributions on 𝑋 . The expected payoff to player 𝑃 ∈ {A,B} from a

pair of mixed strategies (𝝃 A, 𝝃 B) ∈ Δ(𝑆A) × Δ(𝑆B) is equal to

Π𝑃
$

(
𝝃 A, 𝝃 B

)
=

∑︁
(𝒙,𝒛 ) ∈𝑆A×𝑆B

𝜉A𝒙 𝜉
B
𝒛 𝜋

𝑃
$
(𝒙, 𝒛) ,

where given the probability distribution 𝜉𝑃 , 𝜉𝑃𝒙 is the probability

associated with pure strategy 𝒙 . We assume that the players make

their decisions “simultaneously”, i.e., each player chooses her strat-

egywithout observing the choice of the opponent.We are interested

in mixed strategy Nash equilibria (MSNE) of the game, i.e., mixed

strategy profiles (𝝃 A, 𝝃 B) ∈ Δ(𝑆A) × Δ(𝑆B) such that no player can

improve her expected payoff by changing her strategy unilaterally.

Formally, for each 𝑃 ∈ {A,B} and all 𝜻 ∈ Δ
(
𝑆𝑃

)
,

Π𝑃
$

(
𝝃 A, 𝝃 B

)
≥ Π𝑃

$

(
𝜻 , 𝝃 9𝑃

)
,

where 9𝑃 denotes the player other than 𝑃 and (𝜻 , 𝝃 9𝑃 ) is the strat-
egy profile obtained from (𝝃 A, 𝝃 B) by replacing 𝝃 𝑃

with 𝜻 .

4 ANALYSIS
In this section, we present one of two key ideas of this paper, that

is to introduce an artificial zero-sum game, B0, that, given the same

set of parameters, has the same set of Nash equilibria as the Colonel

Blotto game with costs, B$. The relation between the two games

provides insight into the equilibria properties of the Colonel Blotto

game with costs.

For the earlier introduced set of parameters, let

B0 (𝐷A, 𝐷B, 𝑛, 𝒗, 𝒄A, 𝒄B, 𝑔A, 𝑔B) ≡ B0 denote a two-player strategic

game with strategy sets of both players defined by (1). The payoff

to player 𝑃 ∈ {A,B} in the game B0 under strategy profile (𝒔𝑃 , 𝒔9𝑃 )
is

𝜋𝑃
0

(
𝒔𝑃 , 𝒔9𝑃

)
=

𝜋𝑃
$

(
𝒔𝑃 , 𝒔9𝑃

)
+

𝑛∑︁
𝑖=1

𝑐9𝑃𝑖

(
𝑠9𝑃𝑖

)
+ 𝑔9𝑃

(
𝑛∑︁
𝑖=1

𝑠9𝑃𝑖

)
.

Game B0 is obtained from the corresponding game B$ by adding

to the payoff of each player the sum of costs (both general and

battlefield-specific) carried by her opponent, resulting in the zero-

sum property. The following proposition characterizes the relation

between the Nash equilibria of B$ and B0 given the same set of

parameters.

Proposition 1. For the same set of parameters
(𝐷A, 𝐷B, 𝑛, 𝒗, 𝒄A, 𝒄B, 𝑔A, 𝑔B), games B$ and B0 have the same set of
Nash equilibria.

Proof. Fix player 𝑃 ∈ {A,B}, two strategies 𝒔𝑃 , 𝒕𝑃 ∈ 𝑆𝑃 and a

strategy 𝑠9𝑃 ∈ 𝑆−𝑃 of player −𝑃 . It holds, that

𝜋𝑃
0

(
𝒔𝑃 , 𝒔9𝑃

)
− 𝜋𝑃

0

(
𝒕𝑃 , 𝒔9𝑃

)
=

𝜋𝑃
$

(
𝒔𝑃 , 𝒔9𝑃

)
− 𝜋𝑃

$

(
𝒕𝑃 , 𝒔9𝑃

)
.

Hence, the two games are strategically equivalent in the sense that

for every player 𝑃 ∈ {A,B}, every two strategies 𝒔𝑃 , 𝒕𝑃 ∈ 𝑆𝑃 and

every strategy of the opponent 𝑠9𝑃 ∈ 𝑆−𝑃 , it holds, that

𝜋𝑃
0

(
𝒔𝑃 , 𝒔9𝑃

)
≥ 𝜋𝑃

0

(
𝒕𝑃 , 𝒔9𝑃

)
⇐⇒

𝜋𝑃
$

(
𝒔𝑃 , 𝒔9𝑃

)
≥ 𝜋𝑃

$

(
𝒕𝑃 , 𝒔9𝑃

)
.

As a consequence of Lemma 1 of Moulin and Vial (1978), the two

games have the same set of Nash equilibria. □

4.1 Equilibria Properties
This subsection provides a discussion of the properties of Nash

equilibria of the Colonel Blotto game with costs. First, we give

two corollaries that follow directly from Proposition 1. A strate-

gic two-player game satisfies the interchangeability of Nash equi-

libria [27, 28] if for every two (possibly mixed) strategy profiles

(𝝃 A, 𝝃 B), (𝝈A,𝝈B) ∈ Δ(𝑆A) × Δ(𝑆B) that are Nash equilibria of



game B$, it holds that strategy profiles (𝝃 A,𝝈B) and (𝝈A, 𝝃 B) are
also Nash equilibria of game B$. As every finite two-player zero-

sum game satisfies the interchangeability of Nash equilibria, the

following corollary holds.

Corollary 1. The Colonel Blotto game with costs satisfies the
interchangeability of Nash equilibria.

Note that one of the consequences of the interchangeability of

Nash equilibria in a two-player finite game is that every player

has a set of equilibrium strategies, and every pair of equilibrium

strategies is a Nash equilibrium of the game. In the case of zero-sum

games, equilibria strategies are called optimal strategies. As the

Colonel Blotto game with costs is not zero-sum, we use the term

equilibrium strategy. Since the set of optimal strategies in every

finite two-player zero-sum game is convex, the following corollary

is also a direct consequence of Proposition 1.

Corollary 2. For each player 𝑃 the set of equilibrium strategies
of player 𝑃 is convex in every Colonel Blotto game with costs.

We illustrate the consequences of these corollaries in the follow-

ing example.

Example 1. Consider an instance B∗
$
of the Colonel Blotto game

with costs, where

• the players compete on two battlefields,

• each player can assign at most 2 resources,

• each battlefield is won by the player assigning strictly more

resources to it (and tied otherwise),

• obtaining a unit of resources yields a cost of 1 for each of

the players,

• assigning resources across battlefields yields no costs.

Formally, B∗
$
≡ B$ (2, 2, 2, 𝒗 = (sign), 0, 0, 𝑔A, 𝑔B), where

𝑔A (𝒔) = 𝑔B (𝒔) = 𝑠1 + 𝑠2 .

The strategy sets of both players are

𝑆A = 𝑆B = {(0, 0), (0, 1), (1, 0), (1, 1), (0, 2), (2, 0)},
and it can be easily calculated, that every strategy in

𝑆∗ = {(0, 0), (0, 1), (1, 0), (1, 1)},
is an equilibrium strategy of B∗

$
, while remaining pure strategies

(0, 2), (2, 0) are never used in any equilibrium strategy. A conse-

quence of Corollary 2 is that every mixed strategy with support

restricted to any subset of 𝑆∗ is also an equilibrium strategy of B∗
$
.

Figure 1 present the payoff matrix of game B∗
$
. Parts of the payoff

matrix corresponding to pure strategies outside of 𝑆∗ are shadowed,
to focus attention on the strategies in 𝑆∗.

(0,0) (0,1) (1,0) (1,1) (0,2) (2,0)

(0, 0) 0, 0 91, 0 91, 0 92, 0 91, 91 91, 91

(0,1) 0, 91 91, 91 91, 91 92, 91 91, 92 92, 91

(1,0) 0, 91 91, 91 91, 91 92, 91 92, 91 91, 92

(1,1) 0, 92 91, 92 91, 92 92, 92 92, 92 92, 92

(0,2) 91, 91 91, 92 92, 91 92, 92 92, 92 92, 92

(2,0) 91, 91 92, 91 91, 92 92, 92 92, 92 92, 92

Figure 1: The payoff matrix of game B∗
$
.

If the opponent’s equilibrium strategy is fixed, the player cannot

change her payoff by deviating from one strategy in 𝑆∗ to another

strategy in 𝑆∗ (this must be the case as every strategy in 𝑆∗ is an
equilibrium strategy). However, by changing her strategy, the player

can influence her opponent’s equilibrium payoff.

5 EQUILIBRIA COMPUTATION
This section explains how every instance of B0 can be expressed

as a variant of the Colonel Blotto game with fixed budgets under a

well-defined strategy mapping. As a consequence, the problem of

computing an equilibrium strategy of a player in the Colonel Blotto

game with costs can be expressed as a linear program with a poly-

nomial (in the number of battlefields and resources of both players)

number of both constraints and variables using the BDDHS
1
linear

program of Behnezhad et al. (2023).

5.1 Colonel Blotto Game with Sunk Costs
In the classic Colonel Blotto game, a strategy of all player 𝑃 ∈ {A,B}
is an assignment of all of her available 𝐷𝑃

resources over the set of

the [𝑛] battlefields. Hence, the strategy set of a player 𝑃 is

𝑀 (𝐷𝑃 , 𝑛) =
{
𝒔 ∈ N𝑛

:

𝑛∑︁
𝑖=1

𝑠𝑖 = 𝐷𝑃

}
, (3)

which constitutes a subset of the player’s strategy set 𝑆 (𝐷𝑃 , 𝑛) of
the Colonel Blotto game with costs. Elements of set𝑀 (𝐷𝑃 , 𝑛) are
called full assignments, as players are required to assign all of their

available resources.When the parameters are clear from the context,

the set of full assignments is denoted𝑀𝑃
.

Definition 2. The Colonel Blotto game with costs,

B(𝐷A, 𝐷B, 𝑛, 𝒗, 0, 0, 0, 0), where all costs functions are trivial (equal
to 0) and strategy sets of both players are restricted to full assign-

ments (3) is called the Colonel Blotto game with sunk costs and
denoted B(𝐷A, 𝐷B, 𝑛, 𝒗) ≡ B.

5.2 Expressing B0 as B
For a given game B0 (𝐷A, 𝐷B, 𝑛, 𝒗, 𝒄A, 𝒄B, 𝑔A, 𝑔B), consider the corre-
sponding Colonel Blotto game with sunk costs B(𝐷A, 𝐷B, 𝑛 + 1, 𝒗),
with valuation functions 𝑣𝑖 : N × N −→ R defined as

𝑣𝑖 (𝑠A𝑖 , 𝑠B𝑖 ) = (4){
𝑣𝑖

(
𝑠A𝑖 , 𝑠

B
𝑖

)
− 𝑐A𝑖

(
𝑠A𝑖

)
+ 𝑐B𝑖

(
𝑠B𝑖

)
, if 𝑖 ∈ {1, 2, . . . , 𝑛},

−𝑔A
(
𝐷A − 𝑠A𝑛+1

)
+ 𝑔B

(
𝐷B − 𝑠B𝑛+1

)
, if 𝑖 = 𝑛 + 1.

The following result states that the Colonel Blotto game with costs

and the corresponding Colonel Blotto game with sunk costs are

strategically equivalent.

Proposition 2. For a given a tuple of parameters, the game
B0 (𝐷A, 𝐷B, 𝑛, 𝒗, 𝒄A, 𝒄B, 𝑔A, 𝑔B) and the corresponding Colonel Blotto
game with sunk costs B(𝐷A, 𝐷B, 𝑛 + 1, 𝒗) are the same game under
the bijective strategy mapping 𝒎 : 𝑆 (𝐷𝑃 , 𝑛) −→ 𝑀 (𝐷𝑃 , 𝑛 + 1), such
that

𝒎(𝒔𝑃 ) =
(
𝑠𝑃

1
, 𝑠𝑃

2
, . . . , 𝑠𝑃𝑛 , 𝐷

𝑃 −
𝑛∑︁
𝑖=1

𝑠𝑃𝑖

)
. (5)

1
The name of the linear program comes from the first letters of authors surnames.



Proof. For every strategy profile (𝒔A, 𝒔B) it holds that

𝜋A
0

(
𝒔A, 𝒔B

)
=

𝑛∑︁
𝑖=1

(
𝑣𝑖

(
𝑠A𝑖 , 𝑠

B
𝑖

)
− 𝑐A𝑖

(
𝑠A𝑖

)
+ 𝑐B𝑖

(
𝑠B𝑖

))
− 𝑔A

(
𝑛∑︁
𝑖=1

𝑠A𝑖

)
+ 𝑔B

(
𝑛∑︁
𝑖=1

𝑠B𝑖

)
=

𝑛∑︁
𝑖=1

(
𝑣𝑖

(
𝑠A𝑖 , 𝑠

B
𝑖

)
− 𝑐A𝑖

(
𝑠A𝑖

)
+ 𝑐B𝑖

(
𝑠B𝑖

))
− 𝑔A

(
𝐷A −𝑚𝑛+1

(
𝒔A

))
+ 𝑔B

(
𝐷B −𝑚𝑛+1

(
𝒔B

))
=

𝑛+1∑︁
𝑖=1

𝑣𝑖

(
𝑚𝑖

(
𝒔A

)
,𝑚𝑖

(
𝒔B

))
= 𝜋A

(
𝒎

(
𝒔A

)
,𝒎

(
𝒔B

))
,

where 𝜋A (𝒎(𝒔A),𝒎
(
𝒔B

)
) is the payoff to player A in the Colonel

Blotto game with sunk costs B(𝐷A, 𝐷B, 𝑛 + 1, 𝒗) under strategy
profile (𝒎(𝒔A),𝒎

(
𝒔B

)
) ∈ 𝑀 (𝐷A, 𝑛 + 1) ×𝑀 (𝐷B, 𝑛 + 1). The payoff

equality in both games holds for player B as well (the reason for

using player A is purely technical, as it determines the sign of 𝑣𝑖
functions). Because of that, the two games are equivalent under the

considered strategy mapping. □

We conclude this subsection with the following observation

regarding the relation between the strategies of the Colonel Blotto

game with costs and the strategies of the corresponding Colonel

Blotto game with sunk costs.

Observation 1. Consider the Colonel Blotto game with costs,

B$ (𝐷A, 𝐷B, 𝑛, 𝒗, 𝒄A, 𝒄B, 𝑔A, 𝑔B) ≡ B$, and the corresponding Colonel

Blotto game with sunk costs, B(𝐷A, 𝐷B, 𝑛 + 1, 𝒗) ≡ B. Fix Player

𝑃 and her pure strategy 𝒔𝑃 ∈ 𝑀 (𝐷𝑃 , 𝑛 + 1) in B. The total number

of resources obtained by player 𝑃 according to the corresponding

pure strategy 𝒎91 (𝒔𝑃 ) ∈ 𝑆 (𝐷𝑃 , 𝑛) of B$ is exactly 𝐷𝑃 − 𝑠𝑃𝑛+1
.

5.3 Computational Complexity
As a consequence of Propositions 1 and 2, the problem of comput-

ing an equilibrium strategy of the Colonel Blotto game with costs

can be restated as a problem of computing an optimal strategy of

the corresponding Colonel Blotto game with sunk costs with one

additional battlefield and the same numbers of resources of both

players.

Proposition 3. The problem of computing a player equilibrium
strategy of the Colonel Blotto game with costs
B$ (𝐷A, 𝐷B, 𝑛, 𝒗, 𝒄A, 𝒄B, 𝑔A, 𝑔B) can be formulated as a linear program
with at most Θ((𝐷max)2 ·𝑛) constraints and Θ((𝐷max)2 ·𝑛) variables,
where 𝐷max = max{𝐷A, 𝐷B}.

Proof. Consider an instance of the Colonel Blotto game with

costs, B$ (𝐷A, 𝐷B, 𝑛, 𝒗, 𝒄A, 𝒄B, 𝑔A, 𝑔B). By Proposition 1, computing

an equilibrium strategy of B$ is equivalent to computing optimal

strategy of the corresponding game B0 (𝐷A, 𝐷B, 𝑛, 𝒗, 𝒄A, 𝒄B, 𝑔A, 𝑔B).
By Proposition 2, this is equivalent to computing an optimal strat-

egy of the corresponding Colonel Blotto game with sunk costs,

B(𝐷A, 𝐷B, 𝑛 + 1, 𝒗). By Theorem 1 [4], an optimal strategy of the

Colonel Blotto game with sunk costs, B(𝐷A, 𝐷B, 𝑛 + 1, 𝒗) can be ex-

pressed as a linear program with at most Θ((𝐷max)2 · (𝑛 + 1))
constraints and Θ((𝐷max)2 · (𝑛 + 1)) variables, where 𝐷max =

max{𝐷A, 𝐷B}. Since Θ((𝐷max)2 · (𝑛 + 1)) = Θ((𝐷max)2 · 𝑛), this
concludes the proof. □

As every pair of equilibrium strategies is a Nash equilibrium

of the Colonel Blotto game with costs (Corollary 1), the following

theorem is a direct consequence of Proposition 3.

Theorem 1. A Nash equilibrium of the Colonel Blotto game with
costs can be computed in polynomial time with respect to the number
of battlefields and the number of resources of both players.

We conclude this section with the high-level idea of our im-

plementation of a program computing an equilibrium strategy of

the Colonel Blotto game with costs. In the description of our im-

plementations we refer to the linear program BDDHS proposed

by Behnezhad et al. (2023), which when given an instance of the

Colonel Blotto game with sunk costs, B, defines a set of variables

and constraints capturing any mixed strategy of a player. For clar-

ity and conciseness, we only refer to the variables we operate on

directly:

• 𝑢B - a variable of the program describing the bound on the

players’ B maximal payoff in B0 (𝑛, 𝐷A, 𝐷B, 𝒗);
• 𝑃𝑖 (𝑡) - a variable describing the probability of player A as-

signing exactly 𝑡 resources to battlefield 𝑖 .

Algorithm 1 describes the idea of our implementation. Formally,

Algorithm 1 Computing an equilibrium strategy of player A of

the Colonel Blotto game with costs.

Input: A set of parameters (𝐷A, 𝐷B, 𝑛, 𝒗, 𝒄A, 𝒄B, 𝑔A, 𝑔B).
Output: Linear program describing an equilibrium strategy of

player A.
1: LP = BDDHS(B(𝐷A, 𝐷B, 𝑛 + 1, 𝒗))

# Payoff function vector 𝒗 is defined as in

# Equation (4).

2: LP.minimize(𝑢B)

3: return LP

Algorithm 1 returns a linear program describing an optimal strat-

egy of the Colonel Blotto game with sunk costs B(𝐷A, 𝐷B, 𝑛 + 1, 𝒗).
However, the inverse𝑚91

of strategy mapping𝑚 defined in Equa-

tion (5) defines the exact relation between any optimal strategy

described by LP and the corresponding equilibrium strategy of the

Colonel Blotto game with costs. As stated by Observation 1, for a

given number of resources 𝑡 ∈ {0, 1, . . . , 𝐷A}, the variable 𝑃𝑛+1 (𝑡)
in the resulting LP program describes the probability that player A
obtained exactly (𝐷A − 𝑡) resources in the equilibrium strategy.

6 EXPERIMENTAL RESULTS
In this section, we report on the carried-out experiments, focusing

on the amount of resources players obtain in equilibrium. First, we

provide a high-level description of the implemented program, used

for finding the lower (upper) bound on the number of resources



obtained in equilibrium. Second, we report and discuss the obtained

results. Lastly, we report the running times of our program.

In order to investigate the number of resources the players obtain

in equilibrium, we introduced a new variable, 𝐷 , which describes

the expected number of resources obtained by playerA. Algorithm 2

describes the high-level idea of computing the maximal (minimal)

number of resources obtained by a player in equilibrium.

Algorithm 2 Computing the maximal (minimal) expected number

of resources in any equilibrium strategy of player A of the Colonel

Blotto game with costs.

Input: A set of parameters (𝐷A, 𝐷B, 𝑛, 𝒗, 𝒄A, 𝒄B, 𝑔A, 𝑔B).
Output: Maximal (minimal) number of resources obtained by

player A in equilibrium.

1: LP = BDDHS(B(𝐷A, 𝐷B, 𝑛 + 1, 𝒗))
# Payoff function vector 𝒗 is defined as in

# Equation (4).

2: LP.minimize(𝑢B)

3: LP.fixVariableValue(𝑢B)

# LP is restricted to equilibrium strategies.

4: LP.addVariable(D)

5: LP.addConstraint(D =
∑𝐷A

𝑡=0
𝑃𝑛+1 (𝑡) · (𝐷A − 𝑡))

# D describes the expected number of resources

# obtained by player A.
6: LP.maximize(D)

7: return D

We proceed to report our results. Specifically, we investigate the

relation between the costs of obtaining resources and the number of

resources players obtain in equilibrium of the Colonel Blotto game

with costs, using the implementation of Algorithm 2. We consider

models with linear costs, B$, such that

𝐷A = 𝐷B
, and

𝜋𝑃 (𝒔𝑃 , 𝒔9𝑃 ) =
𝑛∑︁
𝑖=1

sign(𝑠𝑃𝑖 − 𝑠9𝑃𝑖 ) − 𝑐0 ·
𝑛∑︁
𝑖=1

𝑠𝑃𝑖 ,

for some unit costs coefficient 𝑐0. The following hypothesis captures

the structure of the preliminary results of our experiments.

Hypothesis 1. All of the results concerning the equilibrium num-

ber of resources, denoted by 𝐷 (𝐷A, 𝑛, 𝑐), satisfy

𝐷

(
𝐷A, 𝑛, 𝑐0

)
= 𝐷A

, if 𝐷A ≤ 𝑛 ·
(⌊

1

𝑐0

⌋
− 1

)
,

𝐷

(
𝐷A, 𝑛, 𝑐0

)
= min

{
𝐷A, 𝑛 ·

⌊
1

𝑐0

⌋}
, if

⌊
1

𝑐0

⌋
<

1

𝑐0

,

𝐷

(
𝐷A, 𝑛, 𝑐0

)
∈

(
𝑛 ·

(
1

𝑐0

− 1

)
,min

{
𝑛 · 1

𝑐0

, 𝐷A
})

,

otherwise, i.e., when

𝐷A > 𝑛 ·
(⌊

1

𝑐0

⌋
− 1

)
and

⌊
1

𝑐0

⌋
=

1

𝑐0

.

The preliminary results suggest the following structure. The

only case when the number of resources used in equilibrium is not

unique (i.e., the lower and the upper bounds are different), is when

the inverse of unit costs, 𝑐91

0
, is a natural number and the number of

𝑛 𝐷𝐴 𝐷𝐵 𝑐91

0

min 3 1 1 1

max 5 50 50 10

interval 1 1 1 0.25

Figure 2: The range of parameters considered in the experi-
ments aimed to test Hypothesis 1. The min (max) row corre-
sponds to the lower (upper) bound on the considered param-
eter, and the interval row describes the difference between
the two consecutive values of the parameter.

Figure 3: The 𝑦-axis is the number of resources used in equi-
librium and the 𝑥-axis is the inverse 𝑐91

0
of the unit costs, 𝑐0.

The considered number of available resources of both play-
ers is 𝐷A = 40 and players compete on 𝑛 = 4 battlefields.

resources,𝐷A
is sufficiently large. Since the set of equilibrium strate-

gies is convex, for such cases every number of resources between

the lower and upper bound is also obtained in some equilibrium

strategy. In order to test Hypothesis 1, we ran experiments operat-

ing on the inverse of the unit costs as a parameter. Figure 2 presents

the considered range of parameters. The results fit Hypothesis 1.

Figure 3 illustrates the maximal and minimal number of resources

used by a player in equilibrium as a function of the inverse of the

unit costs, 𝑐91

0
, for 𝑐91

0
∈ {1, 5

4
, 6

4
, . . . , 10}. As illustrated in Figure 3,

the number of resources obtained in equilibrium increases when

the unit cost decreases. The intuition behind it is that the same

total carried cost allows players to obtain more resources as the

unit cost decreases.

We look at the total costs carried by a player in equilibrium and

check the idea of convergence to the continuous model. Figure 4

presents the maximal and minimal equilibrium expenditure for the

same experimental data that are presented in Figure 3. Figure 4

also includes a constant line presenting the unique equilibrium

expenditure of the corresponding continuous model of Roberson

and Kvasov (2010).

We move on to report on the running times of our implemen-

tation of Algorithm 1. The BDDHS linear program used in Algo-

rithm 1 was implemented as presented by Behnezhad et al. (2023).

Our implementation was done in 𝐶++, using the state-of-the-art

Gurobi [17] LP-optimizer. We investigated the program running



Figure 4: The 𝑦-axis is the cost carried in an equilibrium and
the 𝑥-axis is the inverse 𝑐91

0
of the unit costs, 𝑐0.

𝑛 𝐷A 𝐷B
Time (𝜋 ) Time (𝜋 )

10 30 30 0.534s 0.486s

10 30 50 2.114s 1.629s

10 50 50 3.964s 4.110s

20 30 30 1.296s 1.615s

20 30 50 8.070s 6.739s

20 50 50 10.287s 10.968s

30 30 30 3.354s 2.180s

30 30 50 15.177s 16.376s

30 50 50 15.182s 19.988s

Figure 5: The averages of 10 running times of our imple-
mentation of Algorithm 1. The fourth column (𝜋) presents
the running times for models with linear obtainment costs,
while the fifth column (𝜋) presents the running times for
models with squared assignment costs.

time for two settings. In the first setting, we considered linear ob-

tainment costs with unit costs of a resource equal to 0.05 and no

assignment costs. Hence, the payoff 𝜋 to player 𝑃 is

𝜋𝑃 (𝒔𝑃 , 𝒔9𝑃 ) =
𝑛∑︁
𝑖=1

sign(𝑠𝑃𝑖 − 𝑠9𝑃𝑖 ) − 1

20

·
𝑛∑︁
𝑖=1

𝑠𝑃𝑖 .

In the second setting, we considered squared assignment costs with

a coefficient of 0.01 and no obtainment costs. Hence, the payoff 𝜋

to player 𝑃 is

𝜋𝑃 (𝒔𝑃 , 𝒔9𝑃 ) =
𝑛∑︁
𝑖=1

sign(𝑠𝑃𝑖 − 𝑠9𝑃𝑖 ) − 1

100

·
𝑛∑︁
𝑖=1

(𝑠𝑃𝑖 )2 .

Figure 5 presents the obtained running times. We ran the code

on a machine with an Apple M3 Pro processor unit and an 18-GB

memory.

7 CONCLUSIONS
In this paper, we studied the Colonel Blotto game with costs. We

demonstrated that the equilibrium strategies of this generalized

game can be computed in polynomial time with respect to the game

parameters. Furthermore, we provided a comprehensive method

for computing these equilibrium strategies. The significance of our

contribution is two-fold. Firstly, the descriptiveness of the stud-

ied model, which allows for capturing multiple real-life scenarios,

makes our method for computing equilibrium strategies an ex-

cellent candidate for integration into decision-support systems.

Secondly, the structured nature of the experimental results offers a

promising avenue for testing hypotheses regarding the properties

of equilibria, which may aid in obtaining further theoretical insights

into the model.
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