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ABSTRACT

Background: Online fair division arises in settings where goods
arrive sequentially and must be allocated immediately, without
knowledge of future arrivals. Ensuring strong fairness guarantees
in such environments is a fundamental challenge.

Objectives and Research Questions: We focus on (approximate)
envy-freeness up to any good (EFX) and ask if it can be guaranteed
in online allocation problems, and under what conditions such
guarantees are possible or impossible. Furthermore, we ask how
the availability and accuracy of predictions on agents’ valuations
can help achieve an EFX allocation.

Methods: We adopt the framework of algorithms with predictions,
assuming access to possibly inaccurate predicted valuations, and
measure the prediction error using the total variation distance.
Results: First, we show several impossibility results for computing
online EFX allocations, either for general valuations or when several
agents are involved. Hence we focus on the case of two identical
and normalized agents where a simple algorithm yields a %
approximation. Using predictions we show lower bounds on the
needed accuracy to achieve a-EFX approximations for given g, as
well as an algorithm that returns an a-EFX approximation for a
given prediction accuracy.

Conclusions: We study the use of predictions for the approxima-
tion of EFX in online settings, and despite very strong impossibility
results, we show how the approximation can gracefully be improved
with access to erroneous predictions.
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1 INTRODUCTION

Envy-freeness (EF) is one of the most natural and well-studied fair
division notions. In the typical setting, there is a common set of
resources that needs to be allocated among a given set of agents,
each having a personal valuation function for the resources. In the
case of divisible resources, the agents can be allocated an arbitrary
portion of each resource, and it is known that EF allocations always
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exist even when restrictions are imposed on the solution [35]. On
the other hand, when only indivisible resources are available, each
of them has to be allocated intact to some agent, and it is easy to
show that even approximate EF allocations are not guaranteed to
exist for any positive approximation factor: consider the simple
case where a single good has to be allocated between two agents
who both value it positively.

This non-existence has sparked a fruitful line of work that, over
the last 15 years, has proposed several envy-freeness relaxations
as close to exact envy-freeness as possible, aiming to prove they
always exist. Arguably, the most prominent such relaxation is the
notion of envy-freeness up to any good (EFX), which allows agents
to envy others as long as the envy is eliminated with the virtual
removal of a good with the lowest marginal value from the envied
agent’s bundle. A more relaxed notion is that of envy-freeness up
to one good (EF1), where envy can be eliminated by the virtual re-
moval of a good with the highest marginal value from the envied
agent’s bundle. The EF1 notion was formally defined by Budish
[13] and Lipton et al. [28] under a different name, and it was proven
in the same works that it always exists for increasingly broader
classes of valuation functions. The stronger notion of EFX was
defined independently by Caragiannis et al. [15] and Gourveés et al.
[22] and besides specific special cases, most notably for up to three
agents [16], a proof of existence is elusive. In particular, even though
it is widely conjectured that EFX allocations always exist for any
number of agents in the broad class of monotone valuation func-
tions, this has not been refuted so far, and it remains open whether
EFX allocations exist even for four agents with additive valuations.
Further results are discussed in the excellent survey of Amanatidis
et al. [4].

To amend the efforts toward a proof of EFX existence, the notion
of approximate envy-freeness up to any good (a-EFX) was proposed
in [33]. An allocation is a-EFX for some given a € [0, 1] if, for every
agent, her allocated bundle’s valuation is no smaller than a times
that of any other agent’s bundle when a good of minimum marginal
value is removed from the latter bundle. It is known from [7] that
(¢ — 1)-EFX allocations always exist for any number n of agents
with additive valuations. This approximation factor was recently
improved to 2/3 for the case n < 7 in [5].

Beyond the classical offline setting, many allocation problems
arise in dynamic environments where goods appear sequentially
and must be allocated immediately and irrevocably. In such set-
tings, it is natural to assess fairness once the allocation process is
completed, based on the final distribution of goods. If all values
were known in advance, such problems could be reduced to the
offline case; but without this information, computing an approxi-
mate fair allocation becomes significantly more challenging - even
impossible. Indeed, recently Neoh et al. [31] have shown that no
meaningful approximation is possible even for the weaker notion



of EF1 and under mild assumptions, when no information is known
about the future arrivals.

A typical example of the online setting would be the following.
A foodbank collects surplus or near-expiry food packets daily from
supermarkets and charities, and distributes them to endpoints like
community kitchens, schools, or shelters. Each packet contains a
mix of products from a source, but its exact contents are unknown to
the foodbank and the endpoints prior to its arrival. Daily, multiple
packets arrive asynchronously at the foodbank, but for ease of
presentation, let us consider a single packet arriving each day. The
packets are also perishable, so they must be inspected, categorized,
and assigned to an endpoint immediately, i.e., the same day. The
common practice currently among foodbanks is that allocation
decisions consider mostly the urgency, relevance, proximity, and
capacity of endpoints. This fast and complex decision-making can
cause significant envy between endpoints, especially as foodbanks
typically do not share data, requiring endpoints to trust the process
blindly [1].

To address this, we propose a transparent online fair division
model where all packet contents and assignments are made visible
to all endpoints.! The central question now becomes: Can fairness be
ensured in such a transparent system? We aim to design algorithms
that, over a specified time period, produce a-EFX allocations for
the highest possible value of a € [0, 1]. In our model, endpoints
are agents with personal valuations. At the start of the month,
the foodbank gives all endpoints an estimate of the total contents
expected over 30 days. As each packet arrives and is inspected,
each endpoint reports its relative value as a fraction of the expected
month’s total, and the foodbank allocates it based on these values.

This simplified, transparent setup removes much of the afore-
mentioned decision complexity, as the only input required from
endpoints now is the current relative valuation. However, a key
challenge remains: even if the total set of products is known, their
distribution across packets is not. This uncertainty, however, pre-
vents any algorithm from guaranteeing a-EFX allocations for any
positive a. To help the algorithm of the foodbank achieve approxi-
mate EFX allocations, we allow predictions in the model, following
the recently introduced paradigm of algorithmic design with pre-
dictions [29]. At the start of the month, the foodbank provides
estimated contents for each future packet (e.g., derived via machine
learning). Endpoints respond with their estimated relative value for
the packets, i.e., a vector of predicted values. Then, as each packet
arrives, the foodbank reveals its true contents to the endpoints and
asks for their true relative value (which might differ from the re-
spective prediction). Finally, the foodbank runs an a-EFX algorithm
which prescribes who will receive the current packet. The foodbank
has a contract with its endpoints, guaranteeing that on day 30, the
allocation of packets that have been arriving since day 1 will be an
a-EFX allocation for some promised value of a € [0, 1].

We focus on additive valuation functions, one for each agent i €
N, over a finite set of goods (one for each time-step). The metric we
use to capture the distance between the prediction vector p; and the
vector of true values v; is the total variation distance (TV distance).
In order to have a meaningful, uniform magnitude of distance, we
consider normalized valuations, where the empty set has value
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0 and the set of all goods has value 1 to all agents. Therefore, p;
and u; can be thought of as probability distributions, and their
TV distance (also called error) d; captures the total mispredicted
value as a fraction of the entire value that will arrive over time.
The quantity n; = 1 — d; is the prediction accuracy of agent i,
and we consider also the worst guarantees over agents, that is,
D := max;en d;, and 5 := 1 — D. The goods arrive over time, and
their true value appears to the agents only upon their arrival. An
algorithm takes as input the predictions (p;);en and the accuracy
levels (77;)ien and at each time-step t = 1,..., T, the true valuation
vi(g:) of agent i for good g; is revealed to the algorithm; then the
algorithm has to irrevocably allocate the good to an agent. The
objective is, for a given level of accuracy 7, to design an algorithm
that computes an a-EFX allocation with the maximum possible

€ [0, 1]. In most results, we assume valuations are normalized,
so the algorithm knows the total value of the goods to expect; the
algorithm does not know the exact number of arriving goods in
advance (the horizon), however.

Normalizing agents’ true valuations provides a consistent scale
for comparing outcomes and simplifies the analysis of efficiency and
fairness. The same assumption has been used in related allocation
models [12, 14, 20, 24]. In our setting, normalization is not only
analytically convenient but also crucial for obtaining meaningful
guarantees: without it, even very weak notions of efficiency or
fairness become unattainable. Conceptually, it can be seen as a mild
restriction on an otherwise powerful adversary—one that remains
adaptive in revealing items but commits to a fixed total value—thus
preserving the online nature of the problem while ensuring the
results are interpretable.

1.1 Our results

We pose the question: How does the quality (approximation factor
a) of a-EFX allocations depend on the prediction accuracy of the
agents? We consider additive valuations and provide bounds on
the prediction accuracy (or equivalently, on the allowed prediction
error) as a function of a € [0, 1].

In Section 3, we explore the limitations of algorithms that do
not have per-item predictions (but know the value of the whole
set of goods for each agent, i.e., their valuations are normalized).
Our results show that for two agents with identical valuations, one
can achieve (¢ — 1)-EFX using a simple threshold-based algorithm,
while no a-EFX algorithm without predictions exists for any a €
(¢ — 1,1]. When the valuations are not restricted to be identical,
the latter impossibility result holds for any a € (0, 1]. Therefore,
to achieve any improvement on a we turn our focus to algorithms
with predictions in Section 4.

In Section 4.1 we show that an algorithm with both good consis-
tency and robustness guarantees is impossible, even with two iden-
tical and normalized agents. Our main results start in Section 4.2.
We start this by exploring the limitations of the extreme case, where
the algorithms rely entirely on predictions, disregarding the true
values. This will give a first benchmark to compare against. We
show that for n > 2 agents with accuracy at least 1 — d

(2n—2+a)(1+a)
for some given a,d € [0, 1] with a < 4, if an algorithm can compute

an a-EFX allocation on the predicted values, then a slight modifica-
tion of it can compute an a-EFX allocation on the true values. We
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Figure 1: Prediction error D =1 — 5y as a function of a € [0, 1]
for two agents with identical valuations. Dash-dot plot: The-
orem 4.2. Dashed plot: Theorem 4.6. Solid plot: Theorem 3.1
and Theorem 4.8.

show that when a = 1, this accuracy is also necessary (the bound is
tight) among algorithms oblivious to the true values.

Next, in Section 4.3, we study the limitations of algorithms that
use both predictions and true valuations, and show lower bounds
on the level of accuracy as a function of the desired a. In particular,
we show that for two agents, accuracy of 1 — m is needed by
any a-EFX algorithm for a € (% 1]. This bound slightly improves
when the agents have identical valuations, where the necessary
accuracy of an a-EFX algorithm becomes 1 — m for any
a € (¢ —1,1]. We show similarly strong bounds for n > 3 agents
with identical valuations, even for a € (0, 1]. All our impossibility
results are proven using k-value predictions (i.e., vectors with only
k € N distinct values) for small k, making them particularly strong.

Finally, we attempt to bridge the gap between the lower bound

(1 - —min{zé(_z“m) 4}) and the upper bound (1 - 3(11‘—+“a>) on the accu-
racy for two agents with identical valuations. We manage to do so

with Algorithm 2 which guarantees an a-EFX allocation for any

(4+a—a?)(1-a)
(2+a)(5-a)(1+a) "
Furthermore, we use this algorithm to derive an improved upper
bound of 1 - % . :—2 when predictions are 2-value functions, and
complement it with a lower bound of 1 — 1_7“.

Fig. 1 illustrates our most important results, namely the bounds
derived on the maximum prediction error D as a function of a €
[0, 1] for the case of two agents with additive, identical valuations.
The red solid plot visualizes the maximum prediction error under
which Algorithm 2 (our main positive result, Theorem 4.8) guaran-
tees an a-EFX allocation for a € (¢ — 1,1] (for a € [0, ¢ — 1] this
error is 1 due to Theorem 3.1, i.e., there is a (¢ — 1)-EFX algorithm
regardless of the error). The blue dash-dot plot shows the (tight)
bound on the error of algorithms which simply ignore the input
and fully rely on the predictions (Theorem 4.2); any meaningful
algorithm should handle at least this error. Finally, the green dashed
plot shows an upper bound (impossibility result) on the error that
any algorithm with predictions can handle for the given accuracy,
due to Theorem 4.6.

a € (p—1,1] while using predictions of accuracy 1—

1.2 Further related work

Early work on online fair division was initiated by Aleksandrov
et al. [2], who analyzed randomized mechanisms under ex-ante
and ex-post envy-freeness; see also the survey by Aleksandrov
and Walsh [3]. Benade et al. [11] studied online allocation with
a focus on minimizing envy over time while ensuring Pareto ef-
ficiency, showing that approximate guarantees are possible only
under stochastic assumptions.

A complementary line of work relaxes the information con-
straints of online models by allowing algorithms to peek into future
arrivals [6, 23, 31], including the framework of temporal fair divi-
sion [18, 19], where fairness must hold at every prefix—an especially
restrictive requirement for EFX [19].

Other directions study alternative notions such as maximin share,
EF1, or Nash welfare [34, 36, 38], or consider settings where agents,
rather than goods, arrive online [25, 26]. Related work also examines
the online allocation of divisible resources [8, 9, 20].

A middle ground between full information for the future and no
information at all is provided by the recently proposed framework
of algorithmic design with predictive advice [29, 30]. Under this
paradigm, the input to the algorithm also comes with some possibly
unreliable predictions (e.g., about future inputs when considering
online algorithms). An updating list of relevant papers is hosted
in [27]. The idea has been used to augment fair division, though
in markedly different settings. The work of [8] uses prediction
in an online fair division problem, where the goal is to allocate
divisible resources in order to maximize the Nash welfare. Banerjee
et al. [9] use predictions on an online public goods setting, where
goods appear online and a fraction of some budget is allocated to
them, whereas the work of [10] explores the allocation of perishable
goods with the help of predictions. Most relevant to our work, Choo
et al. [17] applied this idea to indivisible goods, using predictions
to improve guarantees for proportionality up to one good (PROP1),
another well-known fairness notion, using the maximum item value
as the prediction.

2 PRELIMINARIES

For a positive integer k, we denote by [k] the set {1,2,...,k}.
Given a non-empty bundle A and a valuation function f, we de-
note A/ := A\ {g}, where g € argmaxyca f(A\ {g'}), while if
A =0, then LA := 0. Similarly, we denote 1A/ := A\ {g}, where
g € argmingcs f(A\ {g'}), and if A = 0, then A := 0. For no-
tation simplicity, instead of f(A) we write f(xA), and we omit
the superscript when we have identical valuation functions, i.e.,
instead of yA we write yA. The same notational simplification
also applies to ;Af. We also simplify the notation when we refer
to the valuation of a single good, and write f(g) instead of f({g}).
Function f will be called k-value if its codomain has cardinality at
most k. In some of our results, we will use the golden ratio which

we denote by ¢ := %g ~ 1.618.

The model. We consider a set N = [n] of n > 2 agents, and a set
M ={91,92,...,97} of T > 1goods. As it is common in fair division
of indivisible goods, we will consider monotone valuation functions.
A valuation function f : 2M — Ry, is monotone if for any two
sets A, B C M, we have f(A U B) > f(A). We will especially focus



on a natural subclass of monotone valuation functions, namely
that of additive valuations. A valuation function f : M — Ry is
called additive if for any A C M, it holds that f(A) = Y4 f(9)-
Importantly, we consider normalized valuation functions, that is,
f(0) = 0 and f(M) = 1. The normalization condition is crucial
for our setting with predictions, a fact that will become apparent
shortly.

The setting is online, and involves discrete time-steps with a
finite (true) horizon T > 1. Each agent i first receives a prediction,
that is, a vector p; = (pi(91), pi(92),--.,pi(gr)), where T > 1
is the predicted horizon, and p; : M — Ry, is an additive, nor-
malized valuation function, ie., p;(g;) > 0 for all t € [T’], and
2ie[r] Pi(gr) = 1. Then, at each time t = 1,2,...,T, a single good
g arrives and has to be allocated irrevocably to some agent. Each
agent i € [n] at time ¢ evaluates good g; according to her additive,
normalized true valuation function v; : M — R, in other words,
a vector v; = (0;(91),0i(g2), - .., vi(gr)), where v;(g;) > 0 for all
t € [T], and };e(r 0i(gr) = 1. In the special case of identical valu-
ations every agent has the same prediction p = (p(g:))se[17], and
the same true valuation v = (v(g;))re[1]-

V(poo) = llps—allry =5 Y, Ipitg) —ai(gl,
€[ Tmax]

where Ty = max{T,T’}, and if T’ < T, then p;(g9;) = 0 for
t € {T"+1.,T' +2,...,T}, while if " > T, then v;(g;) = 0 for
te{T+1,T+2,...,T}.% For ease of presentation, sometimes we
refer to this distance as error, and we denote it by d; := TV (p;, v;),
and D := maX;e[) d;. Each agent i has accuracy n; := 1 — d;, which
measures the fraction of the total value that is guaranteed to be
predicted correctly by the agent. Therefore, if the accuracy is 100%,
then the error is 0%, and the agent is capable of perfect predictions.
In the other extreme where the accuracy is 0%, the error is 100%, and
essentially this is equivalent to having no access to predictions.

Envy-freeness and relaxations. An allocation A = (A1, Ay, ..., An)
of a set M of goods to n agents is a partition of M, where bundle
A; is allocated to agent i € [n]. We say that agent i envies agent
Jj under her valuation f; if f;(A;) < fi(A;), she envies up to any
good (EFX-envies) agent j if f;(A;) < fi(xA;), and she envies up
to one good (EF1-envies) agent j if fi(A;) < fi(14;). An allocation
is envy-free (EF) if there is no envious agent, it is envy-free up to
any good (EFX) if there is no EFX-envious agent, and it is envy-
free up to one good (EF1) if there is no EF1-envious agent. The
quantities max{f;(A;) — fi(A;), 0}, max{fi(xA;) — fi(A;),0}, and
max{f;(14;) — fi(A;), 0}, are the envy, EFX-envy, and EFI-envy of
agent i towards agent j, respectively.

Apart from the exact versions of these fairness notions, we will
study the approximate version of EFX and EF1. Under allocation A

?Notice that if T” < T, then the agent sees goods that were not predicted to exist. In
that case, she might have extra TV distance from the last T — T’ time-steps, calculated
by adding T — T “dummy” time-steps in the prediction and setting those prediction
values to 0. Similarly, if T” > T, then the agent expects goods that never appear. In
that case, to calculate the TV distance, she adds 77 — T “dummy” time-steps and sets
their true values to 0.

3In this paper, we show several impossibility results on k-value valuations for specific
k € N and notice that, by definition, the result holds for m-value valuations for
any m > k. Also, whenever T’ = T = r in our impossibility results, this can be
extended to arbitrary T, T” > r by introducing “dummy” predicted or true goods with
predicted/true value 0 without affecting the analysis.

and valuation f;, agent i a-envies up to any good (a-EFX-envies) agent
jif fi(Ai) < a-fi(xA;) for some a € [0, 1]. Similarly, agent i a-envies
up to one good (a-EF1-envies) agent j if f;(A;) < a- fi(14;) for some
a € [0,1]. An allocation is a-approximately envy-free up to any good
(a-EFX) or a-approximately envy-free up to one good (a-EF1) if there
is no a-EFX-envious agent or a-EF1-envious agent, respectively. It
is straightforward that a 1-EFX or 1-EF1 allocation is an (exact) EFX
or EF1 allocation, respectively, and that any allocation is 0-EFX and
0-EF1. Throughout our results, it will be clear whether f; refers to
the prediction p; or the true valuation v;.

For some time-step ¢, we will also denote by A’ := (A}, A}, ..., A)
the allocation (and the respective bundles to the agents) right after
good g; gets allocated to some agent.

Due to space restrictions, all missing proofs are deferred to the
appendix.

3 ALGORITHMS WITHOUT PREDICTIONS

As a warm-up, we demonstrate what qualities of solutions are
achievable without the use of predictions, and what qualities are
impossible without predictions.

We first consider the easier of the two relaxed envy-freeness
notions, EF1, for general, identical valuations, without the use of
predictions. It turns out that Theorem 3.7 of [19], originally stated
for the temporal EF1 setting, can be applied in our setting, when
we have n > 2 agents with monotone, identical valuations, without
predictions, and even without normalization. This result shows that,
for any true horizon T, the algorithm that allocates each arriving
good to the agent with the lowest-valued bundle, provides at any
given time ¢ € [T] an exact EF1 allocation.

Recently, [31] provided an algorithm that computes an exact
EF1 allocation for 2 agents with normalized valuations that are not
constrained to be identical, and they also showed that for n > 3
agents, no algorithm without predictions can achieve an a-EFX for
any a € (0, 1]. In fact, concurrent with the drafting of our paper, the
aforementioned manuscript appeared, and partially overlaps with
our results at Theorems 3.1 to 3.3. Since these results are useful for
our exposition, we present the statements for completeness and
defer our independently established proofs to the appendix, for the
sake of completeness.

Switching to the stronger relaxation of envy-freeness, namely
EFX, even for two agents with additive, identical valuations sat-
isfying the normalization condition, no algorithm can achieve an
a-EFX for a € (¢ — 1, 1] without access to predictions, yet, there is
a simple greedy algorithm that matches this bound.

THEOREM 3.1. Suppose we have 2 agents with additive, identical,
normalized valuations, and without predictions. Consider the follow-
ing algorithm: allocate each arriving good to agent 1, as long as the
good will not make her exceed value ¢ — 1, otherwise allocate it to
agent 2. This algorithm guarantees an allocation which is (p —1)-EFX.
This bound is tight.

By increasing the number of agents to three or more, the approx-
imation of EFX becomes impossible without the use of predictions,
even when their valuations are identical.

THEOREM 3.2. Suppose we have n > 3 agents with additive, iden-
tical, normalized valuations, and without predictions. For any given



Algorithm 1 (LPT) Compute an (offline) exact EFX allocation for
n > 2 agents with additive, identical valuations

Require: A valuation function f over set M = {91,932, ...,97}.
Ensure: An EFX allocation A for n > 2 agents.

1: (Al,Az, . ’An) «— ((2), (Z), ey 0)

2: Rename goods of M according to non-ascending order of value
f creating M’ := {g},4},...,97}

3. fort € [T] do

4:  Find an agent i* with f(Ay) = min;e[,){f(4:)}

50 Ay — Ap U{g,}

6: return A

a € (0, 1], there is no algorithm that guarantees an a-EFX allocation,
even if the time horizon is known.

When we alleviate the “identical valuations” restriction, the ap-
proximation of EFX without predictions becomes impossible, even
for two agents.

THEOREM 3.3. Suppose we have two agents with additive, normal-
ized valuations, without predictions. For any given a € (0, 1], there is
no algorithm that guarantees an a-EFX allocation, even if the time
horizon is known.

4 ALGORITHMS WITH PREDICTIONS

As we have seen so far, there are sharp dichotomies on the approx-
imation factor of EF1 and EFX allocations when no predictions
are involved. In particular, for identical valuations, 1-EF1 exists for
n > 2 agents; (¢ — 1)-EFX exists for n = 2 and no a-EFX exists
for a € (¢ — 1,1], while for n > 3 no a-EFX exists for a € (0,1].
When the valuation functions are not restricted to be identical, the
impossibility results become significantly stronger: 1-EF1 exists for
n =2, but when n > 3, no a-EF1 exists for any a € (0, 1]; for n > 2,
no a-EFX exists for any a € (0, 1]. This means that to improve the
approximation quality of EF1 and EFX allocations, predictions have
to be involved.

4.1 Consistency and Robustness

The usual goal when designing online algorithms with predictions is
to guarantee an approximation ratio ¢ > 0 under perfect predictions,
while at the same time guaranteeing an approximation ratio r > 0
under arbitrarily bad predictions. Such an algorithm is called c-
consistent, and r-robust. Clearly ¢ > r.

Here, we focus on the approximation factor of EFX. Unfortu-
nately, for online EFX allocations, even in the restrictive setting
of identical valuations for two agents, it is not possible to design
algorithms to preserve both desiderata. As we show in the following
theorem, there is a tradeoff between c and r: even if we compromise
for c-consistency for c slightly higher than ¢ — 1, the approximation
we get even without prediction through Theorem 3.1, we cannot
yield r-robustness for any r > (pT_l. This observation is somewhat
discouraging: even a minimal use of predictions to improve the
bound recovers only half of the worst-case guarantee available in
the no-prediction setting. Moreover, if we require ¢ = 1 (an ex-
act EFX allocation), we have to settle for r — 0. In fact, for any
¢ > a € [¢ — 1,1), the robustness cannot be greater than lg—a“

We will show this with an adversarial argument, following stan-
dard techniques from the learning augmented algorithms literature
(see e.g., [37]). Notice that if we require an algorithm with con-
sistency ¢ — 1, we can use the algorithm of Theorem 3.1 (whose
robustness is also ¢ — 1). In what follows, we consider algorithms
with consistency greater than ¢ — 1.

THEOREM 4.1. Suppose we have two agents with additive, nor-
malized valuations, with predictions. For any a € [¢ — 1,1), any
algorithm that guarantees a c-EFX under perfect prediction for any
¢ > a cannot guarantee an allocation better than lz’—a“-EFX, even when
T'=T=4.

Proor. For the sake of contradiction, fix a value a € [¢ — 1,1),
and consider an arbitrary algorithm that guarantees a c-EFX, where
¢ > a when predictions are perfect. Let the adversary provide the
prediction p = (0, 122, 1%, -9-) and notice that {7 < 1. Then,

> 1+a’ 1+a’ 14+a 1+a
the adversary presents true values v(g;) = 0, 0(gz) = 132. Observe

that for the first two steps, any deterministic algorithm has only
two options: either to allocate the items together to a single agent,
or to allocate them to two different agents.

If the algorithm allocates gy, g2 to the same agent, w.l.o.g., agent
1, then the adversary presents v(gs3) = v(g4) = 7% (perfect pre-
diction). Let us call the resulting allocation A, for which there are
three options: (i) if g3 and g4 are allocated together to agent 1, then

u(Az)
(A1) _ 1-a

o(xA1)
located to agent 2 then = < a < ¢, a contradiction.
o(xAz) a

Therefore, the only option is (iii) where w.l.o.g., g5 goes to agent 1

and g4 goes to agent 2, and then indeed v(Az) = 0 so agent 1 does
A
not c-EFX-envy agent 2, and Uv((x Azl))
algorithm cannot allocate gy, g; to the same agent.
If the algorithm allocates g1, g, separately, w.l.o.g., g; goes to

agent 1 and g, goes to agent 2, then the adversary presents v(g3) =
12+—“a, v(gs) = 0 (imperfect prediction). For the resulting allocation

A there are four options: if g3 and g4 are both allocated to agent 1,

then UU((::R) = 12’—;’; (ii) if g3 and g4 are allocated together to agent

2, then 240

o(xAz)
agent 2, then UU(E:X)) = lz_—a"; and (iv) if g5 goes to agent 2 and g4
u(A1)
o(xAz)
the last two goods are allocated, the resulting allocation cannot be

better than 12_—a“-EFX. ]

=0 < ¢ — 1, a contradiction; (ii) if g3 and g4 are both al-

=a < ¢, a contradiction. So the

=0< 1{—:; (iii) if g5 goes to agent 1 and g4 goes to

goes to agent 1, then =0< %. Therefore, no matter how

For n = 2 agents with identical valuations, Theorem 3.1 pre-
sented a (¢ —1)-consistent, (¢ —1)-robust algorithm albeit oblivious
to predictions. As Theorem 4.1 shows, requiring any consistency
¢ > ¢ — 1, slashes the robustness to at most ‘”T_l, while if n > 3 or
the valuations are not necessarily identical, Theorems 3.2 and 3.3,
respectively, show that the robustness is 0 regardless of the con-
sistency level. In light of these impossibilities, from this point on,
we turn to algorithms that are aware of their accuracy. We pose the
question: Given a prediction and its accuracy guarantee in the input,
what is the best a € [0, 1] that an a-EFX algorithm can ensure?

4.2 Full reliance on predictions

We start by exploring the capabilities of algorithms that rely en-
tirely on predictions. The following theorem shows that, when the



accuracy in the prediction is good enough, we can get any a-EFX al-
gorithm (in the offline setting) as a black box, and with some careful
manipulation, we end up with a slightly weaker a-EFX guarantee
for the true values.

THEOREM 4.2. Suppose we have n > 2 agents with additive, nor-
malized valuations. The agents have accuracyn > 1 - ==y
for some given a,d € [0,1] with a < a. Given an a-EFX allocation
A° according to (pi(g:))ie[n),re[17], We can compute in polynomial
time an allocation B which is a-EFX according to the true valuations

(0i(9))ie[n) elT)-

The proof of Theorem 4.2 reveals that the algorithm used to
produce an a-EFX allocation (according to the true valuations) is
oblivious to the true valuations themselves. In particular, first it
takes as input an a-EFX allocation based on the predicted values,
then shifts bundles around such that there is an agent who is not
envied by any other, and then takes that prescribed allocation and
follows it blindly on the true values (where, if unpredicted goods
appear, they get allocated to the unenvied agent). We can actually
show that when we can compute an exact EFX allocation with
respect to the predicted values, the accuracy bound of Theorem 4.2
is tight among algorithms that rely entirely on predictions. In other
words, if it is possible to compute a 1-EFX allocation for the pre-
dictions, for the algorithms that follow any 1-EFX derived by the
predictions and ignore the true values, the level of accuracy stated
in the aforementioned result fora =1, ie. 1 — m
sary to achieve an a-EFX allocation. We show that this is true even
for identical valuations.

is neces-

PROPOSITION 4.3. Suppose we have n > 2 agents with additive,
identical, normalized valuations. The agents have accuracyn <1 —
m for some given a € [0, 1], that is, the error between the
provided prediction (p(g:)):e[r7] and the true values (v(g;)):e[T) is
D=1-n> (anl_% Then, any algorithm that computes an exact
EFX allocation on the predictions and follows it by ignoring the true
values, is not able to compute an a-EFX allocation according to the

true valuation, even when T’ =T.

Proor. Consider the following instance with identical valu-
ations, for which we can compute an exact EFX allocation on
the predictions (e.g., by using Algorithm 1). Let T/ = 2n — 1,
and where p(g;) = 2n171 for all t € [2n — 1]. Then, the only 1-
EFX allocation (regardless of the algorithm used to produce it)
is one where all agents receive 2 goods, except for one, w.lo.g.
agent 1, who receives 1 good. Consider an adversary producing

T = 2n — 1 true values v(g;) = ﬁ -D < (2,1_12% v(g2) =

ﬁ +D > m,v(gt) = ﬁ fort e {3,4,...,2n—1}.The

algorithm ignores the true values and assigns the goods according

to the aforementioned 1-EFX allocation based only on the predic-
. _ 1 1- _ 2

tions. Now 0(A;) =0(g1) < 5,5 — (2n71)?1+a) = (2n—1)a(1+a) ,and

- 1 1- _ 2 .
v(xA2) =0(g2) > 5.5 + Gon () = @ion)(ea) therefore this

Uzz()::l;) < a. So the algorithm fails

to produce an a-EFX allocation. o

is an a’-EFX allocation for a’ <

Before proceeding to show an example of Theorem 4.2, we men-
tion a result — considered to be folklore by now — for efficiently
computing exact EFX allocations for n > 2 agents with additive,

identical valuations. Algorithm 1 is essentially the well-known
longest-processing-time-first (LPT) algorithm, from the literature of
job-scheduling over identical machines (see e.g., [32]). There, the
problem is to schedule jobs (here a job is represented by a good
gt € [T]), each coming with a known processing time (here,
f(g+)), into machines (here, bundles A; of agents i € [n]) and the
goal is to minimize the maximum processing time of a machine
(here, f(A;)) over all machines. It is easy to show that in the context
of fair division of indivisible goods under an additive valuation, it
provides an exact EFX allocation.* The LPT algorithm is a central
component of Algorithm 2.

To showcase the contribution of predictions to the quality of EFX
allocations, let us see the following instantiation of Theorem 4.2.
We have the simple case of two agents with additive, identical
valuations. As Theorem 3.1 shows, an algorithm without access
to predictions cannot guarantee an a-EFX for any a > 0.619. In
contrast, when we are allowed prediction of accuracy 94.5%, Algo-
rithm 1 can guarantee a 0.718-EFX allocation in polynomial time.

Example 4.4. For two agents with additive, identical, normalized
valuations, LPT (Algorithm 1) guarantees an exact EFX (that is, a 1-
EFX) on the predicted values in polynomial time. If, additionally, the
agents have prediction accuracy n > 1 — % ~ 0.945,

then LPT’s allocation is (¢ — 0.9) ~ 0.718-EFX on the true values.

4.3 Use of predictions and true values

The limitations derived so far, show that, unless both predictions
and the observed (true) values are taken into consideration by an
algorithm, the accuracy required to output an a-EFX allocation for
a given a € [0, 1], is relatively high, even for identical valuations
(see Proposition 4.3). To bridge the gap between the lower and the
upper bound on the accuracy, we turn our focus on algorithms that
use the information of the predictions to decide where to allocate
each arriving good.

4.3.1 Impossibility results. We first show lower bounds on the nec-
essary level of accuracy, which essentially tell us that no algorithms
to compute a-EFX exist when their accuracy is below a threshold.
Recall from Theorem 3.3 that, without predictions, no algorithm
can guarantee an a-EFX allocation for any a € (0, 1], even for two
agents. The following lower bound shows that it remains impos-
sible to compute an a-EFX for any a € (3, 1] even for algorithms
enhanced with predictions of accuracy less than a particular thresh-
old. For the case of a € (0, %) we know from Theorem 3.3 that
predictions (i.e., positive accuracies) are necessary to get an alloca-
tion better than 0-EFX, but it is an open question whether there is
a positive lower bound on the accuracy.

THEOREM 4.5. Suppose we have 2 agents with additive, normalized
valuations, with a provided prediction of accuracyn < 1 — m
for some given a € (%, 1]. Then, there is no algorithm that guarantees
an a-EFX allocation, even when T’ =T = 4, and the predictions and

the true valuations are 4-value functions.

When the valuation functions are identical, the accuracy lower
bounds become slightly better. Recall that Theorem 3.1 presents
“We note that a generalized version of this algorithm has been used in [21] to find

EFX allocations for a superclass of additive valuations. For the sake of completeness,
we present a self-sustained proof for additive valuations in the Proposition C.7.



a simple greedy algorithm that achieves (¢ — 1)-EFX allocations
without predictions, which is best possible in the absence of predic-
tions. In the following theorem, we show that even if an algorithm
has access to predictions of up to a certain accuracy level, it still
cannot guarantee an a-EFX for any a € (¢ — 1,1].

THEOREM 4.6. Suppose we have 2 agents with additive, identical,
normalized valuations, with a provided prediction of accuracy n <
1- m for some given a € (¢ — 1,1]. Then, there is no
algorithm that guarantees an a-EFX allocation, even when T’ =T = 4,

and the predictions and the true valuations are 4-value functions.

Proor. For the sake of contradiction, suppose there is an algo-
rithm that for some a € (¢—1, 1] and accuracy n < 1—
guarantees an a-EFX allocation.

Ifae(p-1, V3 - 1], and therefore, 2a(2 + a) < 4, the adversary

] sets A = max{;;&—“;al) - F,O},

1-a
min{2a(2+a),4}°’

fixes a rational r € (0 D - m

l-a _1- .
Ta(zea) Tres Tazeny + r). It then gives the follow-

ing prediction to the algorithm: p(g1) = 24, p(g2) = 2¢, p(g3) =
% —2¢—A,and p(g4) = % — A, and observe that ¢ > A. The adversary
reveals the true values v(g;) = 24, v(g2) = 2¢. There are two cases:

(i) If g; and g, get allocated to the same agent, w.l.o.g. agent 1,
then the adversary reveals the true values v(g3) = v(gs) = % —e—A
If g5 and g4 get allocated to agent 1, this is a 0-EFX allocation, so
the algorithm fails to provide an a-EFX allocation for the target a.

If g3 and g4 get allocated to agent 2, then agent 2 does not EFX-
envy agent 1, since 1 —2(e+ A1) > 2¢ for the domains of ¢, a and this

is an a’-EFX allocation with @’ = 12/(;% < a, where the inequality

andanee( +r-

comes from the fact that ¢ < m + r.If g5 is allocated to agent
1 and g, is allocated to agent 2, then agent 1 does not envy agent
2, and notice that g1 is the smallest-valued good that agent 1 has,

since 24 < 2¢ < 1 — £ — A for the given domains of ¢ and a. This is
1/2—e-1
1/Z+s A
m +r- 2. 1If g3, g4 are allocated
to agent 2 and 1, respectively, a symmetrlc argument applies.

(ii) If w.l.o.g. g is allocated to agent 1 and g, is allocated to agent
2, then the adversary reveals the true values v(gs;) = % —3e—Aand
v(gs) = 3 + & — A Notice that g, is still the smallest-valued good
among all, since 24 < 2¢ < % —-3c-1< % + £ — A for the given
domains of ¢ and a. If both g3 and g4 get allocated to agent 1, then
he does not EFX-envy agent 2, and this is an a’-EFX allocation for
a = 12%% < 1%6—?)/1 < a, where the last inequality comes from
one of the bounds in case (i). If both g5 and g4 get allocated to agent 2,

then he does not EFX-envy agent 1, and this is an a’-EFX allocation

an a’-EFX allocatlon with a’ =

< a, where the inequality

comes from the fact that £ >

fora’ = < a, where the last inequality comes

21 2
1-2(e+d) = 1—2(§+/1)
from the previous bound. If g5 gets allocated to agent 2 and g4 gets
allocated to agent 1, then agent 1 does not envy agent 2, and this is
an a’-EFX for a’ = %i::;
one of the bounds in case (i). If g3 goes to agent 1 and g4 goes to

agent 2, then agent 2 does not envy agent 1, and this is an a’-EFX
1/2—-3e+A 1/2—e—=A
1/2+4e-A — 1/24+e-1
from the previous bound.

From the above cases we can see that the algorithm fails to
output an a-EFX allocation. Now observe that the error between
the prediction and the true values in the two cases is equal to

< a, where the inequality comes from

fora’ = < a, where the last inequality comes

€< m + r < D, which contradicts our assumption that the
algorithm can provide an a-EFX allocation for error (at most) D.
Iface (\/§ —1,1], or equivalently, 2a(2 + a) > 4, the adversary

fixes a rational ¢ € ( =%, min {ﬁ, D}) and gives the following

prediction to the algorithm: p(g1) = 2¢, p(g2) = 2¢, p(gs) = % - 3¢,
and p(g4) =  — e. Then, we follow the same case analysis as above,
where we substitute A with e. Therefore, the algorithm fails to out-
put an a-EFX allocation. Notice that, again, the error of this instance

equals ¢, which can take any value in ( > min {4(2—“+a), D} ), anon-

empty interval for a € (\/§ — 1,1]. Therefore, the adversary can
choose some ¢ arbitrarily close to the lower limit of that interval,
making the algorithm fail to provide an a-EFX for error less than
D, a contradiction. ]

When we have n > 3 agents, this bound becomes significantly
worse, especially for large values of a. Furthermore, we get non-
zero lower bounds for small values of a, contrary to the case of two
agents. We show this in the following theorem.

THEOREM 4.7. Suppose we have n > 3 agents with additive, iden-
tical, normalized valuations, with a provided prediction of accuracy

1 _1-af
2(n— 1+2a)’ 4+(2n-3)a

there is no algorithm that guarantees an a-EFX allocation, even when
T’ =T = 2n — 1, and the predictions and the true valuations are
3-value functions.

n<1l- min{ }for some given a € (0,1]. Then,

One can observe from Theorem 4.7 that when n > 3, for any
fixed a € (0,1), the lower bound on the accuracy is a function
1—-0©(1/n). The upper bound on the accuracy given in Theorem 4.2
for identical valuations becomes 1 — m which is also a
1-0(1/n) function. This means that as the number of agents grows,
the necessary accuracy level tends to 100%, and is asymptotically
matched by the accuracy that suffices for a simple algorithm re-
lying entirely on predictions. This fact at first glance might seem
to make the case that for large n, finding better algorithms than
those that blindly use predictions is not interesting. However, for
fixed a and n, there is still a non-negligible gap between the lower
and upper bounds of accuracy, which is worth investigating. In
the following section, we try to bridge the largest bound-gap for
identical valuations, which is for the case of two agents.

4.3.2  Positive results. We focus on two agents with additive, identi-
cal valuations, and present Algorithm 2 which, for the same approx-
imation factor a, requires less accuracy than that of Theorem 4.2 (or
equivalently, for the same accuracy, it provides an approximate EFX
allocation with better approximation factor than that of the afore-
mentioned result). This a-EFX algorithm has a known accuracy that
is a function n(a) of a € [0, 1]. It starts by finding an exact EFX allo-
cation A using LPT (Algorithm 1) on the predicted values, and uses
this as a guideline for the final allocation. According to the alloca-
tion’s characteristics (its form), it prescribes appropriate thresholds
for true values of goods that arrive over time, and allocates them
to the right agent so that the final allocation is a-EFX.

THEOREM 4.8. Suppose we have 2 agents with additive, identical,

normalized valuations with a provided prediction of accuracy n >
1- (4+a—a®)(1-a

m for some given a € (¢ — 1,1]. Then, Algorithm 2



Algorithm 2 Two agents with additive, identical valuations: Com-

puting an a-EFX for a € (¢ — 1, 1] when prediction accuracy is at
(4+a—a?)(1-a)

least 1 - oo G0 )

Require: A prediction vector (p(g:))re[1]-
Ensure: An a-EFX allocation B.
1: (Al,Az) — ((Z), 0), (Bl,Bz) — ((D, 0)

(4+a—a?)(1-a)
2 dmax  Tra) Goa) (Tra)
3: z « highest value in p, y <« 2" highest value in p

© g e{glplg)=z}gY €{glplg) =yt g €{glplg <y}

5: if T/ < 3 then
6:  (B1,Bz) « Output of Algorithm 3 in Section C.3
7:  go to line 28

8: (Ay,Az) < Output of Algorithm 1 with input p  //A is exact
EFX allocation based on p

9 if p(A;) = % or a = 1then
10:  (By,By) « (A1, Ap) //Proposition C.5 applies, or a = 1
11: forte{T'+1,T' +2,...,T} do

12: By « By U{g;} //All goods g; with t > T’ (if any) get

allocated to agent 1

13: else

14.  fort € [T] do

15: if Form 1: A; = {¢%, g5},
A = {gg,giy,gzy,...,gf,g’f,gf,...,gz} for £ + k > 1 then

16: if g; = g* withv(g;) <z + d‘g"’" and |B;| < 1 then

17: By « B, U {g;} else By « B; U{g;}

18: if Form 2 or Form 4: A, = {g/, "}, where g* € {gJ, 4"},
A ={4. 97,95, .. g’,:} for k > 1 then

19: if g, € {gi”,g*,gz} with (v(g;) <y+ d“;‘"‘ and |B;| <1

)or [{g”,9%,9°} N By| > 1 then

20: By « B, U {g;} else By «— By U{g;}

21: if Form3: Ay = {gf,gly},Al =1{45.97. 95, g;:} fork>1
then

22: if in p, good g¥ does not arrive after both g* goods

then
23: if g, € {9}, 9%, g5} witho(g,) < z+ %2 and |By| < 1
then

24: By « B, U {g;} else By «— B; U{g;}

25: else ,

26: if g, € {gi’,gf,gg} with (v(g;) <z + ﬁ(“s)_a) and

IB2] < 1)or [{g?, 9%, g3} N B;| > 1 then
27: By « B, U {g;} else By «— B; U{g;}

28: return (Bi, By)

outputs an a-EFX allocation, and performs a constant number of basic
operations per time-step.

ProOF SKETCH. Algorithm 2 first uses Algorithm 1 to find an
exact EFX allocation on the prediction, called A. Then, A is classified
according to its form, that is, some important properties of the two
bundles Aj, A;. Finally, a form-specific routine is used, which, at

each time-step decides the recipient of the good in constant time,
resulting in an a-EFX allocation B.

Let dppax = % denote the maximum error between
the prediction and the true valuation for an a-EFX allocation. W.l.o.g.,
let us rename agent 1, agent 2 such that it holds p(A;) < p(Az).
The algorithm first checks if the prediction has horizon at most 3,
which is an easy case handled by Algorithm 3 (see Section C.3). If
that is not the case, it proceeds to check if a = 1, which would mean
that the algorithm knows that the prediction is perfect (dmax = 0),
and so it assigns all predicted goods according to A, and any other
ones that might arrive with value 0 to agent 1. The most challeng-
ing part of the algorithm is when a < 1. We show that whenever

1+a _ _4+a-d®
Pp(A1) = 2% - diax = G+a)(-a)°
an a-EFX allocation according to the true values. What remains to

show is how the algorithm produces an a-EFX allocation B when

p(Ay) € [% %) In this latter case, we show that |A;]| < 2
and we specifically focus on |A;| = 2 — the other cases are trivially
or easily resolved. At this point, we split the inputs into various
forms based on the top three values in the prediction (e.g., in Form
1, A; consists of two items with the highest value in the prediction),
and through a careful case analysis, we establish that the allocation
returned by the algorithm, given the accuracy guarantee, is a-EFX
for each form. O

for somea € (¢ —1,1), then A is

Example 4.9. As we saw in Theorem 4.4, for prediction accuracy
0.945, LPT can guarantee a 0.718-EFX allocation on the true values.
According to Theorem 4.8, for the same accuracy, Algorithm 2
guarantees a 0.734-EFX allocation on the true values. Conversely,
accuracy 0.941 is enough in order for the algorithm to provide a
0.718-EFX allocation.

4.3.3 Results on 2-value predictions. One can notice that, even
though Algorithm 2 works for two agents with any additive, identi-
cal valuation, in essence, it only considers the three highest levels
of value inside the prediction vector p. This means that, even if we
were restricted to have a 3-value predictor, the proof of Theorem 4.8
would not give any better bounds. However, in the case where we
have a 2-value predictor, the same proof yields improved results. It
is important to note that, even though the prediction is a 2-value
function, the true valuation is not restricted at all.

COROLLARY 4.10 (COROLLARY OF THEOREM 4.8). Suppose we have
2 agents with additive, identical, normalized valuations, with a pro-
vided 2-value prediction of accuracyn > 1 — % . L:_Z for some given

a € (¢ — 1,1]. Then, Algorithm 2 outputs an a-EFX allocation, and
performs a constant number of basic operations per time-step.

It is natural that the accuracy upper and lower bounds improve
in this case. However, notice that the latter improves disproportion-
ately, indicating that for 2-value predictions, most likely there is an
algorithm with better guarantees than Algorithm 2.

THEOREM 4.11. Suppose we have 2 agents with additive, identical,
normalized valuations, with a provided 2-value prediction of accuracy
n < l—l_T“forsomegivena € (\/5 -1, 1]. Then, there is no algorithm

that guarantees an a-EFX allocation, even when T’ =T = 4.
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A MISSING PROOFS FROM SECTION 3
A.1 Proof of Theorem 3.1

Proor. (Positive result) When the algorithm terminates, in the
resulting allocation A, agent 1 will have value x :=v(A;) < ¢ — 1,
by the algorithm’s definition. Agent 2 will have value y := v(4;) =
1-x > 2—¢.If x > y, then this a-EFX allocation has a > % > % =
¢ — 1.If x < y, then all goods of agent 2 have value strictly greater
than ¢ — 1 — x, otherwise, at least one of them would have been
given to agent 1 (since together with the new good agent 1 would
have value at most x + (¢ — 1 — x) = ¢ — 1). If agent 2 has a single
good, then agent 1 does not EFX-envy agent 2, and agent 2 does not
envy agent 1, since y > x, so this is an exact EFX. If agent 2 has at
least two goods, then each has value greater than ¢ —1—x as argued
earlier, so 1 — x =y > 2(¢ — 1 — x) which implies that x > 2¢ — 3.
Then, in this a-EFX allocation, y > x so agent 2 does not envy agent
lL,and alsov(xAz) <y—(¢p—-1-x)=1-x-(p—-1-x)=2— 0.
So, we have a > % =p-1

(Tightness) For the sake of contradiction, suppose there is an
algorithm that guarantees an a-EFX for some a € (¢—1, 1]. Consider
a rational value A € [0,a — ¢ + 1). Let the adversary be giving to
the algorithm goods of value ¢ := %. Let the number of rounds be

T:= [@] + 3, known by the algorithm. W.l.o.g., the first good is

allocated to agent 1. Now consider the time ¢ > 2 when a good is
allocated to agent 2. There are two cases:

() If after that allocation, v(A}) =: x < 2¢ —3, then the adversary
gives a good of value 1 — x — ¢ to the algorithm (and notice that
0(AY) = ¢). If the latter good is allocated to agent 1, then this is
an a’-EFX allocation with @’ < {5 = z;—AW < a, by definition of
A. This is a contradiction. If the latter good is allocated to agent

. . . 20-3
2, then this is an a’-EFX allocation with ¢’ < (== < 4_";4)_8 <
2¢0-3 _ 2¢-3

To-=g) ~ 20 0~ 1<a, where the third inequality comes
from the fact that ¢ < A < 2 — ¢. So in this case the algorithm
cannot provide an a-EFX allocation for a > ¢ — 1.

(ii) Otherwise, there exists a time t’ where U(Aé/) = 0 and

U(Ail) = x € (2¢ —3,2¢ — 3 + ¢]. Then, the adversary gives con-
secutively two goods, each of value FT" If both are allocated to
agent 1, then this is obviously a 0-EFX, a contradiction. If both are
allocated to agent 2, then agent 2 does not envy agent 1, but agent
1 has EFX-envy towards agent 2, and this a’-EFX allocation has
a < (17’;)/2 < 2(427412—([)33) < 2(421”2;37);?4/2 < @ -1+ A < a, where the
second to last inequality comes from the fact that A < a—p+1 < 2—¢.
So this is not an a-EFX allocation. Finally, if one good is allocated
to agent 1 and the other to agent 2, then agent 1 does not envy
agent 2, but agent 2 has EFX-envy towards agent 1, and this a’-EFX
allocation has a’ < x+8:§))ﬁ—f = 1+1;j(2€ = 2(;—_22i02£ = 2(p4—_22—(€1/2 <
¢ —1+ A < a, where again the second to last inequality comes
from the fact that A < 2 — ¢. So the algorithm in this case cannot
produce an a-EFX allocation. Therefore, for any fixed a € (¢ —1,1],
an a-EFX allocation is impossible to guarantee.

From the case analysis above, we see that the maximum number

of rounds required is for case (ii), and it is [@] + 2. For all the

cases that the algorithm might fall into, the adversary provides as

many extra goods as needed to complete the known T = [2‘%—;”]+2

rounds, where all these goods’ values are set to 0 and do not affect
the bounds on the approximation ratios. O

A.2 Proof of Theorem 3.2

Proor. Consider an algorithm that knows the true horizon T =
n + 1 and does not use predictions. Let the first two goods that the
adversary gives to the algorithm have value ¢ := ﬁ There are
two cases:

(i) If the algorithm allocates the two goods to the same agent,
say i, then the adversary provides a third good of value 1 — 2¢, and
another n — 2 goods of value 0.5 Regardless of where the latter
n—1 goods are allocated, there is an agent with value 0 who a-EFX-
envies agent i for any a > 0, so in this case, the algorithm does not
guarantee an a-EFX allocation.

(ii) If the algorithm allocates the first two goods to two agents,
say i, j, then the adversary provides n— 1 goods of value 1n__2f. Then,
by the pigeonhole principle, at least one of the agents will have at
least two goods (one of which has value 1;218 ), and at least one of
them will have value at most ¢. Therefore, one of the latter agents
is a’-EFX free for a’ < (1—2£)£/(n—1) < 1/(2(2_1)) =2e(n-1) < a,
where the second inequality comes from the fact that 1 — 2¢ =

1- 3(3—:) > 1/2 for any a < 1 and n > 3. Therefore, in this case
too, the algorithm cannot give an a-EFX allocation. O

A.3 Proof of Theorem 3.3

Proor. For the sake of contradiction, suppose there is an algo-
rithm that can provide an a-EFX allocation for some a > 0. The
algorithm also knows that T = [%J + 2. We will denote the value of
a good g as (f,r), where £ := 0;(g) and r := v5(g). We fixan ¢ := §.
Let the first good that the adversary gives to the algorithm be of
value (&, 0). There are two cases:

(i) If the algorithm allocates the first good to agent 2, then the
adversary keeps giving to the algorithm goods of value (¢, 0) un-
til the algorithm allocates a good to agent 1 (which might never
happen, which means that after t = T, agent 1 has no goods, and
this is a 0-EFX allocation). Let time ¢ > 2 be the round in which
either a good is allocated to agent 1 for the first time or when
te € (1 — ¢, 1]. Observe that if the latter condition is the case, then
no more goods of value (¢,0) can be produced by the adversary,
otherwise, according to agent 1, the total value for all the goods
produced would exceed the value of 1, thus defy the normalization.
We know that v (A}) < eandv;(A}) > (t—1)¢. Then, the adversary
produces a good of value (1 — t¢, 1). If the algorithm allocates the
latter good to agent 2, then agent 2 does not EFX-envy agent 1, but
agent 1 has EFX-envy towards agent 2, and the a’-EFX allocation

1
, o1 (Al*h) e
has a’ < z,l(Agﬂ),g < (1—-te)+(t—1)e—¢

penultimate inequality comes from the fact that 1 -2 =1~ ¢ > %
for any a < 1. If the algorithm allocates the good to agent 1, then
agent 2 has EFX-envy towards agent 1, and this can only be a 0-EFX
allocation since v, (A5*!) = 0 and v (xA{*") = 1. So in this case, the
algorithm cannot provide an a-EFX allocation.

(ii) If the algorithm allocates the first good to agent 1, then
the adversary keeps giving to the algorithm goods of value (0, ¢)
until the algorithm allocates a good to agent 2 (which might never

_ _¢ a
= 15 £ § < a, where the

5The latter n — 2 goods of value 0 are given so that the adversary fulfils the promise
that T = n + 1, and do not affect the bounds on the EFX approximation ratio.



happen). Similarly to case (i), let time ¢ > 2 be the round in which
either a good is allocated to agent 2 for the first time or when
(t — 1) € (1 — & 1]. Observe again that in the latter condition,
for a reason symmetric to that of case (i), no more goods of value
(0,¢) can be produced by the adversary. We know that v;(A}) < ¢
and v;(A}) > (t — 2)e. Then, the adversary produces a good of
value (1 —¢,1— (t — 1)¢). If the algorithm allocates the latter good
to agent 1, then agent 1 does not EFX-envy agent 2, but agent
2 has EFX-envy towards agent 1, and the a’-EFX allocation has

’ UZ(AHI) _ & a
@ S JGrn S TeDoree - 1 S 5 < @ Where the
penultimate inequality comes from the fact that 1 —e=1-4 > 2

for any a < 1. If the algorithm allocates the good to agent 2, then
agent 1 has EFX-envy towards agent 2, and the a’-EFX allocation
has a’ < & < aasargued earlier. So in this case too, the algorithm
cannot prov1de an a-EFX allocation.

From the case analysis above, we see that the maximum number
of goods produced is 1 + t + 1 = L%J +2 = L%J + 2, which is
needed for case (ii). If the algorithm falls in any of the two cases
and the aforementioned number of rounds has not been reached,
the adversary provides the algorithm with an extra amount of
goods until that number of rounds is achieved (in order to fulfill
its promise that T = L%J + 2). All the extra goods have value (0, 0)
and do not affect the bounds on the approximation ratios. O

B MISSING PROOFS FROM SECTION 4.2
B.1 Proof of Theorem 4.2

Proor. We will first prove the following stronger statement.
Suppose we have n > 2 agents with additive, normalized valua-
tions. Each agent i € [n] has accuracy n; > 1 — W for
some given a;, d; € [0,1] with a; < d;. Given an allocation A° in
which every agent i has no 4;-EFX-envy towards any other agent
according to (p;(g:)):e[17], We can compute in polynomial time an
allocation B in which every agent i has no a;-EFX-envy towards
any other agent according to her true valuation (v;(g:))se[7]-

Let the allocation A° = (A9, AJ ..., Aj)) be the output of the state-

ment’s algorithm when its input is the prediction vector (pi;)ie[n],re[T’]-

Therefore in A° each agent i € [n] is not @;-EFX-envious towards
any other agent according to the prediction values. We will first
turn A° into an allocation A in which there is at least one agent
k € [n] that is not envied by any other agent (if this is not already
the case). We define the “envy-graph” of A°; this is a directed graph
whose nodes are the agents, and an edge (i, j) exists if i envies j. If
the graph has a source, then this source is our required k and we are
done. If the graph has no source, it contains a cycle iy, iy, . . ., ir, i1
of size r for some r € {2,3...,n}. We can eliminate this cycle by ro-
tating the bundles, i.e., A" — AY - for all s € [r], where i,+1 := i1.
Notice that by rotating the bundles, we have eliminated r > 2 edges
of the graph and did not create any edges, since the bundles of A°
remained the same even though they changed owners. By elim-
inating cycles repeatedly until there are no more left, we derive
an allocation A whose envy-graph is acyclic and therefore has a
source, that is, the required agent k who is not envied by any other
agent. Finally, since the edges of the initial envy-graph were at
most n(n — 1) and in each cycle elimination we strictly reduced

the number of edges by 2, allocation A will be found after at most
n(n — 1)/2 eliminations. Creating the envy-graph of A° and each

of its updates takes time polynomial in n and T, so computing A
can be done in polynomial time.

Now let us focus on an arbitrary agent i under allocation A. We
denote x;, := p;(A;), and x; j := p;(xA;) for j # i. Since agent i is
not @;-EFX-envious towards any other agent, we have

Xiw = d; - x5, forall j #i. (1)

We also know that for any i # j, x;; > ‘D’(A’) :If A; = () then this is
obviously true, andif A; # 0 then, by settlngg € argmingea; pi(4;),
we have p;(g) < ming’EAj\{g}{Pi(g/)} < xij, s0 pi(A;j) = pi(g) +
xij < 2-x;; for any j # i. Finally, by the normalization assumption,
we have l =2jen Pi(Aj) < xi+(n—1) -

xl*, or equivalently,

Xiv > sk

l Noj\’; ;\iafnodify A to get allocation B in the following way, de-
pending on how the true time horizon T compares to the predicted
horizon T'.
if T <T', forallie€ [n]
if T>T, foralli+k
if T >T,fori=k.

Ai\{gr+1,- -, 91}
Bi =qA;,

A U{gr+1, ... g1}
In other words, if the number of goods that arrive is at most that of
the prediction, then the goods that arrive are allocated according
to the prediction. If more goods arrive than those predicted, then
they are placed in the bundle of agent kK who was not envied by
anyone in allocation A.

Consider the true values’ distribution (v;)ie[n},¢e[T], and sim-
ilarly to the previous notation, let us denote y;. := v;(B;), and
yi,j = vi(xBj) for j # i. For some fixed a; € [0,1] with a; < a;,
recall that (v;;);e[n] re[7] has TV distance d; < W
(pit)ie[n),re[1]- Notice that v;(B;) > xx —di, 50 Yix > Xx —d;. Also,
for every j € [n] \ {k} we have y;; < x;; +d; < ’;” + d;, where
the last inequality comes from Eq. (1). Finally, since agent k is not
envied by any other agent in allocation A, we have x;, > p;(Ag).
We then have y; < pi(Ax) +d; < xi+d; < x’* +d;, where the last
inequality is due to the fact that a; < 1.

Then in B, agent i is not a;-EFX-envious towards any other agent
for

from

_ Yix S Xir — di
maXie[n){yij}  Xie/@ +d;
6~li—(2n—2+dl‘)d,’ &i—(di—ai)/(l+ai) _
N l+(2n—2+di)di N 1+(di—ai)/(l+ai)
We have proven that given an allocation A° in which every agent i

i

has no ;-EFX-envy towards any other agent according to (p;(g:))se[1']

we can compute in polynomial time an allocation B in which every
agent i has no a;-EFX-envy towards any other agent according
to her true valuation (;(g;)):¢[r]. The theorem’s statement now
follows immediately. O

C MISSING PROOFS FROM SECTION 4.3
C.1 Proof of Theorem 4.5

Proor. Consider an arbitrary a € (%

with prediction accuracy n < 1 — ﬁsﬁm}

[0 2a— 1)’ ifae(l’z]

> 6a 203
(4%.§), ifae(31]

1] and an a-EFX algorithm
The adversary fixes

a rational number A € { , and sets ¢ =



L_) if 12
6 1 aE(Z 3].Notice that for both a € (%%] and a €
A, ifae (%,1]

1 1-a a 2+a
ge((__)t)'ua’ -2 " 2-a @

due to the domain of A. The adversary also provides the following
prediction to the algorithm for the two agents: p1(g1) = 2¢, p1(g2) =
24, p1(g3) = 3 —2e—A,p1(gs) = 3 — A and py(g1) = 24, p2(g2) = 2,
p2(g3) = % —2e— A, pa(gs) = % — A. The adversary then reveals the
true values v1(g1) = 2¢, v1(g2) = 2A, and v2(g1) = 24, v2(g2) = 2¢.
There are four cases:

(i) If g1 and g, get allocated to agent 1, then the adversary reveals
true values 1 (g3) = %—38—1,01(g4) = %+s—)t, andvy(gs3) = %—S—A,
v2(94) = % — ¢ — A Then, if both g3, g4 get allocated to agent 1,
then agent 2 is EFX-envious towards agent 1, and this is a 0-EFX
allocation. If both goods get allocated to agent 2, then agent 1
is EFX-envious to agent 2 and this is an a’-EFX allocation with
a = 1/225:525 7 < a, where the inequality comes from the upper
bound of ¢ in Eq. (2). If g5 gets allocated to agent 1 and g4 to agent
2, then this is an a’-EFX allocation with @’ < iﬁ::j
the inequality holds for all the domain of a due to the lower bound
of € in Eq. (2).

(ii) If g1 and g, get allocated to agent 2, then the adversary reveals
true valuesv;(g3) = %—5—1,01(94) = %—s—/l, andovy(g3) = %—35—/1,
v2(94) = % + ¢ — A. The analysis is symmetric to that of case (i) and
shows that all allocations induce an a’-EFX allocation for a’ < a.

(iii) If g4 gets allocated to agent 1 and g, gets allocated to agent
2, then the adversary reveals true values v;(g3) = % — 3¢ — A,
v1(g4) = % +¢— A, and v2(g3) = % -3 - A va(gs) = % +e- A
If both g5 and g4 get allocated to the same agent, w.l.o.g. agent 2,
then agent 1 is EFX-envious towards agent 2, and v1({g2, g3, ga}) —
min{v; (¢2),v1(93),01(94)} < 01({g2,94}) = § + & + A So this is
an a’-EFX allocation with a’ < l/ziﬁ < a, which holds due to

the fact that ¢ < ﬁ —)w;t—{al < (%+A) 52 for A > 0, where
the first inequality comes from Eq. (2). If the two last goods get
allocated to distinct agents, w.l.o.g., g3 gets allocated to agent 1
and g4 to agent 2, then agent 1 is EFX-envious towards agent 2,
and 01 ({g2, g4}) — min{v; (g2),v1(g4)} < v1(gs) = 3 + & — A This is
an a’-EFX allocation with a’ < % < a, where the inequality
holds for all the domain of a due to the lower bound of ¢ in Eq. (2).

(iv) If g4 gets allocated to agent 2 and g, gets allocated to agent 1,
then the adversary reveals the same true values as in case (iii). Here

we simply use the fact that ¢ > A: this is obvious when a € (% l],

< a, where

and for the case where a € (% %] we have 1 < 2‘;—;1 < ﬁ which
1

implies, ¢ = % -1> 52 A. Therefore, agents 1 and 2 now have
bundles that are worth to them at most as much as they were worth
in case (iii), and so if in case (iii) there was no a-EFX allocation, the
same holds here.

Finally, notice that the error between the prediction and the true
values in all the above cases is ¢: if a € (% %] then ¢ = % — A, and

A can take any value strictly smaller than 2%—1 , S0 € can take any
a

value strictly greater than lg—a"; ifae (% 1], then ¢ = A, and A can
take any value strictly greater than ITT“. O

C.2 Proof of Theorem 4.7

Before presenting the proof of Theorem 4.7, we need to present two
lemmas. Specifically Lemma C.1 and Lemma C.2, where the former
dominates for small values of a, and the latter for large values of a.
Theorem 4.7 combines them into a single statement.

Lemma C.1. Suppose we haven > 3 agents with additive, identical,
normalized valuations, with a provided prediction of accuracy n <
1- m for some given a € (0,1], that is, the error between

the prediction and the true valuation is 1 —n > m Then,
there is no algorithm that guarantees an a-EFX allocation, even when
T’ =T = n+1, and the predictions and the true valuations are 3-value
functions.

Proor. For the sake of contradiction, suppose there is an algo-
rithm that can provide an a-EFX allocation for some a € (0,1].
The algorithm knows that T = n + 1 and has accuracy n < 1 —
m. The adversary fixes a rational value ¢ € (0, ﬁ) and
gives to the algorithm the prediction: p(g1) = p(g2) = ¢, p(9:) =
% (% - 6‘) fort € {3,4,...,n}, and p(gn+1) = ﬁ (% - 6).
The adversary reveals the true values of the first two goods to the
algorithm, namely v(g;) = v(gz) = ¢. There are two cases:

(i) If the algorithm allocates the two goods to the same agent, say
i, then the adversary provides n—2 goods of true value p(g;) = 1'1—_225
fort € {3,4,...,n},and a final good of true value 0.° Since the goods
of positive value are n and two of them are allocated to the same
agent, regardless of where the goods gs, . . ., gn+1 are allocated, there
is an agent with value 0. Recall now that agent i has two goods,
each of value ¢ > 0, so this is a 0-EFX allocation, a contradiction to
the assumption that a > 0.

(if) If the algorithm allocates the first two goods to two agents,
say i, j, then the adversary provides n — 1 goods of true value
o(g:) = 1,1:2f for t € {3,4,...,n + 1}. Notice that 1,;_215 > ¢ for
any a < 1 by definition of ¢, therefore, any of gs, . . ., gn+1 is more
valuable than g; and g,. By the pigeonhole principle, at least one
of the agents will have at least two goods (one of which has value
%), and at least one of them will have value at most ¢. Notice also
that, w.l.o.g., agent i will be allocated (at least) one of {g;, g} and
one of {gs, . .., gn+1}- So, one of the agents is EFX-envious towards
i and the allocation is a’-EFX for @’ < m < a, where

the last inequality comes from the upper bound of ¢. Therefore, in
this case too, the algorithm cannot provide an a-EFX allocation, a
contradiction.
Finally, the error between the prediction and the two scenarios
of true values of the adversary is the following. For case (i) it is
1.(0+0+(n_2)_ [1—25 _ (2n—3)(1/2—€)])+
2 n-—2 (n—-1)(n-2)

1/2-¢ 1 1
-0 = - -],
n-—1 n—11\2

®The latter good of value 0 is given so that the adversary fulfills the promise that
T =n + 1, and does not affect the bounds on the EFX approximation ratio.

1
+ - -
2




and for case (ii) it is

%-(0+0+(n—2)-[

(2n-3)(1/2-¢) 1-2¢
(n-1)(n-2) n—l])

1 |1-2¢ 1/2-¢ 1 1
. — = =
2 n—1 n—1 n—1\2
for any ¢ € (0, —25-) of the adversary’s choice. O

LemMma C.2. Suppose we haven > 3 agents with additive, identical,

normalized valuations, with a provided prediction of accuracy n <
1-a?
1- 4+(2n-3)a

the prediction and the true valuation is 1 —n > ﬁ. Then,
there is no algorithm that guarantees an a-EFX allocation, even when
T’ =T = 2n — 1, and the predictions and the true valuations are
3-value functions.

for some given a € (0, 1], that is, the error between

Proor. For the sake of contradiction, suppose there is an algo-

rithm that can provide an a-EFX allocation for some a € (0, 1]. The
1-a®

algorithm knows that T = 2n—1 and has accuracy n < 1- Tnha

The adversary fixes rational values k € (O, m) and ¢ €

and gives to the algorithm the prediction:
1-(2n-3)k
2

( 1-a? 1
4+(2n-3)a’ 4+(2n-3)a |’
p(g91) =p(g2) =+ = p(gan-3) =k, p(gan-2) =
p(g2n-1) = w + ¢. The adversary reveals the true values of
the first 2n—3 goods to the algorithm, namely v(g;) =v(g2) =--- =
v(g2n-3) = k. For ease of presentation, a good g; for t € [2n — 3]
will be called a “k-good”. After time-step ¢ = 2n — 3 there are three
cases:

(i) Exactly one agent, w.l.o.g. agent n, does not have any k-good.
Then, there is at least another agent, w.l.o.g. agent n — 1, that has
at most 1 k-good (and therefore, exactly 1 k-good); otherwise, at
least n — 1 agents have at least two k-goods, so we would have at
least 2(n — 1) = 2n — 2 > 2n — 3 k-goods, a contradiction. Also,
there is at least another agent, w.l.o.g. agent n — 2, that has at
most 2 k-goods; otherwise, we would have at least n — 2 agents
with at least 3 k-goods, and agent n — 1 with exactly 1 k-good,
therefore 3(n — 2) + 1 = 3n — 5 > 2n — 3 k-goods in total, a
contradiction. Consequently, the adversary reveals the true values

_ _ 1-(2n-3)k
0(gan-2) = 0(gan-1) = —5—.

If neither g;,-2 nor gs,—1 gets allocated to agent n, then this
is a 0-EFX allocation, so the algorithm fails to produce an a-EFX
allocation for the required value of a. If one of these goods gets
allocated to agent n and the other gets allocated to an agent with
exactly one k-good, w.l.o.g. agent n — 1, then one of the agents with
at most 2 k-goods, such as agent n — 2, is EFX-envious towards
agent n — 1, and due to that, this is an a’-EFX allocation with
B 2k ~ 4
T (1-@2n-3)k)/2  1/k-(2n-3)

4
S Ya+@n-3)-(n-3 ° ®)
where the last inequality comes from the fact that k < Wa—s)a'
If one of the goods gets allocated to agent n and the other one
gets allocated to an agent with more than one k-goods, then agent
n — 1 EFX-envies that agent and this is an a’-EFX allocation with
a < (1_(2,1]23),()/2 < (1_(231‘3),{)/2 < a, where the last inequality

— ¢, and

a/

comes from Eq. (3). If both get allocated to agent n, then agent
n — 1 is EFX-envious towards her, and due to that, this is an a’-EFX
allocation with
, k 2k
a < < <a,
(1-(2n-3)k)/2 ~ (1-(2n-3)k)/2

where again, the last inequality comes from Eq. (3). So, the algorithm
fails to produce an a-EFX allocation.

(ii) There are two agents, w.l.o.g. agents n — 1 and n, that have
no k-good. If there are at least three agents with no k-good then
no matter where gs,-2, g2n—1 get allocated, this will be a 0-EFX
allocation; because at least one agent will have no goods, and there
will be at least one agent with 2 k-goods (which have positive
value), since we have more than n — 3 goods. So the remaining
case is when only agents n — 1 and n have no k-good. Then, there
is at least one agent, w.l.o.g. agent n — 2, with at least 3 k-goods;
otherwise, n — 2 agents would have at most 2 k-goods, so the total
number of such goods would be at most 2(n—2) =2n—4 < 2n-3,a
contradiction. Now the adversary reveals the true values v(gan—2) =
M —2¢and v(gan-1) = M + 2¢. If after the algorithm
allocates gz,—2, gan—1, SOme agent among agents n — 1 and n has not
received any good, then this is a 0-EFX allocation, since another
agent exists with at least 2 k-goods. If each of agents n — 1 and n
receives one of the last two goods, w.l.o.g. let agent n — 1 receive
gon—2, and agent n receive gz,—1, then the latter EFX-envies agent

n — 2 who has 3 k-goods. This will be an a’-EFX allocation with
’ (1-(2n—-3)k)/2—2¢ 4ak/2
a < — < 5

= a, where the last inequality comes
from the fact that ¢ > 4+(12_n“_23)a > 1_(2";3”“)'(. Therefore, the
algorithm fails to output an a-EFX allocation.

(iii) Every agent has at least one k-good. Then, there are at least
three agents, w.l.o.g. agents n — 2, n — 1, and n, that have exactly
one k-good; otherwise, at least n — 2 agents would have at least
2 such goods each, and 2 agents would have exactly 1 k-good,
so the total number of k-goods would be at least 2(n — 2) + 2 =
2n — 2 > 2n — 3, a contradiction. The adversary reveals the true
values v(gzn—2) = w —2¢and v(gz2n-1) = w + 2¢. No
matter where these last two goods get allocated, the agent that will
receive g,—1 will also have at least one k-good, and at least one
agent, w.l.o.g. agent n, will only have a single k-good. Therefore,
the latter agent will EFX-envy the former and this will be an a’-EFX
allocation for a’ < < a, where the

(1—(2n—]3<)k)/2+2£ < (1—(2r1253)k)/2
last inequality is due to Eq. (3). So, the algorithm cannot provide
an a-EFX allocation.

Finally, notice that the error between the prediction and the true
valuation in this instance equals ¢, which can take any value in

1-a? 1 o
4+(2n-3)a’ 4+(2n-3)a |*

We are ready now to present the proof of Theorem 4.7

Proor. If 2(n—i+2a) < 4+(12;ﬁ23)a, then the adversary provides the
algorithm with the instance specified in the proof of Lemma C.1,
and produces n — 2 dummy goods gn+2, gn+3, - - -» g2n—1 of value 0 to
fulfill the promise that T = 2n — 1.7 If 2(n—;+2a) > 4+(12_n“_23)a, then
the adversary provides the algorithm with the instance specified in

the proof of Lemma C.2. O

"Notice that these extra goods do not affect the analysis since they can be allocated to
an agent that is not envied.



C.3 Proof of Theorem 4.8

Proor. Algorithm 2 first uses LPT (Algorithm 1) to find an exact
EFX allocation, called A. Then, A is classified according to its form,
that is, some important properties of the two bundles A;, A,. Finally,
a form-specific routine is used, which, at each time-step decides
the recipient of the good in constant time, resulting in an a-EFX
allocation B.

Let us denote the maximum error between the prediction and

2
(g:a)(;fm, fora € (p — 1,1].
In the trivial case where a = 1, dp.x = 0, the true values are
identical to the predicted values (with the exception of additional
goods that might arrive with true value 0 which do not affect the
approximation factor the solution), therefore Algorithm 2 outputs
an 1-EFX allocation A. In what follows, we will be considering
a€ (p—1,1). Wlo.g, let agent 1 have at most as much value as
agent 2in A, i.e., p(A;) < p(Az), and let us denote by g an arbitrary
good in argming c 4, p(g’). First, observe that, since A has been
produced by LPT, p(A;) > p(A; \ g). Therefore, p(A;) > 1/3,
otherwise, p(A;) < 1/3 implies that p(Az/g) < p(A;) < 1/3, and
s0,p(g) < p(Az2\g) < 1/3.This means that p(A;)+p(Az\g)+p(9) <
1, which contradicts the normalization condition.

The following is a preliminary result for the case where the
prediction consists of at most three goods, and will be useful in our
main algorithm (Algorithm 2).

the true valuation by dp.x :=

LEmMMA C.3. Suppose we have 2 agents with additive, identical,
normalized valuations, with a provided predicted horizon T’ < 3
and accuracyn > 1 — % for some given a € [0,1], that is, the
error between the prediction and the true valuation is 1 — n < ﬁ‘;
Then, Algorithm 3 guarantees an a-EFX allocation. Furthermore, if
the algorithm knows that the predicted horizon is the true one (i.e.,
T =T'), then it guarantees an exact EFX even for prediction accuracy
0 (or equivalently, error 1).

ProoF. Suppose we have an instance and algorithm as described
in the first part of the statement, i.e., a predicted horizon T’ < 3 and
accuracy ) > 1 — 124 for some given a € [0, 1]. Interestingly, the
algorithm does not require a prediction vector. Essentially, it does
the following. It starts by placing the first good (g;) to agent 1. If
there is no other round, then this is an exact EFX allocation; if there
is another round, t = 2, the good g; arrives and the algorithm now
assumes that a third one (g3) will have the entire remaining value
of 1 —v(g1) — v(gz). It then calculates which one has the greatest
true value by comparing v(g1),v(g2) and 1 —v(g1) — v(gz).

o If max{o(g1), 0(g2), 1 - 0(g1) — 0(g2)} # 1 - 0(g) — 0(g2),
then max{v(g1),v(g2), 1 —v(g1) —v(g2)} equals either v(g;)
orv(gz). Then g, is allocated to B, so that the highest-valued
good remains alone in its bundle. Then, gs is allocated to the
agent with current lowest value (breaking ties arbitrarily).
If u(g2) =1 —ov(gy), then even if the true horizon is T > 3,
v(g:) = 0forallt € {3,4,...,T}, and all goods g; will be
placed to the agent with lowest value between v(g1),v(g2),
which will be an exact EFX allocation.

o 1f max{o(g1), 0(g2), 1 - 0(g1) — 0(g2)} = 1 - 0(g1) — 0(2),
then this means that 1 — v(g;) — v(g2) > 0, or equivalently,
v(g2) < 1—0(g1) and, as mentioned earlier, the algorithm
assumes that g; has value 1 —v(g;) —v(gz). Then it allocates

g2 to B; (which now joins g;), and at ¢t = 3 it allocates g3
to By. If at ¢t = 3 we have v(g3) = 1 —v(g1) — v(g2), then
any goods g; for t € {4,5,..., T} that will potentially arrive
have v(g;) = 0 and will be placed to the least valued bundle,
creating an exact EFX allocation.

Up to this point, we have proven the second part of the statement.
However, notice that it might be the case that at t = 3, we have
v(gs) < 1—0(g1) —0v(g2), or equivalently, v(g1) +v(gz2) +v(gs) < 1,
which means that among the aforementioned goods g;, for t €
{4,5,...,T}, there are some with positive value. The algorithm
places all goods g, to agent i € [2] who has the least valued bundle
after t = 3, that is, B?. This means that v(BiT/) < v(Bgli) holds.
There are two cases:

(1) v(BiT) < U(B3T_i)4 Therefore, agent 3 —i does not envy agent i.
Also,o(BI) =0(BI") +1-0(g1) —0(g2) —0(g3) > 0(xBI",) =
v(xBI_,), where the first equality comes from the fact that
all goods g;, for t € {4,5,..., T}, will be allocated to BiT’, and
their cumulative value is 1 — v(g1) — v(g2) — v(gs); the first
inequality comes from the fact that g; and g, were placed
by the algorithm such that if v(g3) =1 —0v(g1) — v(g2) then
v(Bl.T') > U(XBST;,), but as discussed above, v(g3) can have
at most some discrepancy 1 —v(g1) — v(g2) — v(g3) which
remains to come from goods g, t € {4,5,...,T}; however,
notice that in case g3 is placed at BiTl, the aforementioned
goods g; will join that bundle, restoring the remaining value,
i, 0(BI') +1-0(gr) 0(g2) ~0(gs) > 0(xBL',); finally, the
last equality comes from the fact that Bs_; received no more
goods after t = T’. Therefore, this is an exact EFX allocation.

(ii) v(BiT) > v(B3Tfl.). Therefore, agent i does not envy agent

3 —i. As mentioned in the previous case, g3 might have some
discrepancy 1 — v(g1) — v(gz2) — v(g3) in its value. By the
statement’s assumption, this discrepancy is upper bounded
by L:_Z therefore we have U(BiT/) +U(B§:i) =u(g1)+o(gz) +
v(gs) 21— L:—Z Since v(BiT/) < U(Bgti), we have U(Bgti) >
775" 11—2 Therefore, this is an a’-EFX allocation with a’ =
o(B] ;) ) 1/2-(1-a)/(2(1+) _
o(xBY) = o(BI)+(1-a)/(1+a) = 1/2+(1-a)/(2(1+a))
the first inequality comes from the fact that o(BT) < v(BT),
and U(BiT) is at most v(BiT’) plus extra value 1-v(g;)—0v(g2) —
1-a

v(gs) < =2 from the goods g;, t € {4,5,...,T} received.

1+a

a, where

Finally, notice that the above arguments did not use any predicted
values for the goods, only the prediction that the total value to arrive
will be contained within the first three goods. O

CoroLLARY C.4. Suppose we have 2 agents with additive, iden-
tical, normalized valuations, with a provided prediction such that
Sap(g) < 132 — D and accuracy n > 1 — D for some given

a€[0,1] andD € [O, ;—Z] that is, the error between the prediction
and the true valuation is 1 — n < D. Then, Algorithm 3 guarantees

an a-EFX allocation.

ProoF. From the proof of Lemma C.3, we can see that Algo-
rithm 3 does not need any predicted values to allocate the first
three goods, and what prevents the approximation of the EFX
allocation from being 1 is the discrepancy that (virtual) values
p(ga) = p(gs) = -+ = p(gr) = 0 have with respect to the true



Algorithm 3 Two agents with additive, identical valuations, and
predicted horizon T” < 3: Computing an a-EFX for a € [0, 1] when

—a
prediction accuracy is at least 1 1 -

Require: A value T’ € [3] of predicted horizon.
Ensure: An a-EFX allocation B.

//time-step t = 1
//g1 is allocated to an agent, w.lo.g.,

1: (By,Bz) < ({91}, 0)
agent 1

//time-step t = 2
2. if min{T’, T} > 2 then
3 if max{v(g1),0(g2), 1 — v(g1) — v(g2)} # 1 —0(g1) — v(g2)

then
4 By < By U {g2}
5. else
6: B1 — Bl U {gz}

//time-step t =3
7. if min{T’, T} > 3 then
8. if v(By) > v(B;) then

9: Bz «— B2 U {gg}
10:  else
11: Bl — B1 U {gg,}

//time-step t =T" + 1,T" +2,...,
12: fort € {T" +1, T +2,...,T} do
3 if U(B{/) < v(BZT/) then

T,incaseT > T’

—_

14: By « By U {g:}
15:  else
16: By < B, U {gt}

ones v(gs),v(gs), . . v(gT) In particular, if the error of the instance
(XL, 0(gs)) is at most 1=4 Tra then the algorithm is guaranteed to pro-
vide an a-EFX allocation. Given that the prediction accuracy is
at least 1 — D, we know that ZtT:4 o(gy) < Z,T:/4p(gt) + D, there-
fore the aforementioned error can be guaranteed if ZL; pgs) <

l=a _
1+a D. o

Next, we show the following.

PROPOSITION C.5. If p(A1) > 122 - dinay = (Zj:‘)‘ﬁ for some
a € (¢ —1,1), then A is an a-EFX allocation according to the true

values.

ProOF. By definition of the naming of the agents, p(A;) < 1/2,

p(Az) > 1/2. Suppose that p(A;) > 1*2 - dy,y. Then p(A;) <
1- }f—‘; ~dmax = % There are two cases:

(i) If v(A;) = v(Ay), then agent 1 does not envy agent 2, and

U(Al) p(Al) + dmax < 1/2 + dmax, While U(Az) > P(Az) -
dmax = 1/2 — dpax- So this is an a’-EFX allocation for a’ > ZEQ?; >
% > a, by definition of dmay.

(i) If v(A1) < v(Az), then agent 2 does not envy agent 1, and
U(Al) = P(Al) — dmax, While U(xAZ) < P(XAZ) + dmax < P(Al) +

dmax. Therefore, this is an a’-EFX allocation for a’ Uv(()f‘;;) >
Pp(A1)—dmax dmax (1+a)/(1-a)—dmax _ 2a _ :
P(Ai)"'dmax > P ards = 2! = a, where the last inequal-

ity comes from the lower bound of p(A;).
Furthermore, if the predicted horizon is shorter than the true one,

the extra goods g;,t € {T"+1,T"+2,..., T} can be allocated to agent

1, in other words, A; < A;U{gr/+1,...,gr} and the final allocation
remains a-EFX. Indeed, case (i) goes through; in case (ii), since agent
1’s is the envious agent, the only complication would be if agent 2,
received a small (even 0-valued) good g;, t € {T" +1,T" +2,...,T},
which would make v(xA;) larger than before. However, notice that
agent 2 does not receive any such good, so the analysis of this case
holds too.

Notice that the proof goes through for any dmax < 3 - 72. O
So in case p(A;) > 1 o dmax = %, allocation A itself is

an a-EFX. What remains to show is how the algorithm produces

an a-EFX allocation B when p(A;) € [%, %).

4+a—d®

ProrosiTiON C.6. I_fp(Al) < it—Z . dmax = Z+a)5-a)

a€ (p—1,1), then|Az| < 2.

for some

PRrROOF. Letg € argming ea, p(g’). We have p(A2\g) < p(A;) <

(ziz‘)’—&a_za) 4+3\f , for the given domain of a. This implies that
plg) = 1- p(Al) - p(A2\g) = 1-2-p(A;). For the sake of

contradiction, suppose |Az| = 3. Then 1-p(A1) = p(A2) = 3-p(g) =
3.(1-2- p(Ay)) implies that p(A;) > 2 > 2335
Notice that the proof goes through for any dmaX < 5 e g

1+a

,a contradlctlon

It is immediate that if |A,| = 0, then p(A;) = 0 (by definition of
the naming of the two agents), which violates the normalization
condition. If |A;| = 1, then agent 1 does not EFX-envy agent 2,
and 0, A remains an a’-EFX allocation for the true values with

> I;EX;+Z::§ > ig;g::: >a,forallae (¢ —1,1).

The remaining of this proof shows how Algorithm 2 produces
an a-EFX allocation B given the LPT allocation A, where p(A;) €

_a . .
[%, (z‘f;‘;ﬁ) |A2] = 2, and |A;]| > 1 (since otherwise p(A;) =

0< % a contradiction). For ease of presentation, we will categorize
the values of a given prediction p in three groups: G*, containing
all goods with highest value z € [0,1] in p, GY, containing all
goods with the second-highest value y € [0, z), and G¥, containing
the rest, with values strictly smaller than y. We will also slightly
abuse the notation and say that a good is of type ¢%, g¥, and g%,
if it belongs to G#, GY, and G, respectively. Having satisfied the
constraint that A is the outcome of the LPT algorithm (Algorithm 1)
and that |A;| = 2, we can have the following forms of A,:

Form 1: A; = {g7,g5}. Then, A; contains at least one g° good, other-
wise LPT would not have given both gl, g; to Ay. If it contains
two g7 goods, then p(A;) > p(Az) = 5 > 1+a - dmax, Which is
a contradiction. Therefore, A; = {g3, g1 , gz, .
for some ¢,k > 0. There are two cases. Case (i): v(B;) >

v(By); then agent 1 does not envy agent 2, and B is an a’-EFX

L o(B) 5 pU) e 12
= o(B1) = p(A1)+dmax = 1/2+dmax a. Case

(ii): v(B1) < ©v(By); then, agent 2 does not envy agent 1,
and we have v(B1) = p(A1) — dmax = 1 — 22 — dimay, and
o(xB2) < z + d“;“‘" (since both goods in B, have value at
most z + d“‘T“) Therefore, B is an a’-EFX allocation with
!> 1;3;;:(“/‘;" > l}éi;f:‘:’/‘z >a,foralla € (¢ —1,1), where
the second to last inequality comes from the fact that z < 1/3
(otherwise, p(A;) + p(Az) > 1, a contradiction).

allocation for a’

a

wgg,gi‘,g%‘,--»gii}



Form 2:

Form 3:

Notice that the above inequalities hold even if dyx = 2 - 12

3 2+a’
S —a?)(1-
which is larger than % forallae (¢ —1,1).

Ay = {gf, g;”}. Then, A; has to contain at least one g* good
(gY is only defined if a g% exists). Also, A; contains at most
one g° good, otherwise LPT would have given one g* good
to Aj. Finally, A; cannot contain both a g* and a g¥ good,
otherwise p(A;) > p(Az), a contradiction. So, it must be
A ={4 9.5, ,gz} for some k > 0. There are two cases.

Case (i): v(B1) = v(By); then, agent 1 does not envy agent 2,
o(By) ~, Pp(Az)—dmax

ajlddB is an a’-EFX allocation for a’ > 3B 2 p(An e 2
1 2_ max

Vordny 2 @ Case (ii): v(B;) < v(By); then, agent 2 does
not envy agent 1, and among the goods gly, gzy, g° at most
one’s true value can exceed its predicted value by more than

dmax

(otherwise the error between the prediction and the
true valuation is greater than dyayx, a contradiction). Also,
according to the algorithm, B; can only have one of these
goods.

There are two subcases.

(I) By contains a g good, wlo.g., g7.Ifv(g}) < y+ d“;a" , then

this means that both goods of Bz, namely gzy , g%, have true

value at most y + d";""" ; otherwise, one of them would have
already been allocated to B;, and giy would be allocated to

B,. Then, v(By) > U(gly) > y—dmax, and 0(xB;) < y+ dLZaX.
y*dmax
d d)(/2
the last inequality comes from the fact that dp,
1

forallae (p—1,1),andy > 5_2(1+a)

p(A) < 244 . Ifo(g)) >y + d‘“a" , then each of the

1-a

So, Bis an a’-EFX allocation with a’ > > a, where

1-a
ax = 332q

dmax since 1 — 2y =

other two goods’ true values must be U(gz) <y+ dma"

and v(g*) < z + d%‘”‘ (otherwise, the error between the
prediction and the true valuation is greater than dp,y,
a contradiction). Notice also that z < p(A4;) = 1 - 2y.
Therefore, v(By) > v(g?) > y + max ,0(xBg) <z + d“;‘" <
1-2y+ d‘“a" , and this is an a -EFX allocation with a” >

% > a, where the last inequality holds due to

the aforementioned lower bound of y and the fact that
Amax < forallae (¢ —1,1).

max = a(5+a)

(I) By contains the g good. If v(g?) < y + d“;‘x, then both
gf’ , g;” have true value at most y + d“;" (otherwise, the
algorithm would have allocated one of them to B;, and

g7 would be placed at By). Then, v(B;) > v(g%) = z —
Amax = Y — dmax, 0(xB2) < y + d“z‘ax, and so, this is an
a’-EFX allocation with a’ > % > a, where the last
inequality was shown to hold in the previous subcase. If
o(g%) > y+ d‘“a" ,thenv(B) > v(¢%) —dmax = y— d"éa",and
o(xB2) <y + dmax Therefore, this is an a’-EFX allocation

Y=dmax/2 o _Y=dmax_
2 y+dmdx 2 y+dmax/2 za.
Finally, notice that the above inequalities would hold even

if dpay = 3 —=> which is larger than % for all
ac(p-1,1).

Ay ={g5,9"}. Then A; contains at most one g* good, other-
wise p(A;1) > p(A,), a contradiction. If it does not contain
any g° good, then A; = {gly,gg,...,gf,g’f,g;‘,...,g’lg} for

with a’

some £, k > 0; then it must be £ > 2, otherwise LPT would
not give g¥ to A,. Also, according to the LPT algorithm,

ty > z. Furthermore, we know that £y < p(A;) < (2‘;‘;—(‘5“72‘1),

%. All these, imply that

(zi;?:;’za) Therefore, ¢ < M

andz+y = p(Ay) > 1-

4t+a—a®  _
Y= 1-2- (2+a£;(5ﬂ a) —

;:Z—Jrzz < 2,foralla € (¢ —1,1), a contradiction. So Al con-

tains a g° good. Now notice that it cannot contam both a ¢*

and a g¥ good, otherwise p(A;) > p(A;) > 1 %,

contradiction. Therefore, it must be A; = {g2, G G- ,gk}

for some k > 0.

There are two cases, and notice that according to Algorithm 2,

all g* goods are given to agent 1. Case (i): v(B;) > v(Bz);

then, agent 1 does not envy agent 2, and B is an a’-EFX
allocation for @’ > Zggf; > 2—223;3,::: 2 %;Z,::X
(ii): v(B1) < v(By); which splits into three subcases.

(I) The three largest goods of the instance come in the order
g9¥,9%,g%. Then, if v(g¥) < z+dmax/2, it is given to agent 2,
and afterwards, one of the g% goods with true value at most
Z + dmax /2 is given to her too (at most one of g¥, g%, g* can
have value greater than z+dpmayx /2, otherwise the total error
between predictions and true values exceeds dpax), While
the other g% good is given to agent 1. Therefore, in this
case we get 0(B1) 2 2+ X je (k] p(g}c) —dmax, and v(xB;) <
Z+dmax /2. f0(g¥) > z+ dmax/2, it is given to agent 1, and
goods g7, g are given to agent 2 (and as noted above, both
must have true value at most z + dp,y/2). Therefore in this
case we have 0(B1) > (z+dmax/2) + 2 je[k] p(g}‘) —dmax =
Z+ Yjek] p(g}() — dmax/2 , and v(B;) < z + dmax/2. So,

i . . zZ+); (7)) —dmax
B is an a’-EFX allocation with a’ > %ﬁ;ﬂma. If

’ 1-dmax/z 1/3—dmax : 3
z > 1/3,thena’ > T+ dmax/(22) 2 1/3+dmax[2 > a, while if

z < 1/3,note that z + X jc(x) p(97) 2 Y + Xje(x) P(97) =
1-2z—dmax 1/3—dmax

z+dmax/2 = 1/3+dmax/2
(IT) The three largest goods of the instance come in the order

g%, gY, g% If for the first g* good we have v(g%) < z+dmax/2,
it goes to agent 2. Afterwards, if 0(g¥) < z + dmax/2, it
will go to agent 2 and the remaining g* will go to agent 1,
and if v(g¥) > z + dimax/2, the opposite allocation of these
two goods will happen. If for the first g° good we have
0(g?) > z + dmax/2, it goes to agent 1 and the remaining
gY, g% goods go to agent 2, while both have true value at
most z + dmax/2 as argued earlier. So from all the above
cases, we will have v(B1) > z + X je[x) p(g}‘) — dmax and

0(xB2) < z + dmax/2. Therefore, B is an a’-EFX allocation

. z+Y (9%) —dmax
with @’ > % >aforalla e (¢ - 1,1),

where the last inequality comes from the same analysis as
that of the final step in Subcase (I).

> a. Case

1-2z,s0a > > a.

(IT) The three largest goods of the instance come in the order

g%, 9%, g¥. If for the first g* good we have v(g?) < z +
2

%, it goes to agent 2. Then, if the second g% good

has true value v(g*) < z+ m, it goes to agent 2, and

the remaining g¥ good goes to agent 1, in which case we

—a)2
have v(B;) =1-0v(B;) > 1—2(z+ %) =1-2z—



2(1-a)?

G ra)G-a)’ So, in this case, Bis

— )2
ando(yBy) < z+%

1-22-2(1-a)*/((2+a) (5-a)) -
z+(1-a)%/((2+a)(5-a)) =
aforall a € (¢ — 1, 1), where the last 1nequa11ty comes

from the fact that z < p(A4;) < (zﬂﬁﬁ If the second

g7 good has true value v(g?) > z + % then it
goes to agent 1, and the remaining g¥ good goes to agent

(1-a)?
(2+a)(5 a)

and Z)(XBz) <z+ (dmax -

an a’-EFX allocation with a’ >

—dmax = 2z —

(1-a)?
(2+a)(5-a)

2, which implies v(B;) > z
(3+a)(1-a)
(2+a)(5—a)(1+a)’

(3+a)(1-a)
(2+a) (5-a)(1+a)
2
z+ % then it goes to agent 1, and the remaining
goods g%, g¥ go to agent 2. This implies that v(B;) > z +
(1-a)? _ (3+a)(1-a)
TraGa ~ dmax =2~ TayG-ayiray A 0(:Br) Sz +
d Uaf ) — 4 G000 inally, from th
max = Gra)(5-a) | = £ T (@ra)(5-a)(1+a) -+ ALY trom the
normalization condition we have 3} ;c () p(g}) =1-2z -
Yy = 1 — 3z, and furthermore, 3 jc [ p(g}‘) +z=p(A) <
4+a—a?
(2+a)(5-a)’
equivalently, z >

z+ .If for the first g* good we have v(g?) >

4+a-d®
(2+a)(5-a)

m So, B is an a’-EFX allocation

with @’ > %= (3+a)(1-a)/((2+a) (5—-a) (1+a)) 1-(1-a)/(1+a) _
= z+(3+a)(1-a)/((2+a)(5—a)(1+a)) 1+(1-a)/(1+a) —
a,foralla e (¢ — 1,1).

Form 4: A; contains a g* good. There are the following cases.

(i) A2 = {g9Y,g"}; then, A; must contain a g* good for the
same reason as above. If it contains at least two g* goods
or a g° and a gY good, then p(A;) > p(Az), a contradiction.
Therefore, it must be A; = {g3, 97,95, .., g;:} for some k > 0.
The analysis of this case is omitted since it is similar to that
of Form 2, with the only modification being that instead of a
9" good in A; we have a g* good, where p(g*) > p(g7) for
all j € [k].

(ii) A2 = {¢%, g*}; then A; must contain a g¥ good for the
same reason as above. If A; also contains a g* good, then
p(A1) > p(A2), a contradiction. Therefore, it must be A; =
{gf’,gé’,...,g?,g’l‘,gg, . gz} forsomef > 1,k >0.Iff+k =
1, then k = 0 and the prediction has only three goods, and

% < X4 foralla € (p—1,1), Algorithm 3
guarantees an a-EFX allocation due to Lemma C.3.If ¢ + k >
2, we know that A is an exact EFX allocation, so p(A;) >
p(xAz), which can be used to show that p(g*) = p(Az) —
P( AZ) 2 P(AZ) _P(Al) > (1 - %+Z dmax) - }i_z : dmax =
1-2- 14 . doy. Let wlo.g, p(g}) 2 p(g5) = - 2 p(gy).
There are two subcases.

(@ p(g*) > p(g7); then £ > 2, otherwise LPT would have
allocated g* to Aj, since y < z. So in this case, p(A4;) >
2y > 2p(g”), where the last inequality is by definition of

X

(I) There isa j € [k] such that p(g*) < p(g}). So, we have
p(A) 2y +p(j) = 2p(g%).

In both subcases we have p(A;) > 2p(g”*). Furthermore,
notice that 2 (1 2- }t_?; . dmax) > }f—z - dmax, since dpay <
- =2 for alla € (¢ — 1,1). Therefore, we have p(A;) >

1+a
2p(gx) >2(1-2- 1*“ -dmax) > }f—z - dmax > p(A1), a con-
tradiction.

which imply that 1 — 3z < -z, 0r

>

since

(iii) A2 = {g7, g3 }; then, A; must contain a g° and a g¥ good
(by definition, there cannot be a g* without a g¥ and a g*
good), therefore, p(A;) > p(Az), a contradiction.
Finally, notice that Algorithm 2 first reads the prediction, finds
an exact EFX allocation A using the LPT algorithm as a subroutine,
which takes O(T’ log T”) time as shown below.

ProrosiTION C.7. Forn > 2 agents with the same additive val-
uation function f : [T] — Ry given explicitly in the input, the
LPT algorithm (Algorithm 1) outputs an exact EFX allocation in time
O(T log(nT)).

ProoF. Notice that the algorithm works in the offline setting,
since it needs to have as input the values f(g;), f(g2), ..., f(gr)-
By induction on t, we will prove that after creating the set M" of
the goods according to a non-ascending order of value, after each
round t € [T], the partial allocation is an exact EFX allocation.
In round t = 1, an arbitrary agent has been allocated the most
valuable good, and this is obviously an exact EFX allocation. Now
suppose that we have an exact EFX allocation at time t* — 1 for
some t* € {2,3,...,T—1}; we will show that the algorithm gives an
exact EFX allocation at time ¢*. Let the for-loop of the algorithm be
at round t*. Note that agent i* (who receives a good in this round)
cannot increase her EFX-envy towards other agents. So it suffices
to show that the rest of the agents do not EFX-envy i*. At line 4, no
agent envied i*. Also, by definition of M’, we have f(g,.) < f(g;)
for all t € [t*], so at line 5 agent i* gets allocated the good of
minimum value among the ones already allocated to the agents.
Therefore, for every agent i € [n] we have f(A4;) > f(xAi+), so
no one EFX-envies i*. Notice that 2 takes O(T log T) time to sort T
values, and line 4 takes O(log n) time (e.g., by using a min-heap),
resulting in the for-loop having time O(T log n). O

Then, Algorithm 2 categorizes A to a particular Form in time
O(T’) by finding the smallest valued bundle to determine A;, and
checking in which bundle each good is. Then, as each good arrives
online, it decides its allocation by doing a constant number of basic
operations, that is, updating the total value of each bundle and
comparing the true value of the good with its predicted one. O

C.4 Proof of Corollary 4.10

ProoF. Observe that when the prediction is a 2—Value function
the proof of Theorem 4.8 goes through for dmaX = Z . 1 —2. That is
because Proposition C 5 holds for any dmay < 2 1 - Proposmon C.6
holds for any dmax < 5 1 —=.and, since there are no g* goods, A can
have either Form 1, Form 2, or Form 3, with k = 0. The latter two
forms involve only three predicted goods, so Lemma C.3 applies.
Finally, Form 1 goes through for dmax < § e 2 It turns out that
the minimum of all the above bounds is 2 2. 72 O
C.5 Proof of Theorem 4.11

Proor. For the sake of contradiction, suppose there is an algo-
rithm that for some a € (\/§ —1,1] and accuracy n < 1 — La
guarantees an a-EFX allocation. The adversary fixes a rational

e€ ( CREP) +a)) and notice that this interval is non-empty only

for a € (V3 — 1,1]. Let the number of rounds be T := 4, which is
known by the algorithm (since it is given the prediction itself).



The adversary gives to the algorithm the prediction: p(g1) =
p(g2) = &, p(g3) = p(gs) = 3 — . The adversary reveals the true
values v(g;) = v(gz) = €. There are two cases:

(i) 91, g2 get allocated to the same agent, w.l.o.g. agent 1. Then,
the adversary reveals the true values v(gs) = v(gs) = % — ¢. if both
g3, ga get allocated to agent 1, agent 2 is 0-EFX envious towards
him, therefore this is not an a-EFX allocation as requested. If both
g3, ga get allocated to agent 2, then this is an a’-EFX allocation with

@ = —2- < a, where the inequality comes from the fact that

1/2—¢
€ < 554g- If. wlo.g., g3 goes to agent 1 and g4 goes to agent 2,
then this is an a’-EFX allocation with a’ = 1/12/; < a, where the

inequality is due to the fact that ¢ > 1_7“

(if) W.lo.g., g1 gets allocated to agent 1, and g, gets allocated to
agent 2. Then the adversary reveals the true values v(g3) = % - 2¢,
v(g4) = % If g5, g4 get allocated to the same agent, then this is
an a’-EFX allocation with @’ = 5= < %
inequality comes from the fact that ¢ < ﬁ If, w.lo.g., g3 goes
to agent 1 and g4 goes to agent 2, then this is an a’-EFX allocation
1/2—¢

172

< a, where the last

with @’ =

< a, where the inequality is due to the fact that
e> 152,

Therefore, it is not possible for the algorithm to output an a-EFX
allocation. Also, notice that the TV distance between the prediction

and the adversary is e which can take any value in (%, ﬁ ) O
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