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ABSTRACT1

Background: Safe Pareto improvements (SPIs) are commitments in2

games which leave all players better off with certainty.3

Objectives and Research Questions: We study what SPIs can be4

achieved via joint commitment to token games: fictitious, cheap-talk5

games rendered meaningful by commitments to take payoff-relevant6

actions (such as strategies in the original game) as a function of7

the token game’s outcome. Such commitment effectively allows the8

players to replace the original interaction with a new game whose9

payoffs they can design to be isomorphic to and entrywise Pareto10

improving on the original game.11

Methods: We theoretically analyze three ways of augmenting to-12

ken games and conduct computational experiments to measure the13

probability that different methods achieve SPIs in random games.14

Results: First, we allow commitments to burn utility and show that15

this enables SPIs in games where commitment to strategies alone16

cannot. Second, we consider commitment to utility transfers and17

again show this enables SPIs in new classes of games. Finally, we18

consider allowing t he players to make monetary contracts with19

outside parties based on the outcome of the token game. Under very20

mild assumptions on what contracts the outside parties accept, this21

enables SPIs in all non-zero-sum games.22

Conclusions: We introduce a new approach to mutually beneficial23

commitment. We characterize its power theoretically, and show24

experimentally that our methods substantially increase the frequency25

and magnitude of SPIs in random games.26
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1 INTRODUCTION 36

It’s well-known that joint commitment in games can enable mutu- 37

ally beneficial agreements. For instance, players can commit to play 38

(Cooperate, Cooperate) in a prisoners’ dilemma. This is considered 39

mutually beneficial because it’s generally accepted that the default 40

outcome would be (Defect, Defect). However, in other games, it’s 41

much less clear how to evaluate how the game would be played by 42

default, and therefore whether a particular agreement is mutually 43

beneficial. For instance, consider the game of Chicken. Is an agree- 44

ment to randomize uniformly over (Dare, Swerve) and (Swerve, 45

Dare) mutually beneficial? Answering this requires evaluating what 46

equilibrium, if any, would be played by default. For example, if both 47

players subjectively expect to Dare while the other Swerves, neither 48

will consider such an agreement beneficial. 49

Much prior work has characterized the impact of various com- 50

mitment frameworks [e.g. 7, 16, 18, 24, 30] with so-called folk 51

theorems: any feasible payoff profile can be achieved in equilibrium 52

so long as each player achieves at least the minimum utility they can 53

unilaterally guarantee for themselves (“individual rationality”). The 54

upside of such results is limited by a general version of the problem 55

discussed above: any Pareto optimal payoff profile can be reached, 56

but agreeing on a particular such profile might require agreeing how 57

the game would be played by default. 58

In this paper, we allow players to make joint, binding commit- 59

ments before playing a game, and seek commitments which guaran- 60

tee a Pareto improvement regardless of how the game is played. We 61

call such agreements safe Pareto improvements (SPIs). In particular, 62

we seek commitments which induce a game which is isomorphic 63

to the original, but Pareto better. This approach overcomes several 64

difficulties. First, it may just be very unclear how the players would 65

play the game by default (e.g. if and how they would have resolved 66

equilibrium selection), and therefore whether agreeing to play any 67

particular outcome is in fact an improvement on the default. Second, 68

even if the players do have beliefs about how the game would be 69

played by default, they might disagree about what will happen. For 70

instance, each player might expect to achieve their preferred Nash 71

equilibrium in Chicken, in which case no mutually beneficial agree- 72

ment exists. Finally, the incentives around bargaining and strategic 73

posturing might prevent the elicitation of the players’ true beliefs. 74

In Chicken, for instance, the players might claim to expect their 75

preferred equilibrium regardless of their true beliefs, so as to claim 76

that they intend to Dare and the other player should Swerve. 77

Our approach circumvents all three of these potential obstacles 78

for achieving Pareto improvements. By inducing a game which is 79

isomorphic to the original, we preserve the strategic structure of the 80

game: the equilibria, the dominance relationships, etc. Therefore, 81



Dare Swerve Concede
Dare -10, -10 5, 1 8, 0

Swerve 1, 5 3, 3 8, 0
Table 1: Chicken with Concede

each player should plausibly play the new game the same as the82

original, and have the same beliefs about how the other players will83

play. But because every possible outcome in the new game Pareto-84

dominates the corresponding outcome in the original game, such85

commitment leaves all players better off, regardless of their beliefs.86

Our approach to achieving these goals is based on token games,87

first introduced in [27]. A token game is a normal-form game which88

is symbolic and is played over cheap talk. For instance, token game89

with action spaces 𝐿𝐿 could be played by having each player 𝑀 pri-90

vately write down their action 𝑁𝐿 on a piece of paper, which are then91

simultaneously revealed to determine the token outcome 𝑁 . This92

is not inherently meaningful, but can be rendered meaningful by93

commitments to act in the original game as a function of the token94

outcome. The original game payoffs of these actions then determine95

the payoffs of the token game.96

As an example, consider the game Chicken with Concede, Table 1.97

This is a version of chicken in which Player 2 has an additional98

action, Concede, which is strictly dominated by Swerve. Therefore,99

we assume Concede is never played and can be removed without100

changing how the game is played.101

We’d like to construct a token game which is isomorphic to the102

Chicken with Concede (excluding the concede action), but Pareto103

better. Such a game is given in Table 2. First, observe that the payoffs104

of the token game can be achieved by committing to play strategies105

and transfer utility in the original game. For example, if (Token Dare,106

Token Swerve) is played, the players commit to play (Dare, Concede)107

in the original game, and Player 1 commits to transfer 3 utility to108

Player 2, resulting in payoffs of (8 → 3, 0 + 3) = (5, 3). The payoffs109

of (Token Swerve, Token Dare) and (Token Swerve, Token Swerve)110

can be implemented by similar commitments. Finally, the payoffs111

of (Token Dare, Token Dare) can be implemented by committing112

to play a correlated strategy profile that randomized between (Dare,113

Dare) and (Swerve, Swerve) with a particular probability.114

Second, observe that the token game is isomorphic to the original115

game (after removing Concede). For an outcome in the original game116

with payoff profile (𝑂1, 𝑂2), the corresponding outcome in the token117

game has payoff profile (0.5𝑂1 + 2.5, 0.5𝑂2 + 2.5). We’ll therefore118

assume that the token game would be played isomorphically to the119

original game, and that the players’ beliefs about how it would be120

played are similarly isomorphic. But each outcome in the token121

game Pareto-dominates the corresponding outcome in the original122

game. Therefore, regardless of their beliefs about how the original123

game would be played, both players should prefer to play the token124

game, and regardless of how the original game is played, the token125

game guarantees a Pareto improvement on the original. We’ve found126

our desired Pareto improving commitment, which we’ll refer to as a127

Safe Pareto Improvement (SPI).128

Contributions. In this work, we extend the token game framework129

for achieving safe Pareto improvements in three ways, allowing play-130

ers to additionally commit to (1) burn utility, (2) transfer utility to131

Token Dare Token Swerve
Token Dare -2.5, -2.5 5, 3

Token Swerve 3, 5 4, 4
Table 2: A Token Game with Payments SPI on Chicken with
Concede

each other, and (3) transfer utility to outside parties. For each exten- 132

sion, we characterize the existence of SPIs and give computational 133

complexity results. 134

Money burning (Section 3). We show that, perhaps surprisingly, 135

money burning strictly increases the power of token games. We 136

characterize the existence of money-burning token game SPIs in 137

two-player games (Theorem 1). Finally, we show that a large class 138

of natural objectives can be optimized over money-burning token 139

SPIs in polynomial time using linear programming (Theorem 2). 140

Utility transfers (Section 4). We characterize the existence of 141

payment token game SPIs in n-player games (Theorem 3). Notably, 142

payment token SPIs can exist even in games where no actions are 143

eliminated and no simple SPI exists. We also give a linear program 144

for optimizing over payment token SPIs (Theorem 4). 145

Outside bettors (Section 5). We introduce a scheme in which 146

the players construct a financial security tied to the token game’s 147

outcome and sell it to an outside party. We show that token SPIs with 148

outside bettors exist under extremely mild assumptions—essentially 149

whenever the game is not constant-sum (Theorems 5 and 6), and 150

how under stronger assumptions, they allow the players to achieve 151

the maximum social welfare in the original game while preserving 152

the original game’s strategic structure and distribution of payoffs 153

(Theorem 7). 154

Computational Experiments (Section 6). We present compu- 155

tational experiments comparing the effectiveness of these interven- 156

tions on randomly generated games. We find that the extensions 157

introduced in this paper—especially token games with payments— 158

substantially increase the frequency and magnitude of SPIs relative 159

to prior methods. 160

1.1 Related Work 161

As discussed in the introduction, safe Pareto improvements were 162

first introduced by [22] and further studied by [10, 23, 27]. Besides 163

the idea of SPIs themselves we borrow some of the conceptual 164

features of this prior work, such as the idea of reducing games by 165

elimination of irrational actions and using isomorphisms between 166

games. However, we offer a simplified theoretical setup. Roughly, 167

we directly define when we consider one game to be an SPI on 168

another game (under the assumptions that strictly dominated actions 169

can be removed and isomorphic games are played isomorphically). 170

In contrast, prior papers separately introduce the assumptions and the 171

SPI concept. Thus, our definitions of SPIs (Definitions 2.2 and 2.3) 172

are characterization results in prior papers [e.g. 27, Lemma 3.1]. 173

In this paper we primarily build on the token games of Sauerberg 174

and Oesterheld [27]. We extend these token games by allowing play- 175

ers to commit to burn or transfer utility depending on the outcome 176

and by allowing transfers with an outside expected-utility maximiz- 177

ing party. Our experimental results also cover the utility function 178

SPIs of Oesterheld and Conitzer [22]. 179



A lot of prior game-theoretic work has studied the use of com-180

mitments to money burning [20, 29] and to utility transfers [e.g.181

1, 4, 8, 15, 19, 26, 28]. However, none of this prior work uses such182

commitment to achieve SPIs or uses token games.183

Our Section 5 shares some thematic connection to a line of work,184

initiated by [3], on redistributing budget surplus generated by the185

well-known VCG mechanism [5, 14, 31] while preserving incentive186

compatibility. In particular, our outside bettors approach (Section 5)187

is reminiscent of the idea of choosing a player or set of players who188

cannot receive the items but are entitled to the entire budget surplus189

[11, 21]. However, our surplus is generated through a very different190

mechanism: token games rather than payments in an auction.191

2 PRELIMINARIES192

2.1 Basic game theory193

We first introduce some game-theoretic notation and terminology. An194

𝑃-player (normal-form) game 𝑄 is a pair (𝑅, u), where 𝑅 =
⨌

𝐿 𝑅𝐿195

for some nonempty set of actions 𝑅𝐿 for each player 𝑀, and u : 𝑅 ↑196

R𝑀 is a utility function. The elements of 𝑅 are outcomes or action197

profiles, and𝑆𝐿 (𝑇) is Player 𝑀’s utility for outcome 𝑇. We use ω(𝑅) to198

denote the set of distributions over 𝑅, also called correlated strategy199

profiles. We extend u to distributions over outcomes by taking the200

expectation and define u(𝑈) = {u(𝑉) : 𝑉 ↓ 𝑈} for any set 𝑈 of201

outcomes or distributions over outcomes. We index the set of players202

𝑀 ↓ {1, . . . ,𝑃} = [𝑃], and use →𝑀 to denote the set of players other203

than 𝑀. The (utilitarian) social welfare SW(𝑇) of an outcome 𝑇 is the204

sum of the players’ payoffs SW(𝑇) =∑
𝐿↓ [𝑀] 𝑆𝐿 (𝑇). Slightly abusing205

notation, we let SW(·) apply to distributions over outcomes and206

payoff vectors as well. We also let SW𝑁𝑂𝑃 (𝑈) denote the maximum207

social welfare in the set 𝑈 , max𝑄↓𝑅 SW(𝑉), with SW𝑁𝐿𝑀 (𝑅) defined208

analogously.209

A subgame 𝑄 ↔ of an 𝑃-player game 𝑄 = (𝑅, u) is a game 𝑄 ↔ =210

(𝑅↔, u↔) where 𝑅↔ = ↗𝑅↔
𝐿 for nonempty subsets 𝑅↔

𝐿 ↘ 𝑅𝐿 and where211

u↔ is u restricted to 𝑅↔. We imagine that Player 𝑀 is the same entity212

(person, etc.) in all games and that their utility is comparable between213

games. For this reason, we usually consider a single utility function214

u which applies to outcomes of any game. This allows us to reason215

about a (safe) Pareto improvements between games.216

An outcome 𝑇↔ is a (weak) Pareto improvement on 𝑇, denoted217

u(𝑇↔) ≃ u(𝑇), if for all 𝑀 we have that𝑆𝐿 (𝑇↔) ⇐ 𝑆𝐿 (𝑇). Furthermore, 𝑇↔218

is a strict Pareto improvement on 𝑇, or u(𝑇↔) ⇒ u(𝑇), if additionally219

there is a player 𝑀 for which 𝑆𝐿 (𝑇↔) > 𝑆𝐿 (𝑇). We say that an outcome220

𝑇 is Pareto optimal within a set 𝑈 if there is no 𝑉 ↓ 𝑈 with 𝑉 ⇒ 𝑇.221

We also apply all of these terms to the payoff vectors 𝑂 = u(𝑇)222

themselves.223

Let 𝑄 be a game and let 𝑇𝐿 ,𝑇↔𝐿 ↓ 𝑅𝐿 be actions for Player 𝑀. We224

say that 𝑇↔𝐿 strictly dominates 𝑇𝐿 if for all 𝑇→𝐿 ↓ 𝑅→𝐿 we have that225

𝑆𝐿 (𝑇↔𝐿 ,𝑇→𝐿 ) > 𝑆𝐿 (𝑇𝐿 ,𝑇→𝐿 ).226

A (game) isomorphism from (𝑅, u) to (𝑅↔, u↔) is a function𝑊 : 𝑅 ↑227

𝑅↔ defined by bijections 𝑊𝐿 : 𝑅𝐿 ↑ 𝑅↔
𝐿 such that there exist some228

𝑋,𝑌 ↓ R𝑀 with all𝑋𝐿 > 0 with 𝑆↔
𝐿 (𝑊1 (𝑇1), ...,𝑊𝑀 (𝑇𝑀)) =𝑋𝐿𝑆𝐿 (𝑇) +𝑌𝐿229

for all outcomes 𝑇 ↓ 𝑅 and players 𝑀 ↓ [𝑃]. An isomorphism is230

(weakly) Pareto improving if 𝑆↔
𝐿 (𝑊 (𝑇)) ⇐ 𝑆𝐿 (𝑇) for all players 𝑀231

and all 𝑇 ↓ 𝑅 and strictly so if this inequality is strict for at least232

one player and outcome. We refer to the function the isomorphism233

induces on payoffs, parameterized by these 𝑋𝐿 and 𝑌𝐿 , as a utility 234

correspondence. 235

2.2 Safe Pareto improvements 236

We now formally introduce the concept of safe Pareto improvements 237

(SPIs). Relative to prior work we have simplified the theoretical 238

foundation, as discussed briefly in Section 1.1. 239

Strategic interactions (as represented by normal-form games) can 240

have actions that are clearly irrational, e.g., because they are strictly 241

dominated by another action. One of the main ingredients to the SPI 242

framework is that we are given some apparatus for removing such 243

irrational actions. 244

Definition 2.1. A reduction function Red is a function that maps 245

any game 𝑄 onto a subgame of 𝑄 s.t. (1) for all games 𝑄 we have 246

that Red(Red(𝑄)) = Red(𝑄); and (2) for all games 𝑄 and 𝑄 ↔ with 247

isomorphism 𝑊 we have that 𝑊 (restricted to the outcome set of 248

Red(𝑄)) is also an isomorphism between Red(𝑄) and Red(𝑄 ↔). 249

Various ways to reduce games have been discussed in the game- 250

theoretic literature. Unless otherwise specified, Red fully reduces 251

the game by iterated elimination of strictly dominated strategies 252

[17, 25], which is the notion of reduction used by all prior SPI work 253

[22, 23, 27]. We will also consider the elimination of dominated 254

strategies in mixed strategies [2, 12, 25]. To avoid calling attention 255

to the specific reduction function, we’ll often denote 𝑄 = Red(𝑄) 256

and write 𝑅 for the action space of 𝑄 . 257

Combining the notion of reduction and the notion of game iso- 258

morphism, we can define the notion of an SPI. 259

Definition 2.2. A game𝑄 ↔ is an isomorphism SPI on𝑄 if Red(𝑄 ↔) is 260

isomorphic to Red(𝑄) and this isomorphism is outcome-wise strictly 261

Pareto improving. 262

As a simple example, let 𝑄 be the game of Chicken, and let 𝑄 ↔ be 263

a version of 𝑄 where each utility is increased by, say, 1. Then 𝑄 ↔ is 264

an SPI on𝑄 . Intuitively, if𝑄 ↔ is an SPI on𝑄 , then everyone involved 265

should prefer that 𝑄 ↔ rather than 𝑄 is played. For instance, they 266

should (in most cases) have the same beliefs about what will happen 267

in 𝑄 ↔ versus 𝑄 , and favor 𝑄 ↔ because the corresponding outcomes 268

are better. For more detailed theoretical justifications of SPIs, see 269

[22, 23, 27]. (Note also that there may be multiple isomorphisms 270

between two given games. In Definition 2.2 we only talk about one of 271

the isomorphisms. This is justified by the fact that all isomorphisms 272

between two games must have the same effects on utilities, see 273

Section A.) 274

In addition to isomorphism SPIs, we consider simple SPIs, which 275

exist roughly whenever all outcomes of one reduced game are Pareto 276

better than all outcomes of another. 277

Definition 2.3. A game 𝑄 ↔ is a simple SPI on 𝑄 if all outcomes in 278

Red(𝑄 ↔) are weakly Pareto better than all outcomes in Red(𝑄) and 279

this relation is strict for at least one pair. 280

In this work, we’re interested in token games which are SPIs on 281

the base game 𝑄 , which we call token game SPIs or token SPIs. 282



Hawk Dove Crazy Refrain
Hawk 0, 0 6, 2 0, 4 0, 0
Dove 2, 6 4, 4 4, 0 0, 0
Crazy 4, 0 0, 4 0, 0 0, 0

Superdove →2, 12 →2, 12 →2, 12 5, 5
Table 3: Hawk-Dove-Crazy: A game to illustrate that burning
money is sometimes useful for constructing token game SPIs

Token Hawk Token Dove Token Crazy
Token Hawk 3, 0 6, 2 3, 4
Token Dove 4, 6 5, 4 5, 0
Token Crazy 5, 0 3, 4 3, 0

Table 4: A money-burning token SPI on the Hawk-Dove-Crazy
game of Table 3

3 MONEY BURNING283

In this section, we consider token games which are realized via joint284

commitments to play correlated strategy profiles in the base game285

and to burn utility as a function of the token outcome.286

Formally, given a base game 𝑄 = (𝑅, u), a token game with287

money burning on 𝑄 is a game T = (𝐿 , u) for which there exists ε :288

𝐿 ↑ ω(𝑅) such that for all players 𝑀 and token outcomes 𝑁 , 𝑆𝐿 (𝑁) ⇑289

𝑆𝐿 (ε(𝑁)). The players can realize such a token game by committing290

that, whenever outcome 𝑁 obtains, they’ll play strategy profile ε(𝑁)291

and each player 𝑀 will burn utility 𝑆𝐿 (ε(𝑁)) →𝑆𝐿 (𝑁) ⇐ 0, leaving each292

with the intended utility of 𝑆𝐿 (𝑁). Sauerberg and Oesterheld’s (2026)293

token games instead require that 𝑆𝐿 (𝑁) = 𝑆𝐿 (ε(𝑁)).294

It’s perhaps unexpected that commitment to burning money could295

ever be helpful in achieving SPIs, especially considering that the296

space u(ω(𝑅)) of feasible payoffs is already convex.297

Example: Consider the game in Table 3. The reduced game is298

a symmetric 3x3 game where each player has actions hawk, dove,299

and crazy. It works roughly like rock/paper/scissors: Hawk beats300

Dove, Dove beats Crazy, and Crazy beats Hawk, though the exact301

payoffs vary. Roughly, if one keeps who “wins” the RPS aspect302

fixed, it’s generally better for both if Dove is played and Crazy is not.303

In addition, Player 1 has a “Superdove” action which get exploited304

for (→2, 10) by any of Player 2’s normal actions but which results305

in payoffs of (5, 5) if Player 2 refrains from exploiting. Similar to306

in the trust game, refrain is strictly dominated for Player 2 and307

therefore both Refrain and Superdove are eliminated under iterated308

strict dominance.309

We construct a token game which is isomorphic to the reduced310

Hawk-Dove-Crazy game. The isomorphism maps Player 1 payoffs311

of 𝑂1 to .5𝑂1 + 3 and Player 2 payoffs by the identity. Each of Player312

1’s payoffs is mapped half of the way towards her maximum payoff313

of 6. One way to view this is that for Player 1, the SPI is equivalent314

in expectation to a 1/2 probability of playing the game normally and315

1/2 probability of automatically getting her maximum payoff of 6.316

The (4, 6) payoff of (T Dove, T Hawk) can be realized by mixing317

between (Superdove, Refrain) and (Superdove, Hawk) in a 6:1 ratio318

for payoffs of (6/7) (5, 5) + (1/7) (→2, 12) = (4, 6). The (6, 2) payoff319

of (T Hawk, T Dove) can be realize by playing (Hawk, Dove). All320

other token payoffs are Pareto dominated by the (5, 5) of (Superdove,321

Refrain) and so can be realized by commitments to play (Superdove,322

Figure 1: Geometric visualization of the money-burning token
game SPI for the Hawk-Dove-Crazy game

Refrain) and burn utility. Hence, this is a valid money burning token 323

game SPI. 324

Interestingly, the ability to commit to burn utility is necessary 325

to implement this, or any, token SPI on Hawk-Dove-Crazy. Here, 326

we give a relatively informal argument for this; A formal proof that 327

money burning can be necessary for achieving token game SPIs is 328

given in Corollary 1. 329

Consider the functions on the players payoffs induced by an 330

isomorphism. The (6, 2) payoff of (Hawk, Dove) is Pareto optimal 331

in 𝑄 , and hence must be a fixed point of each player’s isomorphism. 332

Hence, any SPI must improve only P1’s payoffs while keeping P2’s 333

constant, and each of P1’s other payoffs must be strictly improved. 334

However, the (4, 0) payoff of (Crazy, Hawk) cannot be improved for 335

Player 1 without also increasing Player 2’s payoff, and so Player 2’s 336

ability to commit to money burning is necessary for an SPI to exist. 337

The effect of the money burning token SPI on Hawk-Dove-Crazy 338

is visualized geometrically in Figure 1. The red lines are the bound- 339

ary of the set of feasible payoffs in Hawk-Dove-Crazy. The blue 340

points are the payoff profiles in the reduced original game, while the 341

green points are the payoffs of the money burning token game SPI. 342

The bottom right blue point at (4, 0) is improved in the money burn- 343

ing token game SPIs, but is on the boundary of the feasible region so 344

cannot be improved without money burning. Hence, money burning 345

is necessary for an SPI to exist. 346

We now turn to the questions of which games admit MB token 347

game SPIs and of optimizing over such SPIs. 348

First, it is easy to see that simple SPIs exist if and only if there is 349

𝑍 ↓ ω(𝑅) which is Pareto better than all of 𝑅 and strictly so for at 350

least one 𝑇 ↓ 𝑅. (Money burning makes no difference here.) 351

For the rest of this section, we focus on isomorphism SPIs. Let 352

T be an isomorphism SPI on 𝑄 . Then by definition there exists 353

an isomorphism 𝑊 between Red(𝑄) and Red(T ). We will associate 354

with T the transformation on payoffs induced by 𝑊 . This function, 355

which we’ll call a utility isomorphism function and denote ε̂, has 356



two important properties. First, each payoff ε̂(u(𝑇)) for 𝑇 ↓ 𝑅 must357

be attainable via commitments to play the strategy profile ε(𝑁) and358

burn the (nonnegative) utility vector ε̂(u(𝑁)) → u(ε(𝑁)). In other359

words, ε̂ must be into the set of feasible payoff FMB (𝑄) = {𝑂 :360

⇓𝑂 ↔ ↓ 𝑆 (ω(𝑅)), 𝑂 ↔ ≃ 𝑂}. Secondly, by the definition of isomorphism,361

ε̂ must be player-wise positive affine, i.e. be of the form ε̂𝐿 (𝑂) =362

𝑋𝐿𝑂𝐿 + 𝑌𝐿 for some 𝑋𝐿 ,𝑌𝐿 ↓ R with 𝑋𝐿 > 0 for each player 𝑀. In363

other words, ε̂ must be a player-wise positive affine function ε̂ :364

u(𝑅) ↑ FMB (𝑄). We’ll call such ε̂ “valid". Of course, for any valid365

ε̂, we can construct a token game SPI with money burning which366

induces this utility isomorphism. Therefore, when characterizing367

the existence of and optimize over money burning token game SPIs,368

we’ll often just reason about the space of valid ε̂.369

Now, we introduce our characterization of MB token game SPIs370

in two-player games.371

THEOREM 1. A two-player game 𝑄 admits a MB-token game372

isomorphism SPI if and only if either (a) 𝑅 contains no outcomes373

which are Pareto optimal in u(𝑅) or if (b) it contains exactly one374

payoff 𝑂⇔ which is Pareto optimal in u(𝑅), this 𝑂⇔ is at least one375

player’s maximum payoff in 𝑅, and that player has at least one more376

distinct payoff in 𝑄 .377

PROOF SKETCH. The proof works by reasoning about the types378

of constraints points in 𝑂 put on ε̂, and in particular any fixed points379

of ε̂. In particular, any 𝑂⇔ ↓ u(𝑅) which is Pareto optimal in 𝑄 must380

be a fixed point of ε̂ (in both dimensions): it cannot be increased in381

either dimension without being decreased in the other, which cannot382

happen because ε̂ must be Pareto improving.383

Only If / Nonexistence: If u(𝑅) has two distinct payoffs which384

are Pareto optimal in 𝑄 , then each ε̂𝐿 has two fixed points and must385

be the identity. In addition, say for some Pareto optimal 𝑂⇔, 𝑂⇔𝐿 is386

“intermediate” in u𝐿 (𝑅), i.e. Player 𝑀 has both higher and lower387

payoffs in than 𝑂⇔𝐿 in u(𝑅). This also implies then ε̂𝐿 must be the388

identity, since this 𝑂⇔𝐿 is a intermediate fixed point and so any positive389

affine ε̂𝐿 aside from the identity would either decrease Player 𝑀’s390

payoff at most values above or below 𝑂⇔𝐿 . These together imply that,391

for an SPI to exist, there can be at most 𝑂⇔ ↓ u(𝑅) which is Pareto392

optimal in𝑄 , and if it exists it must be at least one player’s maximum393

or minimum payoff. But a Pareto optimal 𝑂⇔ cannot represent a394

player’s minimum utility unless it’s also a player’s maximum utility,395

so that case is covered in the positive result.396

If / Existence: In the case where 𝑄 contains no payoffs which are397

Pareto optimal in 𝑄 , We show that the ε̂𝐿 (𝑂) = 𝑂 + 𝑎 (𝑂𝑁𝑂𝑃 → 𝑂) is398

feasible for some 𝑎 > 0. Let 𝑂𝑁𝑂𝑃 =
(
max𝑆↓u(𝑇) 𝑂1,max𝑆↓u(𝑇) 𝑂2

)
be399

the (typically infeasible) profile of each player’s maximum payoff.400

Geometrically, this corresponds to mapping each payoff some tiny401

fraction of the way towards this maximum point. This is clearly402

feasible for any point 𝑂 on the interior of FMB (𝑄). The boundary403

points which might pose a problem are those 𝑂 with 𝑂𝐿 = 𝑂𝑁𝑂𝑃
𝐿404

for some 𝑀, but for these points ε̂ only changes them in the other405

dimension, which is feasible since these 𝑂 are not Pareto optimal.406

In the second case above, where 𝑄 contains a Pareto optimal407

payoff 𝑂⇔ where (without loss of generality) 𝑂⇔1 is Player 1’s maxi-408

mum payoff in 𝑅, we show that letting ε̂1 (𝑂1) = 𝑂1 + 𝑎 (𝑂⇔1 → 𝑂1) and409

ε̂2 = 𝑀𝑏 is feasible for some 𝑎 > 0. Geometrically, this corresponds410

to projecting each point an 𝑎 fraction of the way towards the line411

defined by 𝑂1 = 𝑂⇔1 . This is feasible for some nonzero 𝑎 because all 412

remaining points 𝑂 in u(𝑅) are Pareto dominated, so either they’re 413

Pareto dominated strictly in dimension 1 or 𝑂1 = 𝑂𝑁𝑂𝑃 (𝑈 )
1 , in which 414

case 𝑂𝑁𝑂𝑃
1 = 𝑂⇔1 and the the ε̂ is feasible for any 𝑎. ⊋ 415

We have shown that money burning makes token games more 416

powerful. The following result, however, restricts the additional 417

power from money burning in two-player games. In particular, it 418

shows that when Sauerberg and Oesterheld’s [2026] token games 419

don’t yield an SPI, then a money-burning token game SPI (which 420

may exist) will only ever benefit one of the players. 421

COROLLARY 1. If a two-player game 𝑄 does not admit a stan- 422

dard token game SPI, it cannot admit a MB token game SPI which 423

is strict for both players. 424

PROOF. Consider a game 𝑄 which admits a MB token game SPI 425

but not a standard token game SPI. If𝑄 contained no outcomes which 426

were Pareto optimal in 𝑄 , 𝑄 would admit a standard token game SPI 427

(by the charactarization of standard token SPIs from [27], Theorem 428

4.3). Hence, 𝑄 must be as in the second condition in Theorem 1: it 429

contains exactly one payoff 𝑂⇔ which is Pareto optimal in 𝑄 and 𝑂⇔ 430

is (wlog) Player 1’s maximum payoff in 𝑄 . 431

By Theorem 4.3 of [27], for such a 𝑄 not to admit a standard 432

token SPI, this 𝑂⇔ must be an intermediate payoff for Player 2. But 433

then 𝑂⇔2 is an intermediate fixed point of ε̂2, which therefore must be 434

the identity and the SPI cannot be strict for Player 2. ⊋ 435

Although our characterization only applies to two-player games, 436

we now show that the existence of money-burning token game SPIs 437

can be decided in general by linear programming (just like token 438

SPIs without money burning [27]). Moreover, we can also use linear 439

programming to optimize over such SPIs. 440

We consider optimization over a large class of natural objec- 441

tives on isomorphism SPIs. It includes, for example, maximizing 442

a player’s subjective expected utility for playing the token game 443

under some belief, i.e. probability distribution over outcomes of the 444

token game. It also includes maximziming (weighted) sums of the 445

players’ utilities under such subjective beliefs, which are allowed 446

to be different for each player. It also allows maximizing a player’s 447

worst-case (over outcomes) utility in the token game, or worst-case 448

utility gain. And we can again aggregate these over players, either 449

by taking some weighted sum over the players’ objectives or by 450

maximizing the minimum benefit across players. 451

More formally, we optimize over the class of objectives defined by 452

the minimum over a (polynomially sized) set of linear functions on 453

variables of the form ε̂𝐿 (u(𝑇)) and ε̂𝐿 (u(𝑇)) → 𝑆𝐿 (𝑇), for outcomes 454

𝑇 ↓ 𝑅 and players 𝑀. These are, respectively, the players’ payoffs for 455

specific outcomes in the token game and their payoff gains relative 456

to the base game under the utility correspondence. We’ll call these 457

min-linear objectives. 458

THEOREM 2. It can be decided in polynomial time via linear 459

programming whether a game 𝑄 admits a MB-token game isomor- 460

phism SPI. Furthermore, min-linear objectives over such SPIs can 461

be optimized efficiently. 462

There’s a subtlety regarding what it means to optimize over these 463

SPIs. Because our utility correspondence functions must have 𝑋𝐿 > 464



Dare Swerve
Dare -10, -10 6, 1

Swerve 1, 5 3, 3
(a) Asymmetric Chicken

Dare Swerve
Dare -6.8, -10 6, 1

Swerve 2, 5 3.6, 3
(b) A payments token game SPI

Table 5: Asymmetric Chicken and a payments token game SPI

0, the space of SPIs is not closed. However, we can still optimize465

linear objectives over SPIs in the strongest sense one could hope466

for given this issue: we can efficiently decide whether the instance467

admits an SPI, and if so, find it. If not, we can compute the supremum468

of the objective value over SPIs, and find a family of SPIs which469

approach this supremum.470

4 TOKEN GAME SPIS WITH UTILITY471

PAYMENTS472

In this section, we consider the token games which are realized by473

joint commitments to play correlated strategy profiles and transfer474

utility as a function of the token outcome. We assume players can475

transfer each other utility losslessly, linearly, and without any budget476

constraints.477

Formally, given a base game 𝑄 = (𝑅, u), a payments token game478

on𝑄 is a game T = (𝐿 , u) for which u(𝑁) ↓ [min𝑂↓𝑇 SW(𝑇),max𝑂↓𝑇 SW(𝑇)].479

(Recall that SW(𝑇) =∑
𝐿 𝑆𝐿 (𝑇) denotes the utilitarian social welfare480

of an outcome.) These token payoffs are exactly those which can481

be realized by a commitment to a correlated strategy profile and482

payment vector, i.e. the u(𝑁) such that u(𝑁) = u(ε(𝑁)) + 𝑐 (𝑁) for483

some ε(𝑁) ↓ ω(𝑅) and 𝑐 (𝑁) ↓ R𝑀 with
∑

𝐿 𝑐𝐿 (𝑁) = 0.484

Note that allowing the players to additionally commit to money485

burning makes no difference here: any payoff profile with social wel-486

fare within [min𝑂↓𝑇 SW(𝑇),max𝑂↓𝑇 SW(𝑇)] can already be achieved487

with transfers alone. Thus, the only payoff profiles additionally ren-488

dered feasible by money burning are ones with social welfare less489

than min𝑂↓𝑇 SW(𝑇). However, these payoff profiles are useless for490

token SPIs because they’d necessarily leave at least one player worse491

off than in the original game.492

For example, consider the game in Table 5a, Asymmetric Chicken.493

The only asymmetry is that Player 1’s utility for (Dare, Swerve) is494

higher than Player 2’s for (Swerve, Dare). (Dare, Swerve) is the495

unique social welfare maximizing outcome.496

The token game Table 5b is a payments (isomorphism) token497

game SPI on Asymmetric Chicken. The utility correspondence is498

given by ε̂1 (𝑂1) = 0.8𝑂1 + 1.2 and ε̂2 (𝑂2) = 𝑂2, so the SPI is only499

strict for Player 1. It’s easy to verify that each token payoff has social500

welfare of at most 7, the maximum social welfare in Asymmetric501

Chicken, and is hence feasible. Note also that this token SPI is502

maximal: Since the social welfare of (Token, Swerve, Token Dare)503

is 7, it’s infeasible to improve ε̂ any further.504

It’s worth noting that Asymmetric Chicken admits a payments505

token game SPI even though the reduction function doesn’t eliminate506

any actions and there is no simple SPI. Such games do not admit SPIs507

under most previously considered forms of commitment, including508

the token game SPIs of [27], the MB token games SPIs of Section 3,509

and the utility function SPIs of [22].510

We now turn to the question of characterizing and computing511

payment token SPIs. As in the previous section, there’s a simple512

characterization of simple token game SPIs: they exist essentially513

whenever a payoff profile can simultaneously give each player their 514

maximum payoff in 𝑄 . The only difficulty is ensuring strictness. 515

LEMMA 1. A game 𝑄 admits a simple Red payments token SPI 516

if and only if either its reduced game has multiple distinct pay- 517

off profiles and
∑

𝐿 max𝑂↓𝑇 𝑆𝐿 (𝑇) ⇑ SW𝑁𝑂𝑃 (𝑄) or if its reduced 518

game has exactly one distinct payoff profile and
∑

𝐿 max𝑂↓𝑇 𝑆𝐿 (𝑇) < 519

SW𝑁𝑂𝑃 (𝑄). 520

Therefore, we’ll focus on isomorphism SPIs for the rest of the 521

section. As in Section 3, we associate each isomorphism SPI with its 522

utility isomorphism ε̂, which captures the effect the isomorphism 523

has on the players’ base game payoffs. By the definition of isomor- 524

phism, ε̂ is required to be playerwise positive affine, and is required 525

to be Pareto improving on u(𝑅) (weakly everywhere and strictly on 526

at least one point) by the definition of SPI. Finally, ε̂ can be achieves 527

by a payments token game if and only if SW(ε̂(𝑂)) ⇑ SW𝑁𝑂𝑃 (𝑄) 528

for all 𝑂 ↓ u(𝑅). We call such a utility isomorphism valid, and reason 529

about payment token game SPIs by reasoning about the space of 530

valid ε̂. 531

THEOREM 3. A game 𝑄 admits a payments token SPI if and only 532

if either there are no payoff profiles in u(𝑅) which are social welfare 533

maximizing in u(𝑅) or all three of the following hold: (1) some 534

Player 𝑀 achieves the same payoff 𝑂⇔𝐿 in all social welfare maximizing 535

payoff profiles in u(𝑅), (2) this 𝑂⇔𝐿 is either Player 𝑀’s maximum or 536

minimum payoff in u(𝑅), and (3) Player 𝑀 achieves at least one other 537

payoff in u(𝑅). 538

PROOF SKETCH. Only if / Nonexistence: The nonexistence re- 539

sults rely on the fact that any payoff profile 𝑂⇔ which is social welfare 540

maximizing in 𝑅 must be a fixed point of ε̂ (in all dimensions), since 541

if ε̂(𝑂⇔) is greater than 𝑂⇔ for one player, it would necessarily be less 542

than 𝑂⇔ for another player and fail to be Pareto improving. We show 543

that for any Player 𝑀 who fails to meet any of the three conditions 544

above, ε̂𝐿 must be the identity. This is because If (1) fails, ε̂𝐿 must 545

be linear (positive affine) and have at least two distinct fixed points. 546

If (2) fails, ε̂𝐿 must be linear (positive affine) with a fixed point at 𝑂⇔𝐿 547

and while having ε̂𝐿 (𝑂𝐿 ) ⇐ 𝑂𝐿 both above and below 𝑂⇔𝐿 . If (3) fails, 548

then the 𝑂⇔𝐿 is a fixed point of ε̂⇔
𝐿 and also the only input. 549

If / Existence: If no payoff profiles in u(𝑅) are social welfare 550

maximizing in u(𝑅), then ε̂(𝑂) = 𝑂 + (𝑎, 𝑎, . . . , 𝑎) is feasible for 551

some sufficiently small 𝑎. In the other case, we construct a valid ε̂ 552

which is the identity for all players but Player 𝑀, where ε̂𝐿 has a fixed 553

point at 𝑂⇔𝐿 and has ε̂𝐿 (𝑂𝐿 ) > 𝑂𝐿 for all other 𝑂𝐿 ↓ u𝐿 (𝑅). In the case 554

where 𝑂⇔𝐿 is Player 𝑀’s maximum payoff in u(𝑅) we achieve this by 555

ε̂𝐿 (𝑂𝐿 ) = 𝑂𝐿 + 𝑎 (𝑂⇔𝐿 → 𝑂𝐿 ) for some small 𝑎 > 0,and when it’s Player 𝑀’s 556

minimum payoff, by ε̂𝐿 (𝑂𝐿 ) = 𝑂𝐿 + 𝑎 (𝑂𝐿 → 𝑂⇔𝐿 ). Geometrically, these 557

can be thought of as mapping each 𝑂𝐿 either an 𝑎-fraction of the 558

way towards a maximum or an 𝑎-fraction of the way away from a 559

minimum. ⊋ 560

As with the MB token SPIs, we can optimize min-linear objectives 561

over payment token SPIs via linear programming. 562

THEOREM 4. It can be decided in polynomial time via linear 563

programming whether a game 𝑄 admits a payment token game 564

isomorphism SPI. Furthermore, min-linear objectives over such 565

SPIs can be optimized efficiently. 566



Dare Swerve
Dare -10, -10 5, 1

Swerve 1, 5 3, 3
Table 6: Symmetric Chicken

5 TOKEN GAMES WITH OUTSIDE BETTORS567

One can view the payoffs in the payment token games from the568

previous section as each realized via a strategy profile ε(𝑁) and a net569

payment vector 𝑐 (𝑁) which sums to 0. Because the token payoffs u(𝑁)570

are not all social welfare maximizing, these strategy profiles ε(𝑁)571

are also not always social welfare maximizing. The players could572

instead realize the token payoffs by a commitments to play some573

social welfare maximizing profile, make some payments to each574

other to realize the token payoffs, and then “give away" the excess575

utility by making payments to parties outside the game. However,576

there’s an apparent problem: the players cannot give these payments577

to anything they value without violating the isomorphism constraint,578

for the same reason they cannot keep it for themselves.579

In this section, we develop a way for the players to benefit from580

this excess utility by making contracts with outside parties to make581

payments depending on the outcome of the token game. We extend582

the transferrable utility assumption from the previous section: Utility583

can now be transferred between the players in the game and some584

outside party. We imagine that before playing the game, the players585

act as follows. First, they create a security or financial instrument.586

They then construct a token game T with the exact same payoffs as587

the original game 𝑄 . Each token payoff u(𝑁) is realized by playing588

some social-welfare-maximizing outcome 𝑇⇔ in𝑄 , paying the holder589

of the security SW(𝑇⇔) → SW(𝑁), and making payments among the590

players so that each receives 𝑆𝐿 (𝑁) → 𝑆𝐿 (𝑇⇔). The players then sell591

the security to an outside party before playing the game and split592

the proceeds among themselves (equally, say). Finally, they play the593

token game as usual.594

It’s important to note that the players’ gain from selling the se-595

curity is independent of the outcome of the token game, and so596

therefore the incentives are exactly as given by the token payoffs.597

Suppose the security sells for 𝑑 utils, which the players split equally.598

One can view the overall result of the protocol as the players getting599

𝑑/𝑃 utility for free and then playing a token game with identical600

payoffs to the original game, or equivalently as constructing a token601

game with utility correspondence 𝑂 ↖↑ 𝑂 + (𝑑/𝑃, ..., 𝑑/𝑃).602

Here’s a simple example. Consider Symmetric Chicken, the game603

in Table 6. (It’s identical to the Asymmetric Chicken of Table 5a,604

except that the payoffs for (Dare, Swerve) are (5, 1) rather than605

(6, 1).) In Symmetric Chicken, the social welfare of all the outcomes606

aside from (Dare, Dare) is 6, and hence there is no payments token607

game SPI. However, there is a token game SPI with outside bettors608

(under very mild assumptions). In this case, the security is worth609

6 → (→20) = 26 if (Dare, Dare) occurs, and 0 otherwise. Suppose610

the outside bettor believes there’s a nonzero probability that (Dare,611

Dare) is played and is hence willing to buy the security for a strictly612

positive price. For example, if the outside bettor expects the players613

to play the mixed Nash equilibrium, where each player plays Dare614

with probability 2/13, the security is worth 26 ⇔ (2/13)2 ↙ 0.615. In615

any such case, the players make a profit from selling the security616

and achieve a strict SPI.617

It’s important to note that the overall scheme is not a safe Pareto 618

improvement from the perspective of the outside bettor: it’s not 619

guaranteed to leave them better off. In particular, if the outcome 620

of the token game has social welfare equal to the maximum social 621

welfare in 𝑄 , the bettor doesn’t receive payments from the players 622

and, having purchased the security for a strictly positive amount, 623

is strictly worse off. Instead, the agreement is a more typical, non- 624

SPI agreement for the bettor, where they make an agreement which 625

(they believe) has positive value in expectation. For this reason, the 626

scheme requires the outside party to be willing to assign probabilities 627

to outcomes of the token game, at least to some extent. 628

We don’t see this as an issue. The outside parties don’t face the 629

types of problematic incentives that the players themselves do, since 630

they don’t inherently have any stake in or control over the outcome 631

of the game. And the outside party’s role is not unusual; it’s analo- 632

gous to offering an insurance contract to the players. (Interestingly, 633

the outside bettors’ contract with the players is the reverse of a typ- 634

ical insurance contract: they pay the players a constant amount in 635

exchange for being paid a large amount if very socially suboptimal 636

outcomes occur in the token game.) 637

We now give our theoretical results about token game SPIs with 638

outside bettors. We first show that SPIs exist under extremely mild 639

conditions on the ways that the outside bettors form beliefs about 640

the outcome of the token game and bid on the security given their 641

beliefs. 642

THEOREM 5. Suppose an outside bettor assigns nonzero prob- 643

ability to some token outcome 𝑁 with SW(𝑁) < SW𝑁𝑂𝑃 (𝑄) and is 644

willing to pay a strictly positive amount for securities with a positive 645

expected value under their beliefs. Then there’s an outside bettors 646

token game SPI on 𝑄 . 647

THEOREM 6. Suppose for any game, there is an outside bettor 648

who assigns strictly positive probability to all outcomes which are 649

possible under the assumptions and pays a strictly positive amount 650

for a security if and only if it has positive expected value under their 651

beliefs. Then a token game SPI with outside bettors fails to exist if 652

and only if 𝑄 is constant sum and all outcomes in 𝑅 \𝑅 have weakly 653

lower social welfare than those in 𝑅. 654

The results above show that token SPIs with outside bettors exist 655

under very mild assumptions on the game and the outside bettors. 656

The intuition is that, even if the bettors are very risk averse and 657

uncertain, it’s reasonable that they would be willing to purchase the 658

security for a nonzero amount. However, they don’t show anything 659

about the magnitude of the SPIs. 660

We can give substantially stronger results under stronger assump- 661

tions. In particular, consider the very natural setting where the bettors 662

form a probability distribution over outcomes of the token game and 663

are willing to pay the expected value of the security under this distri- 664

bution. This might happen, for example, if there are multiple bettors 665

with identical beliefs bidding for the security in a second price auc- 666

tion, and therefore the winner must pay the full expected value of 667

the security. In this case, the scheme allows the players to achieve 668

expected social welfare equal to their maximum social welfare in 669

the original game, where the expectation is taken with respect to the 670

outside bettors’ belief distribution. 671



Figure 2: Empirical existence probability of different types of
SPIs under a uniform distribution over payoffs.

THEOREM 7. Consider a game 𝑄 , and suppose an outside bettor672

with probability distribution 𝑒 over outcomes of 𝑄 is willing to673

purchase the security for its expected value under 𝑒. Then there is674

a token game SPI with outside bettors on 𝑄 in which the players’675

expected social welfare (under this 𝑒) is equal to their maximum676

SW in the base game.677

It’s interesting to note that there’s an alternate version of the678

scheme which works even if no outside parties willing to assign679

probabilities to outcomes, if instead there are multiple sets of players680

playing disjoint games. In this case, the players could jointly agree to681

“swap” their securities without any other compensation, i.e. players682

from game 1 commit to transfer the surplus from their game to683

the players in game 2, and vice versa. This results in an SPI for684

all players, without requiring any probabilistic beliefs about the685

outcomes of the games.686

6 EXPERIMENTAL RESULTS687

The SPI framework sometimes allows us to prove that we can im-688

prove a strategic interaction by some intervention, e.g., transforming689

it into a specific token game. We think that token games and in690

particular token games with the additional features studied here691

(commitments to burning and transferring money, transfers with an692

outside party) are particularly suitable (compared to other kinds of693

interventions) for achieving SPIs on many strategic interactions. In694

the case of token games with outside bettors we were able to support695

this claim with strong theoretical results, see Section 5. (Compare696

similar results for the utility function token game SPIs of Oesterheld697

and Conitzer [22, Sect. 5]). But for many modes of intervention (reg-698

ular token games, token games with money burning, token games699

with transfers, etc.), there is likely no simple characterization of how700

often SPIs under the given intervention exists.701

In this section, we therefore compare the applicability of different702

modes of intervention by conducting computational experiments.703

Roughly, we generate a large number of games. For each, we com-704

pute SPIs under various interventions. We record how often an SPI705

exists, as well as how large a social welfare gain they afford.706

We describe the experiment and its result in detail below. The code 707

for our experiments can be found in the supplementary material. 708

6.1 Experimental setup 709

Generating random games: We generate 1000 random games of 710

size 𝑋 by 𝑋, for each 𝑋 ↓ {3, . . . , 9}. Each entry of the payoff 711

matrix is sampled i.i.d., we consider drawing from both the uniform 712

distribution on the interval [0, 1] or a standard normal distribution. 713

Reduction assumption: We consider two different reduction func- 714

tions Red: iterated elimination of strictly dominated strategies in 715

pure and in mixed strategies. 716

Modes of intervention: We compute SPIs with respect to the fol- 717

lowing interventions: Token games as per Sauerberg and Oesterheld 718

[27], token games with money burning (Section 3), token games 719

with payments (Section 4) and utility function SPIs as per Oester- 720

held and Conitzer [22]. (We do not compute SPIs via token games 721

with outside bettors, because they exist with probability 1 in these 722

games.) As a point of comparison, we also consider simple SPIs 723

implemented by a single correlated strategy, as well as simple SPIs 724

implemented by a single correlated strategy and payments. In each 725

case, we optimize over SPIs. As the objective value we use the ex- 726

pected social welfare improvement under the uniform distribution 727

over outcomes in the fully reduced default game. 728

Computational details: For all the different types of token SPIs 729

we implement the linear programs of Sections 3 and 4 and Sauerberg 730

and Oesterheld [27, Section 4]. For iterated elimination of strictly 731

dominated strategies in mixed strategies we also use linear programs 732

[6]. For linear programming, we use the CVXPY modeling lan- 733

guage [9] and the CLARABEL LP solver [13] (chosen by default 734

by CVXPY). Computing utility function SPIs is NP-complete [22]. 735

However, using a classic depth-first search algorithm we are able to 736

find (and optimize over) utility function SPIs in acceptable time for 737

the given game sizes. 738

Measured quantities: For every game and every type of SPI we 739

record whether an SPI exists at all. We also record the objective 740

value of the optimal SPI – i.e., the expected social welfare gain 741

under the uniform distribution over the reduced default game. 742

6.2 Results 743

Figure 2 shows what fraction of the time SPIs exist in games with 744

payoffs sampled uniformly from the unit interval under different 745

modes of intervention and different reduction functions. We find 746

qualitatively similar results across using both uniform and normal 747

distributions, and when looking at both existence probability and 748

expected utility gain, see Figures 3 to 5 in the appendix. 749

The interventions we introduce in this paper, token games with 750

money burning and token games with payments, are substantially 751

more effective than both standard token game [27], and utility func- 752

tion SPIs [22], and the baseline of simple SPIs. We also find that 753

the token SPI framework is generally more effective than the utility 754

function SPI framework. 755

Our results show that of the modes of interventions tested in 756

our experiment, the combination of token games and payments is 757

especially potent. In particular, we find a superadditive effect: token 758

games with payments are more effective than naively summing over 759

the effectiveness of token games (without payments) and any one 760



payments-based intervention (simple SPIs with payments or utility761

function SPIs with payments) would suggest.762

We also find that making a stronger reduction assumption (iterated763

elimination of strictly dominated strategies in mixed rather than pure764

strategies) tends to allow for more SPIs to exist. While this result765

is intuitive, it’s not immediately implied by the fact that mixed766

dominance is stronger. This is because SPIs must be strictly Pareto767

improving for at least one outcome in the reduced game. For instance,768

suppose there’s a game which reduces to a single outcome under769

mixed dominance, and this outcome is Pareto optimal in the full770

game. Such a game admits no SPI under mixed dominance, but if771

pure dominance is unable to reduce it to the single outcome, then it772

admits a (simple) SPI under pure dominance.773
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Figure 3: Empirical existence probability of SPIs under a normal distribution over payoffs

Figure 4: Empirical average social welfare gain of SPIs under a uniform distribution over payoffs



Figure 5: Empirical average social welfare gain of SPIs under a normal distribution over payoffs



A PROOFS FOR SECTION 3 (MONEY BURNING) 894

THEOREM 1. A two-player game 𝑄 admits a MB-token game isomorphism SPI if and only if either (a) 𝑅 contains no outcomes which are 895

Pareto optimal in u(𝑅) or if (b) it contains exactly one payoff 𝑂⇔ which is Pareto optimal in u(𝑅), this 𝑂⇔ is at least one player’s maximum 896

payoff in 𝑅, and that player has at least one more distinct payoff in 𝑄 . 897

PROOF. Let 𝑓 = u(𝑅) be the set of payoffs in the reduced game 𝑄 . Define 𝑂𝑁𝑂𝑃 (𝑈 )
𝐿 =max𝑆↓u(𝑇) 𝑂𝐿 to be each player’s maximum payoff in 898

𝑄 , and likewise 𝑂𝑁𝑂𝑃 (𝑉 )
𝐿 =max𝑆↓𝑉 𝑂𝐿 to be each player’s maximum payoff in the reduced game 𝑄 . We must decide whether there exists a valid 899

ε̂: one which is player-wise positive affine and from 𝑂 into the feasible region FMB (𝑄). 900

A valid (positive affine) ε̂𝐿 is determined by the choice of ε̂𝐿 (𝑂𝐿 ) for two inputs 𝑂𝐿 : there is only one line through those two points. Much of 901

the proof operates by reasoning about fixed points of ε̂. For instance, if 𝑂 is Pareto optimal in FMB (𝑄), it must be a fixed point of all ε̂𝐿 : it 902

cannot be increased in any dimension without being decreased in another dimension, which would make ε̂ fail to be everywhere improving for 903

that player. In addition, a valid ε̂𝐿 with𝑋𝐿 ω 1 has exactly one fixed point, say 𝑂𝐿 . For an ε̂𝐿 which doesn’t decrease any 𝑂𝐿 in 𝑓 , this must either 904

be mapping towards a high value, e.g. 𝑂𝐿 ↖↑ 𝑂𝐿 + 𝑎 (𝑂𝐿 → 𝑂𝐿 ), or away from a low value, e.g. 𝑂𝐿 ↖↑ 𝑂𝐿 + 𝑎 (𝑂𝐿 → 𝑂𝐿 ). 905

If: Consider the first case (a). Suppose 𝑓 contains no points which are Pareto optimal in FMB (𝑄). (Note that Pareto optimality in u(𝑅) and 906

FMB (𝑄) are identical.) Then for all 𝑂 ↓ u(𝑅)) for which 𝑂𝐿 ω 𝑂𝑁𝑂𝑃 (𝑈 )
𝐿 for either 𝑀, the feasible region contains an 𝑎𝑆 ball around 𝑂 . And any 𝑂 907

with 𝑂1 = 𝑂𝑁𝑂𝑃 (𝑈 )
1 must have 𝑂2 ω 𝑂𝑁𝑂𝑃

2 (or else 𝑂 would be Pareto optimal), and 𝑂 + (0, 𝑎𝑆) is feasible for some sufficiently small 𝑎𝑆 . Of course, 908

the case for 𝑂2 = 𝑂𝑁𝑂𝑃 (𝑈 )
2 is symmetric. Therefore, the ε̂(𝑂) = 𝑂 + 𝑎 (𝑂𝑁𝑂𝑃 → 𝑂) is feasible for some sufficiently small 𝑎. This is clearly strictly 909

Pareto improving and entrywise positive affine, as desired. 910

Consider the second case (b). Suppose there is a single outcome 𝑂⇔ ↓ 𝑅 which is Pareto optimal in FMB (𝑄), and that (without loss of 911

generality) 𝑂⇔1 is Player 1’s maximum payoff in𝑄 . We claim that the ε̂ defined by ε̂2 = 𝑀𝑏 and ε̂1 (𝑂1) = (1→ 𝑎)𝑂1 + 𝑎𝑂⇔1 is feasible. Note that this 912

would be strictly Pareto improving since Player 1 has multiple distinct payoffs in 𝑄 . We just need to show that, for all other 𝑂 ↔ ω 𝑂 , 𝑂 ↔ + (𝑎, 0) is 913

feasible for some sufficiently small 𝑎 (which can depend on 𝑂 ↔). Because 𝑂 ↔ is not Pareto optimal in 𝑄 , there is some 𝑂 ↔↔ ⇒ 𝑂 ↔ and strictly so in at 914

least one dimension. If 𝑂 ↔↔1 > 𝑂 ↔1, we’re immediately done. Consider the case where all 𝑂 ↔↔ u(𝑅) which Pareto dominate 𝑂 ↔ have 𝑂 ↔1 = 𝑂 ↔↔1 . Then in 915

particular, the 𝑂 ↔↔ which is on the Pareto frontier of 𝑄 must be the point on the Pareto frontier with maximum value in the first dimension, i.e. 916

𝑂 ↔↔1 = 𝑂𝑁𝑂𝑃 (𝑈 )
1 = 𝑂 ↔1. In this case, the proposed ε̂ has ε̂(𝑂 ↔) = 𝑂 ↔, which is feasible for any 𝑎. Hence, the proposed ε̂ is feasible for some 𝑎 > 0 917

and there’s an SPI, as desired. 918

Only If: Observe that any 𝑂⇔ which is Pareto optimal in FMB (𝑄) must be a fixed point of ε̂ for both players: it cannot be increased in one 919

dimension without being decreased in the other, which would make ε̂ fail to be everywhere improving for that second player. Therefore, if 𝑂⇔ is 920

intermediate for a player 𝑀, ε̂𝐿 must be the identity, as it’s the only positive affine function which is (weakly) improving for both 𝑂𝐿 < 𝑂⇔𝐿 and 921

𝑂𝐿 > 𝑂⇔𝐿 . 922

First, we consider the case where there’s exactly one payoff 𝑂⇔ in 𝑓 which is Pareto optimal in 𝑄 and where 𝑂𝐿 ω 𝑂𝑁𝑂𝑃 (𝑉 )
𝐿 for either player. 923

We proceed by cases. We know that 𝑂⇔ is either minimal or intermediate in𝑓 for both players. First, if 𝑂⇔ is intermediate for both players, we 924

know ε̂ must be the identity for both players by the above logic, so no SPI exists. If 𝑂⇔ is minimal in 𝑓 for both players while being Pareto 925

optimal, it would be the only payoff in 𝑓 , and therefore again no SPI exists. 926

The only remaining case is where 𝑂⇔ is minimal for (without loss of generality) P1 and intermediate for P2. Since it’s intermediate for P2 (in 927

𝑓 ), there must be some some 𝑂 ↔ ↓ 𝑅 with 𝑂 ↔2 > 𝑂⇔2 . Since 𝑂⇔ is Pareto optimal, this implies that 𝑂 ↔1 < 𝑂 ↔2. But this contradicts that 𝑂⇔ is minimal 928

for P1. Hence, this case cannot occur and we no SPIs exist, as desired. 929

Finally, we consider the case where there are multiple distinct payoffs in 𝑓 which are Pareto optimal in FMB (𝑄). In this case, each one must 930

be a fixed point of each ε̂𝐿 . This immediately implies that each ε̂𝐿 must be the identity and no SPI exists, as desired. ⊋ 931

THEOREM 2. It can be decided in polynomial time via linear programming whether a game 𝑄 admits a MB-token game isomorphism SPI. 932

Furthermore, min-linear objectives over such SPIs can be optimized efficiently. 933

PROOF. We construct a polynomially sized linear program which essentially directly encodes the problem of finding or optimizing over 934

valid ε̂. Our LP is adapted from and extremely similar to that of [27] for the case of token SPIs without money burning. We simply modify the 935

feasibility constraints to allow for money burning. 936

Our LP has several types of variables: For each player 𝑀, we have variables 𝑋𝐿 and 𝑌𝐿 which correspond to the parameters of the utility 937

isomorphism ε̂𝐿 . Our LP takes as input the payoff vectors in the reduced game 𝑄 , which we denote 𝑂1, . . . , 𝑂𝑊 . For each 𝑂 𝑋 , we have a set 938

of variables 𝑐𝑆 𝐿𝑂 for all 𝑇 ↓ 𝑅 which collectively represent the strategy profile in 𝑄 , i.e. distribution over outcomes in 𝑅, which proves the 939

feasibility of a token payoff ε̂(𝑂 𝑋 ). The utility function u : 𝑅 ↑ R is also an input. 940



Maximize
∑
𝑆 𝐿 ↓𝑉

∑
𝐿↓ [𝑀]

(𝑋𝐿𝑂
𝑋
𝐿 + 𝑌𝐿 → 𝑂 𝑋𝐿 )

Subject to:
𝑋𝐿 ⇐ 0 for all 𝑀 ↓ [𝑃]
𝑋𝐿𝑂

𝑋
𝐿 + 𝑌𝐿 ⇐ 𝑂 𝑋𝐿 for all 𝑀 ↓ [𝑃], 𝑔 ↓ [𝑕]

𝑐𝑆
𝐿

𝑂 ⇐ 0 for all 𝑇 ↓ 𝑅, 𝑔 ↓ [𝑕]∑
𝑂↓𝑇

𝑐𝑆
𝐿

𝑂 = 1 for all 𝑔 ↓ [𝑕]
∑
𝑂↓𝑇

𝑐𝑆
𝐿

𝑂 𝑆𝐿 (𝑇) ⇐𝑋𝐿𝑂
𝑋
𝐿 + 𝑌𝐿 for all 𝑀 ↓ [𝑃], 𝑔 ↓ [𝑕]

The first constraint ensures that the ε̂ is (weakly) positive affine. The second constraint ensures that ε̂ is (weakly) Pareto improving on all 𝑂 𝑋 ,941

which represent payoff profiles in 𝑄 . The next two constraints collectively ensure that for each 𝑂 𝑋 , the set {𝑐𝑆 𝐿𝑂 } corresponds to valid probability942

distribution over outcomes in 𝑄 , i.e. ε(·). And the final constraint ensures the feasibility of ε̂(𝑂 𝑋 ) for each 𝑔 : it requires that for each 𝑂 𝑋 and943

each Player 𝑀, Player 𝑀’s expected utility for the distribution {𝑐𝑆 𝐿𝑂 } is at least that specified by ε̂ for the token outcome corresponding to 𝑂 𝑋 , and944

therefore the exact payoff specified by ε̂ can be realized by playing the distribution and committing to burn the difference between the utilities.945

It’s easy to verify that the program is linear (recall that the sets 𝑅 and vectors 𝑂 𝑋 and 𝑆𝐿 (𝑇) are inputs to the program) and polynomially sized:946

it has 𝑖 ( |𝑅|2) variables and 𝑖 ( |𝑅|2) constraints. Therefore, the objective of the LP can be optimized in polynomial time.947

Now, we claim that a game 𝑄 admits a MB-token game isomorphism SPI if and only if the optimal value of the LP is strictly greater than 0.948

The objective value of the LP is exactly the sum over players and payoffs of ε̂𝐿 (𝑂 𝑋𝐿 ) → 𝑂 𝑋𝐿 , i.e. the social welfare gain on payoff vector 𝑂 𝑋 from949

the SPI. Since each of these is non-negative, the objective is strictly positive if and only if the ε̂ is strictly Pareto improving.950

The only remaining subtlety is that our program requires only that𝑋𝐿 ⇐ 0, but valid utility correspondence functions must be strictly positive951

affine. This can be dealt with similarly to as in [27].952

First, observe that the space of valid ε̂ is convex. For any pair of valid ε̂, say ε̂1 (𝑂) =𝑋1𝑂 + 𝑌2 and ε̂2 (𝑂) =𝑋2𝑂 + 𝑌2, 𝑗ε̂1 + (1 → 𝑗)ε̂2 is953

simply (𝑗𝑋1 + (1 → 𝑗)𝑋2)𝑂 + 𝑗𝑌1 + (1 → 𝑗)𝑌2. In particular, the convex combination still has each𝑋𝐿 > 0 and is positive affine. The convex954

combination is also still feasible in FMB (𝑄) because the underlying space FMB itself is convex.955

Also, note that the identity utility correspondence is always feasible (though it is not a strict SPI). Therefore, if the LP finds a solution956

corresponding to a ε̂ with some 𝑋𝐿 = 0, we can construct a valid ε̂↔ (𝑂) by ε̂↔ (𝑂) = (1 → 𝑎)ε̂(𝑂) + 𝑎𝑂 . This ε̂↔ has all 𝑋𝐿 ⇐ 𝑎, and is still strictly957

Pareto improving if ε̂ is. Hence, we’ve successfully reduced deciding the existence of a MB-token game isomorphism SPI to checking the958

optimal objective value of the LP, which can be done in polynomial time, as desired.959

Optimization: Consider a game 𝑄 and a min-linear objective defined by a set of linear functions 𝑘 = {𝑙 1, . . . , 𝑙 |𝑌 | }, where each 𝑙 𝑊 is a linear960

function of variables of the form ε̂𝐿 (u(𝑇)) or ε̂𝐿 (u(𝑇)) →𝑆𝐿 (𝑇) for 𝑇 ↓ 𝑅 and 𝑀 ↓ [𝑃]. Let’s write𝑚𝑊
𝐿 (𝑂 𝑋 ) to denote the sum of the coefficients on961

all ε̂𝐿 (u(𝑇)) in 𝑙 𝑊 for all 𝑇 with u(𝑇) = 𝑂 𝑋 . (This is only necessary because our LP does not distinguish betwen ε̂𝐿 (u(𝑇)) for different outcomes962

𝑇 with the same payoff vector u(𝑇). However, all such outcomes have the same image under the utility correspondence, so this is not an issue.)963

Similarly, let’s write 𝑚̃𝑊
𝐿 (𝑂 𝑋 ) to denote the sum of the coefficients on all ε̂𝐿 (u(𝑇)) → 𝑆𝐿 (𝑇) in 𝑙 𝑊 for all 𝑇 with u(𝑇) = 𝑂 𝑋 .964

We construct an LP which is essentially the same as the one above, except that we replace the objective with a new variable 𝑗 and add965

constraints that 𝑗 ⇑ 𝑙 𝑊 for each 𝑕 ↓ [|𝑘 |].966

Maximize 𝑗

Subject to:
𝑋𝐿 ⇐ 0 for all 𝑀 ↓ [𝑃]
𝑋𝐿𝑂

𝑋
𝐿 + 𝑌𝐿 ⇐ 𝑂 𝑋𝐿 for all 𝑀 ↓ [𝑃], 𝑔 ↓ [𝑕]

𝑐𝑆
𝐿

𝑂 ⇐ 0 for all 𝑇 ↓ 𝑅, 𝑔 ↓ [𝑕]∑
𝑂↓𝑇

𝑐𝑆
𝐿

𝑂 = 1 for all 𝑔 ↓ [𝑕]
∑
𝑂↓𝑇

𝑐𝑆
𝐿

𝑂 𝑆𝐿 (𝑇) ⇐𝑋𝐿𝑂
𝑋
𝐿 + 𝑌𝐿 for all 𝑀 ↓ [𝑃], 𝑔 ↓ [𝑕]

𝑗 ⇑
∑
𝐿↓ [𝑀]

∑
𝑆 𝐿 ↓𝑉

𝑚𝑊
𝐿 (𝑂 𝑋 ) (𝑋𝐿𝑂

𝑋
𝐿 + 𝑌𝐿 )

+ 𝑚̃𝑊
𝐿 (𝑂 𝑋 ) (𝑋𝐿𝑂

𝑋
𝐿 + 𝑌𝐿 → 𝑂 𝑋𝐿 ) for all 𝑕 ↓ [|𝑘 |]



Note that our LP is still linear: the 𝑚𝑊
𝐿 (𝑂 𝑋 ) and 𝑚̃𝑊

𝐿 (𝑂 𝑋 ) are inputs to the program, so the last set of constraints are linear in the variables𝑋𝐿 , 967

𝑌𝐿 , and 𝑗 . Our program is also still polynomially sized, size |𝑘 | is polynomial. The subtleties regarding the positivity of𝑋𝐿 are dealt with in the 968

same way as above. ⊋ 969

B PROOFS FOR SECTION 4 (TOKEN GAME SPIS WITH UTILITY PAYMENTS) 970

LEMMA 1. A game 𝑄 admits a simple Red payments token SPI if and only if either its reduced game has multiple distinct payoff profiles and 971∑
𝐿 max𝑂↓𝑇 𝑆𝐿 (𝑇) ⇑ SW𝑁𝑂𝑃 (𝑄) or if its reduced game has exactly one distinct payoff profile and

∑
𝐿 max𝑂↓𝑇 𝑆𝐿 (𝑇) < SW𝑁𝑂𝑃 (𝑄). 972

PROOF. If: First, in the case where 𝑄 has exactly one distinct payoff profile, suppose
∑

𝐿 max𝑂↓𝑇 𝑆𝐿 (𝑇) <
∑

𝐿 max𝑂↓𝑇 𝑆𝐿 (𝑇) + 𝑛 = SW𝑁𝑂𝑃 (𝑄) 973

for some constant 𝑛. Then the token game which consists of a single outcome 𝑁 and where u𝐿 (𝑁) =max𝑂↓𝑇 𝑆𝐿 (𝑇) + 𝑛/𝑃 is a simple payments 974

token game SPI on 𝑄 . 975

Now, consider the case where 𝑄 has multiple distinct payoff profiles, and
∑

𝐿 max𝑂↓𝑇 𝑆𝐿 (𝑇) = SW𝑁𝑂𝑃 (𝑄). The token game which consists 976

of a single outcome 𝑁 and where u𝐿 (𝑁) =max𝑂↓𝑇 𝑆𝐿 (𝑇) is a simple payments token game SPI on 𝑄 . This outcome 𝑁 is clearly weakly Pareto 977

improving on all 𝑇 ↓ 𝑅. And the outcome is strictly Pareto improving on any 𝑇 ↓ 𝑅 in which at least one player fails to achieve their maximum 978

utility in 𝑅, which must exist because 𝑅 contains at multiple distinct payoff profiles and hence at least one player who sometimes receives less 979

than their maximum utility. 980

Only If: Suppose T = (𝐿 , u) is a simple payments token SPI on 𝑄 . Then by definition, there is a token outcome 𝑁 such that u𝐿 (𝑁) ⇐ 𝑆𝐿 (𝑇) for 981

all 𝑇 ↓ 𝑅. and this inequality is strict for at least one outcome 𝑇⇔ ↓ 𝑅 and player 𝑀. 982

The first condition implies that u𝐿 (𝑁) ⇐ max𝑂↓𝑇 𝑆𝐿 (𝑇) for all 𝑀. Summing both sides of the inequality over all 𝑀 ↓ [𝑃] and noting that 983

SW𝑁𝑂𝑃 (𝑄) ⇐ u(𝑁) yields that SW𝑁𝑂𝑃 (𝑄) ⇐ ∑
𝐿 max𝑂↓𝑇 𝑆𝐿 (𝑇), as desired. For the case where 𝑄 has exactly one distinct payoff profile, the 984

second condition says that u𝐿 (𝑁) > max𝑂↓𝑇 𝑆𝐿 (𝑇) for some 𝑀, and therefore summing both sides of the inequality above over 𝑀 yields a strict 985

inequality. we conclude that SW𝑁𝑂𝑃 (𝑄) ⇐ u(𝑁) > ∑
𝐿 max𝑂↓𝑇 𝑆𝐿 (𝑇), as desired. ⊋ 986

THEOREM 3. A game 𝑄 admits a payments token SPI if and only if either there are no payoff profiles in u(𝑅) which are social welfare 987

maximizing in u(𝑅) or all three of the following hold: (1) some Player 𝑀 achieves the same payoff 𝑂⇔𝐿 in all social welfare maximizing payoff 988

profiles in u(𝑅), (2) this 𝑂⇔𝐿 is either Player 𝑀’s maximum or minimum payoff in u(𝑅), and (3) Player 𝑀 achieves at least one other payoff in u(𝑅). 989

PROOF. Let 𝑓 = u(𝑅) and let 𝑓 ⇔ be the subset of 𝑓 which are social welfare maximizing in u(𝑅). 990

If: First, consider the case where |𝑓 ⇔ | = 1. Let 𝑏𝑆 = SW𝑁𝑂𝑃 (𝑄) → SW(𝑂) for each 𝑂 ↓ 𝑓 , and let 𝑏 = min𝑆↓u(𝑇) 𝑏𝑆 . Then ε̂(𝑂) = 991

𝑂 + (𝑏/𝑃,𝑏/𝑃, . . . ,𝑏/𝑃) is a valid utility isomorphism, and hence 𝑄 admits a payments token SPI, as desired. 992

Now, consider the second case. Suppose |𝑓 ⇔ | ⇐ 1, and that (without loss of generality) Player 1 has the same payoff 𝑂⇔1 in all payoff 993

profiles in 𝑓 ⇔. For any 𝑂 with 𝑂1 ω 𝑂⇔1 , SW(𝑂) < SW𝑁𝑂𝑃 (𝑄). Let’s say SW(𝑂) = SW𝑁𝑂𝑃 (𝑄) → 𝑏𝑆 . We claim that there’s a valid ε̂ where 994

ε̂𝐿 = 𝑀𝑏 for all 𝑀 ω 1, 𝑂⇔1 is a fixed point of ε̂𝐿 , and ε̂1 (𝑂1) > 𝑂1 for all other 𝑂1 ω 𝑂⇔1 . In particular, if 𝑂⇔1 = max𝑆↔ ↓𝑉 𝑂 ↔1, then the ε̂1 (𝑂1) 995

defined by ε̂1 (𝑂1) = 𝑂1 + 𝑎 (𝑂⇔1 → 𝑂1) is feasible where 𝑎 = min𝑆 𝑍𝑀
𝑆⇔1→𝑆1

> 0 since this implies ε̂1 (𝑂1) ⇑ 𝑂1 + 𝑏𝑆 for all 𝑂 ↓ 𝑓 and therefore 996

SW(ε̂(𝑂)) ⇑ SW(𝑂) + 𝑏 ⇑ SW𝑁𝑂𝑃 (𝑄). Similarly, if 𝑂⇔1 = min𝑆↔ ↓𝑉 𝑂 ↔1, then the ε̂1 (𝑂1) defined by ε̂1 (𝑂1) = 𝑂1 + 𝑎 (𝑂1 → 𝑂⇔1) is feasible for 997

𝑎 =min𝑆 𝑍𝑀
𝑆1→𝑆⇔1

> 0. In either case, we have a feasible, player-wise positive affine ε̂ which is strictly Pareto improving because Player 1 has at 998

least one payoff aside from 𝑂⇔1 in u(𝑅). Hence, we has a payemnts token SPI, as desired. 999

Only If: Suppose neither of the above conditions apply. That is, for all Players 𝑀, either (1) Player 𝑀 achieves multiple distinct payoffs in 𝑓 ⇔, 1000

(2) Player 𝑀 achieves a payoff in 𝑓 ⇔ which is either is neither minimal nor maximal in 𝑆1 (𝑅), or (3) Player 𝑀 has one payoff in 𝑓 ⇔ and this is 1001

their only payoff in u(𝑅). In each case, we show that the only valid ε̂𝐿 is the identity, and therefore 𝑄 admits no strict payments SPI. 1002

As usual, each point in 𝑂⇔ must be a fixed point of ε̂ and hence ε̂𝐿 . In case (1), each of Player 𝑀’s payoffs in 𝑓 ⇔ must be a fixed point of ε̂𝐿 1003

and the only positive affine ε̂𝐿 with multiple fixed points is the identity. In case (2), 𝑂⇔𝐿 is a fixed point of ε̂𝐿 and there are 𝑂𝐿 ↓ 𝑓 both strictly 1004

greater than and less than 𝑂⇔𝐿 . The only positive affine ε̂𝐿 with 𝑂⇔𝐿 as a fixed point and which doesn’t have ε̂𝐿 (𝑂𝐿 ) < 𝑂𝐿 on either side of 𝑂⇔𝐿 is the 1005

identity. Finally, In case (3), 𝑂⇔𝐿 must be a fixed point of ε̂𝐿 and Player 𝑀 has no other payoffs in u(𝑅), so again ε̂𝐿 is the identity on u(𝑅). ⊋ 1006

THEOREM 4. It can be decided in polynomial time via linear programming whether a game 𝑄 admits a payment token game isomorphism 1007

SPI. Furthermore, min-linear objectives over such SPIs can be optimized efficiently. 1008

PROOF. We construct a linear program which directly encodes the problem of finding or optimizing over valid ε̂. Our LP is substantially 1009

simpler than that of Theorem 2 because feasibility of token payoffs under payments is determined entirely by a social welfare bound, so no 1010

auxiliary distribution variables are needed. 1011

Its only variables are𝑋𝐿 and 𝑌𝐿 corresponding to the parameters of each ε̂𝐿 (𝑂𝐿 ) =𝑋𝐿𝑂𝐿 + 𝑌𝐿 for each player 𝑀. The payoff profiles 𝑂 𝑋 , which 1012

we index 𝑂1, . . . , 𝑂𝑊 , are inputs to the LP and constitute the set of payoff profiles in u(𝑅). 1013



Maximize
∑
𝑆 𝐿 ↓𝑉

∑
𝐿↓ [𝑀]

(𝑋𝐿𝑂
𝑋
𝐿 + 𝑌𝐿 → 𝑂 𝑋𝐿 )

Subject to:
𝑋𝐿 ⇐ 0 for all 𝑀 ↓ [𝑃]
𝑋𝐿𝑂

𝑋
𝐿 + 𝑌𝐿 ⇐ 𝑂 𝑋𝐿 for all 𝑀 ↓ [𝑃], 𝑔 ↓ [𝑕]∑

𝐿↓ [𝑀]
(𝑋𝐿𝑂

𝑋
𝐿 + 𝑌𝐿 ) ⇑ SW𝑁𝑂𝑃 (𝑄) for all 𝑔 ↓ [𝑕]

It’s easy to see that the program is linear; recall that the payoff profiles 𝑂 𝑋 are parameters of the problem / inputs to the program. The LP has1014

𝑖 (𝑃) variables and 𝑖 (𝑃 · 𝑕) constraints, each of which are polynomial in the instance size, so the problem can be optimized in polynomial time.1015

The LP essentially directly encodes the constraints and optimizes over ε̂. The first set of constraints ensures that each ε̂𝐿 is (weakly) positive1016

affine. The second set of constraints ensures that ε̂ is weakly Pareto improving on each 𝑂 𝑋 . The final set of constraints ensures that the total1017

social welfare of the token payoff corresponding to each 𝑂 𝑋 does not exceed SW𝑁𝑂𝑃 (𝑄), which is necessary and sufficient for feasibility with1018

payments. This suffices for feasibility because the constraint that the social welfare of each token payoff is at least the minimum social welfare1019

in 𝑄 is already implied by the constraint that ε̂ be weakly Pareto improving on each 𝑂 𝑋 .1020

Now, we claim that a game 𝑄 admits a payment token game isomorphism SPI if and only if the optimal value of the LP is strictly greater1021

than 0. The objective value of the LP is exactly the sum over players and payoff profiles of ε̂𝐿 (𝑂 𝑋𝐿 ) → 𝑂 𝑋𝐿 , i.e. the total social welfare gain across1022

all payoff profiles from the SPI. Since each term is non-negative (by the Pareto-improving constraints), the objective is strictly positive if and1023

only if the ε̂ is strictly Pareto improving.1024

The only remaining subtlety is that our program requires only that𝑋𝐿 ⇐ 0, but valid utility correspondence functions must be strictly positive1025

affine. As in the proof of Theorem 2, the space of valid ε̂ is convex, and the identity utility correspondence is always feasible (though it is not a1026

strict SPI). Therefore, if the LP finds a solution corresponding to a ε̂ with some 𝑋𝐿 = 0, we can construct a valid ε̂↔ (𝑂) = (1 → 𝑎)ε̂(𝑂) + 𝑎𝑂 for1027

small 𝑎 > 0. This ε̂↔ has all𝑋𝐿 ⇐ 𝑎 and is still strictly Pareto improving if ε̂ is. Moreover, the convex combination preserves feasibility because1028

if
∑

𝐿 ε̂𝐿 (𝑂 𝑋𝐿 ) ⇑ SW𝑁𝑂𝑃 (𝑄) and
∑

𝐿 𝑂
𝑋
𝐿 ⇑ SW𝑁𝑂𝑃 (𝑄), then

∑
𝐿 ε̂

↔
𝐿 (𝑂

𝑋
𝐿 ) ⇑ SW𝑁𝑂𝑃 (𝑄). Hence, we’ve successfully reduced deciding the existence of1029

a payment token game isomorphism SPI to checking the optimal objective value of the LP, which can be done in polynomial time, as desired.1030

Optimization: Consider a game 𝑄 and a min-linear objective defined by a set of linear functions 𝑘 = {𝑙 1, . . . , 𝑙 |𝑌 | }, where each 𝑙 𝑎 is a linear1031

function of variables of the form ε̂𝐿 (𝑂 𝑋𝐿 ) or ε̂𝐿 (𝑂 𝑋𝐿 ) → 𝑂 𝑋𝐿 for 𝑂 𝑋 ↓ u(𝑅) and 𝑀 ↓ [𝑃]. Let 𝑚 𝑎
𝐿 (𝑂 𝑋 ) denote the coefficient on ε̂𝐿 (𝑂 𝑋𝐿 ) in 𝑙 𝑎 , and let1032

𝑚̃ 𝑎
𝐿 (𝑂 𝑋 ) denote the coefficient on ε̂𝐿 (𝑂 𝑋𝐿 ) → 𝑂 𝑋𝐿 in 𝑙 𝑎 .1033

We construct an LP with the same feasibility constraints as above, but replace the objective with a new variable 𝑗 and add constraints that1034

𝑗 ⇑ 𝑙 𝑎 for each 𝑜 ↓ [|𝑘 |]:1035

Maximize 𝑗

Subject to:
𝑋𝐿 ⇐ 0 for all 𝑀 ↓ [𝑃]
𝑋𝐿𝑂

𝑋
𝐿 + 𝑌𝐿 ⇐ 𝑂 𝑋𝐿 for all 𝑀 ↓ [𝑃], 𝑔 ↓ [𝑕]∑

𝐿↓ [𝑀]
(𝑋𝐿𝑂

𝑋
𝐿 + 𝑌𝐿 ) ⇑ SW𝑁𝑂𝑃 (𝑄) for all 𝑔 ↓ [𝑕]

𝑗 ⇑
∑
𝐿↓ [𝑀]

∑
𝑆 𝐿 ↓𝑉

𝑚 𝑎
𝐿 (𝑂 𝑋 ) (𝑋𝐿𝑂

𝑋
𝐿 + 𝑌𝐿 )

+ 𝑚̃ 𝑎
𝐿 (𝑂 𝑋 ) (𝑋𝐿𝑂

𝑋
𝐿 + 𝑌𝐿 → 𝑂 𝑋𝐿 ) for all 𝑜 ↓ [|𝑘 |]

Note that our LP is still linear: the 𝑚 𝑎
𝐿 (𝑂 𝑋 ) and 𝑚̃ 𝑎

𝐿 (𝑂 𝑋 ) are inputs to the program, so the last set of constraints are linear in the variables𝑋𝐿 , 𝑌𝐿 ,1036

and 𝑗 . Our program is also still polynomially sized, since |𝑘 | is polynomial. The subtleties regarding the positivity of𝑋𝐿 are dealt with in the1037

same way as above. ⊋1038

C PROOFS FOR SECTION 5 (TOKEN GAMES WITH OUTSIDE BETTORS)1039

THEOREM 5. Suppose an outside bettor assigns nonzero probability to some token outcome 𝑁 with SW(𝑁) < SW𝑁𝑂𝑃 (𝑄) and is willing to1040

pay a strictly positive amount for securities with a positive expected value under their beliefs. Then there’s an outside bettors token game SPI1041

on 𝑄 .1042

PROOF. This follows immediately from the assumption that the players sell the security for strictly more than zero. ⊋1043



THEOREM 6. Suppose for any game, there is an outside bettor who assigns strictly positive probability to all outcomes which are possible 1044

under the assumptions and pays a strictly positive amount for a security if and only if it has positive expected value under their beliefs. Then a 1045

token game SPI with outside bettors fails to exist if and only if 𝑄 is constant sum and all outcomes in 𝑅 \𝑅 have weakly lower social welfare 1046

than those in 𝑅. 1047

PROOF. Only If: Suppose the conditions do not both hold. If 𝑄 is not constant sum, some 𝑇 ↓ 𝑅 has SW(𝑇) < SW𝑁𝑂𝑃 (𝑄). If 𝑄 is constant 1048

sum but some outcome in 𝑅 \𝑅 has strictly higher social welfare, then every 𝑇 ↓ 𝑅 satisfies SW(𝑇) < SW𝑁𝑂𝑃 (𝑄). In either case, an outcome 1049

with sub-maximal social welfare exists in the reduced game 𝑅, and hence there is a token outcome 𝑁 for which the security has positive value 1050

when 𝑁 obtains. All outcomes in 𝑅 are possible under our standard assumptions, since all survive iterated elimination of strictly dominated 1051

strategies. Therefore, the security has strictly positive expected value and sells for a strictly positive price, yielding an SPI. 1052

If: Conversely, suppose 𝑄 is constant sum and all outcomes in 𝑅 \𝑅 have weakly lower social welfare than those in 𝑅. In this case, all token 1053

outcomes with positive probability under the standard assumptions achieve the maximum social welfare in 𝑄 , and hence the security pays out 0 1054

on all such outcomes. Therefore, the security has 0 expected value to a bettor who only assigns positive probability to outcomes possible under 1055

the assumptions, and no SPI exist. ⊋ 1056

THEOREM 7. Consider a game 𝑄 , and suppose an outside bettor with probability distribution 𝑒 over outcomes of 𝑄 is willing to purchase 1057

the security for its expected value under 𝑒. Then there is a token game SPI with outside bettors on 𝑄 in which the players’ expected social 1058

welfare (under this 𝑒) is equal to their maximum SW in the base game. 1059

PROOF. The players’ (total) expected payment to the outside bettor under 𝑒 is equal to the amount they sell the security for. In other words, 1060

the expected net payments, again under 𝑒 between the players’ and bettor is 0. Therefore, the players’ expected social welfare is equal to 1061

the (expected) social welfare of the strategy profiles used to realize the token outcomes, and by construction these strategy profiles are social 1062

welfare maximizing in the original game 𝑄 . ⊋ 1063
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