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ABSTRACT

Background: Automated design of multi-agent interactions with
desirable equilibrium outcomes is inherently difficult due to the
computational hardness, non-uniqueness, and instability of the
resulting equilibria.

Objectives and Research Questions: This work studies the in-
centive design problem, a mathematical program with equilibrium
constraints, where a designer has to learn a decision parameter for
a distribution of games, such that the resulting equilibria minimize
the designer’s loss in expectation. We are interested in tackling
this problem with the toolkit of gradient-based optimization and
machine learning.

Methods: We propose the use of game-agnostic differentiable equi-
librium blocks (DEBs) as modules in a novel, differentiable frame-
work to address a wide variety of incentive design problems from
economics and computer science. We call this framework deep
incentive design (DID).

Results: To validate our approach, we examine three diverse, chal-
lenging incentive design tasks: contract design, machine scheduling,
and inverse equilibrium problems. For each task, we train a single
neural network, using a unified pipeline and DEB. This architecture
solves the full distribution of problem instances, parameterized by
a context, handling all games across a wide range of scales (from
two to sixteen actions per player).

Conclusions: DID is a novel, versatile framework. By leveraging
DEBs to automatically differentiate through a game’s equilibrium
allows us to unlock the machine learning toolkit for a broad class
of challenging game-theoretic problems.
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1 INTRODUCTION

Game-theoretic equilibria provide us with the language to describe
and study multi-agent interactions. Many works have focused on
their computation and the respective complexity classes. In contrast,
from a policy-making perspective, we typically want to solve the
inverse problem of setting up the rules of a game to guarantee desir-
able equilibrium outcomes. In economics, for example, institutions
design taxes or markets with the aim of improving social welfare
or revenue at the anticipated equilibrium behavior. Similarly, as we
create agentic Als interacting with each other, our aim is to set up
incentives such that the resulting behavior is aligned with societal
welfare.

This fundamental problem of incentive design (ID) can be for-
malized as a mathematical program with equilibrium constraints
(MPEC) [65]. In the upper-level problem, an incentive designer se-
lects decision parameters € to minimize a loss function L. These
parameters 0 induce a general-sum normal-form game G. In the
lower-level problem the players face the induced G and respond by
playing an equilibrium (Eql) o*. This equilibrium in turn impacts
the designer’s loss L. Crucially, rather than solving a single, iso-
lated instance, we aim to learn a design policy that generalizes across
a whole class of problems, parameterized by a context w ~ Q. The
problem is thus learning 6, such that the induced games G(6; w)
yield equilibria ¢* that minimize the designer’s loss L4+ (6; ) in
expectation over w.

The Incentive Design Problem
meinEw~Q [Lo(0;0)] sit. 6" € EqI(G(0;w)) (ID)

As an example, the context w may define a base game B, and
the learnable parameter 6 defines a conditioned and possibly con-
strained perturbation § to induce the game G(6; w) = B(w)+5(0; w).
The loss function in this case may be negative welfare L5+ =
-2pa 0" (a)Gp(a; 0, w), where Gp(a; 0, w) is the payoff of each
player.

We focus on correlated and coarse correlated equilibria as the
lower-level constraints. It is a natural choice for a problem setting
where a central designer exists and can help correlate players’ strate-
gies. Moreover, mathematically, it allows us to select the unique
maximum-entropy equilibrium from the convex equilibrium set,
rendering this choice differentiable with respect to 6.

Recently, Marris et al. [67] and Liu et al. [64] presented two dis-
tinct approaches to train neural networks to map a wide spectrum
of normal-form games to their unique maximum entropy (coarse)
correlated equilibrium. Once trained, they allow the approximate
computation of the equilibrium’s derivatives in any game up to a
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Figure 1: Deep Incentive Design framework. Black (green)
arrows show the forward (backward) computation.

certain size. We thus refer to such networks as differentiable equi-
librium blocks (DEBs). In this work, we introduce the framework of
deep incentive design (DID), where we parameterize G(+; ) as a class
of (game-theoretically equivariant) neural networks, called mecha-
nism generators, and learn the network’s weights 6 to minimize the
expected loss over the possible distribution of the context w, which
is passed as input to the network. To achieve this, we compose the
mechanism generator with a pretrained DEB to evaluate L at the
predicted equilibrium ¢* and then backpropagate through the DEB
to train the generator weights 6. Our training pipeline is illustrated
in Figure 1.

Our Contributions. Our contributions are threefold:

e On a conceptual level, we introduce the DID framework, a
principled and general approach to solve (ID) by backpropa-
gating through a DEB.

e From a system perspective, we present a highly scalable,
modular and generalizable training pipeline. Our networks
are trained as mechanism generators: they take as input the
context w and can handle the whole class of problems in
Q instead of being retrained for individual contexts. The
networks have a game-theoretically equivariant architecture,
which (i) provides a strong inductive bias by respecting do-
main symmetries, (ii) enables principled dimensionality re-
duction, and (iii) allows the networks to train on games of
different shapes. Specifically, we train a single network for
all games of sizes ranging from 2X2 up to 16X16.

e Experimentally, we show the promise of DID by tackling
several well-studied and diverse problems from the litera-
ture, including multi-agent contract design [46], machine
scheduling [45] and inverse equilibrium problems [56].

2 RELATED WORKS

We situate our approach in the related literature and refer the reader
to Appendix B for an in-depth comparison.

2.1 Gradient-Based MPEC

Several works have studied gradient-based approaches to solve
MPECs. Generally these can be grouped into two approaches: those
using implicit differentiation, relying on the implicit function theo-
rem, and those using automatic differentiation, unrolling the com-
putational graph of some converging dynamics. Both approaches

rely on assuming a unique Nash equilibrium exists. Implicit differen-
tiation has been used to converge to unique Stackelberg equilibria
[38, 84]. Li et al. [59] study (ID) for a single, fixed context and
frame the lower-level equilibrium problem as a monotone varia-
tional inequality, which they solve with both implicit and automatic
differentiation. Extensions to this work have included distributed
algorithms [40], hierarchy-free two-timescale methods [58, 62, 66],
and using automatic differentiation to design congestion games
[60], mean-field games [21], and social-dilemmas [6, 7].

2.2 Differentiable Economics

Mechanism design has been described as “inverse game theory”. It
is concerned with designing the rules of a (Bayesian) game, specifi-
cally the allocations and payment rules, such that the players truth-
fully reveal their private preferences and the designer maximizes
social welfare or revenue.

Conitzer and Sandholm [19, 20] were the first to propose au-
tomated mechanism design, i.e. the (computational) design of a
tailored mechanism to the specific problem. More recently, Diit-
ting et al. [33] introduced differentiable economics, using neural
networks to parameterize an auction mechanism. The network
takes as input the bids and outputs the payments and allocations.
Some constraints, such as payment non-negativity and allocation
feasibility are hardcoded in the architecture, others such as strate-
gyproofness are enforced via a Lagrangian penalty. Several works
have since proposed improved training pipelines and architectures
[23, 24, 31, 32, 50, 76, 81, 85]. We refer to Curry et al. [22] for a
comprehensive survey of the field.

2.3 Reinforcement Learning and Incentive
Design

The problem of incentive design has been studied in the context of

reinforcement learning with respect to designing rewards in MDPs

[16-18, 78, 82] and Markov games [11, 13, 39, 48].

Curry et al. [25], Zheng et al. [87] proposed the idea of an Al
economist, where multi-agent RL is used to simulate an economy
and its outcomes under different tax policies. These approaches
take a descriptive approach, using heuristics mimicking human
behavior without equilibrium guarantees.

3 PRELIMINARIES
3.1 Game Theory and Equilibria

In this work, we study the design of N-player normal-form games.
Each player p has an action space Aj. Players choose their action
simultaneously, resulting in the joint action a = (ay,...,an) €
]_[12]=1 Ap = A. We denote by a_, the actions of all players, except
p. A joint action a yields a payoft Gy, (a) for player p. We use G to
refer to the game defined by the payoffs (Gi, ..., Gp). A distribution
o(a) over actions is called a joint strategy or simply joint. In case
players choose actions independently, the joint factorizes as o(a) =
HIJ;]: 1 0p(ap) into the players’ marginals. For a given joint o, each
player receives the expected payoft ¥ ,c # 0(a)Gp(a).

The solution concept of G is a joint ¢*, from which broadly
speaking no player has an incentive to deviate. If any unilateral
deviation gives a player at most an ¢ gain in expected payoff, o™ is



called an e-equilibrium. If ¢ = 0, we simply call 6™ an equilibrium. In
this work, we discuss three equilibrium concepts, which are gradual
generalizations of each other.

o is an e-correlated equilibrium (e-CE) [2], if no player achieves
more than an ¢ gain in expected payoff by deviating to any action
a},, after having received a recommended action a}/, drawn from ¢*.
More formally, 6* € e-CE(G), if for all p € [1, N, a;, € Ap, a},’ *
a;, € Ap:

Z 0'*(a",a_P)[Gp(a;,, a-p) - Gp(a;;,a_p)] <e.
aceA_p

(e-CE)

In case players can only choose to deviate before observing the
recommended action, we call ¢* an &-coarse correlated equilibrium
(6-CCE) [70]. Formally, o* € ¢-CCE(G), if for all p € [1,N], a;, €
Ap:

> 0(a)[Gp(a),a—p) - Gpla)] < e.

aceA
Both equilibrium notions require a common source of randomness
to act as a coordination mechanism. This need not be an explicit
signal, but could be a shared history of play. In fact, in a repeated
game setup, no-regret learning algorithms, such as regret matching,
use this history to provably converge to the set of (coarse) correlated
equilibria, further motivating their use in this work [41].

A (C)CE is also a Nash equilibrium (NE), if it further holds that the
joint can be written as the product of independent player marginals,
i.e.if the players choose their actions independently. Note that NE C
CE C CCE and ¢1-(C)CE C ¢2-(C)CE for €1 < &2. As every normal-
form game has a NE [72], it follows that none of the equilibrium sets
is empty. Further note that the set of ¢-(C)CEs always is a convex
polytope, which is generally not true for NEs, with the exception of
two-player constant-sum games when ¢ = 0. Our DID framework
requires the equilibrium set being a convex polytope. However, the
approach works analogously for e-CEs and e-CCEs.! We therefore
write £-Eql(G) to denote the convex equilibrium polytope of G for
statements that hold equivalently for both ¢-CEs and e-CCEs.

While the NE is often used in the literature, it is not suitable for
our purposes. In particular, there are several obstacles to tackling
(ID) with Nash constraints via gradient-based optimization. These
include the computational hardness [27], the multiplicity of NEs
and that for general-sum games the set of NEs is not necessarily con-
nected. To add to that, as we vary 0 certain connected components
of the NE set may disappear and new ones appear [55].

(e-CCE)

3.2 Incentive Design

Incentive design refers to the problem of designing games or game
interventions with the goal of minimizing some upper-level loss
that depends on the resulting game’s equilibria. It is a fundamental
problem capturing many strategic interactions, where a leader acts—
or commits to act—before a set of followers, and was first studied
by Stackelberg [79] in the context of duopolies.

In our setup, there is a designer that controls a continuous pa-
rameter 0 € R? for some d € N. The designer’s objective is to
minimize the expected loss E,,~q [ L5+ (0; )] over the context w,

IDID could also be extended to implementing other equilibria, as long as their equilib-
rium set is a convex polytope, such as communication equilibria or Bayes-correlated
equilibria.

drawn from a distribution Q. The loss depends on 6, w, and ¢*.
The latter is the equilibrium solution of a general-sum normal-form
game G(0; ), whose payoffs Gy (a; 0, ) are parameterized by both
the decision variable § and the drawn context w. The designer thus
needs to learn a € such that, in expectation over w, the players
playing the induced games G(6;w) are incentivized to play the
designer’s desired joint. The resulting MPEC is written down in
Equation (ID).

For notational brevity we drop the dependence of ¢* on w and
0 throughout this paper. We assume that the function L4 (0; ) is
differentiable with respect to both the decision parameter 6 and a
given joint strategy o for all .2 We further assume that the payoffs
Gp (a; 0, w) are differentiable for all a and w with respect to 6.

4 DEEP INCENTIVE DESIGN

In this section we formalize our framework. We show that we can
select a unique and differentiable equilibrium from the ¢-Eql set.
The differentiability is pivotal, allowing us to cast (ID) as a machine
learning problem.

4.1 Differentiating through the Equilibrium

In this work, we use ¢-Eql(G) as the lower-level solution concept.
It is a natural choice as the incentive designer can serve as a coordi-
nation mechanism for the players. Moreover, this choice yields two
advantages. First, the polytope’s constraints are linear functions of
the payoffs and thus of 6. Second, the set is convex, allowing us to
define a strongly convex equilibrium selection function to choose
a unique o* € ¢-Eql(G), such that the choice is locally Lipschitz
continuous and thus differentiable almost everywhere with respect
to 0 for € > 0.3 In this work, we choose the unique maximum-
entropy equilibrium e-ME-Eql(G(6; w)). This is motivated by the
established theory on efficiently computing maximum-entropy
equilibria [67, 75]. Following this approach we can reformulate
(ID) in a more tractable form as

mei’n Ep [Lo+(0; 0)] s.t. 0" = e-ME-Eql(G(0; ®)), (e-ME-ID)

where ¢-ME-Eql(G(6;w)) is the unique solution to maxs H(o)
sto € e-Eql(G(8;w)) and H(o) = — 3, o(a) log(o(a)).

We established that the derivative % exists if we choose

*

o = e-ME-Eql. By the chain rule, this implies the existence of
AL+ (0:0) AL+ (0:0) 0Lox (8:0) do*  dG(B:)
T do 90 dc*  dG(Ow)  do

Using the e-ME-Eql ensures we can differentiate through the
lower level of (e-ME-ID) and enables us to use gradient-based opti-
mization. However, computing the gradients exactly would require
differentiating through a convex program with the constraints from
(e-CCE) respectively (¢-CE), which is impractical for large problems.
Moreover, there should be some generalization between the differ-
ent contexts without having to rerun the optimization algorithm.
This motivates a machine-learning based approach.

,which is equal to +

2Note we do not directly assume that the function is differentiable with respect to
the equilibrium joint o, as this also varies with 6. Instead, we show this explicitly in
Section 4.

3The inequality is strict. For £ = 0 the set Eql may be a single point on the face of the
simplex and not differentiable in 6. For € > 0, the differentiability almost everywhere
follows from Rademacher’s theorem.

4dG(6; w) is short for the change in payoffs (Gy, ..., Gn).

'S



4.2 Incentive Design with Neural Networks

Having established the differentiability of £, we can cast (e-ME-ID)
as a machine learning problem. We parameterize the function w —
G(8; w) as a neural network with weights 6. We will refer to this
network as the mechanism generator. This emphasizes that we do
not learn a single mechanism to tackle a single task, represented by
a single context. Instead, we train the network to learn the optimal
game interventions for all w € Q.

In order to train a mechanism generator, the network architec-
ture requires a DEB that computes ¢* = ¢-ME-Eql(G(0; w)) on
the forward pass and % on the backward pass. As mentioned
in Section 1, both Liu et al. [64] and Marris et al. [67] have pre-
sented different approaches to train such DEBs for computing the
e-ME-Eql of any given game G using an equivariant neural net-
work architecture. They were able to solve very large normal-form
games up to sizes of 64x64 for two players and 16x16x16 for three
players. While their work showed impressive results in the forward
computation, the potential of backpropagating through their net-
works to approximate de(+w) has been unexplored. Indeed, it is a
priori unclear whether the gradients of these DEBs are sufficiently
well-behaved to be useful for solving (e-ME-ID) at scale.’

Figure 1 illustrates our DID pipeline, which composes the mech-
anism generator and the differentiable equilibrium oracle. The
mechanism generator takes as input a batch of contexts ol ..., B
and outputs the induced games G(0; ol),...,G(8;wP), which are
passed through the DEB to evaluate the minibatch loss. On the
backward pass, we backpropagate through the DEB to train the
mechanism generator’s weights §. The DEB’s weights are fixed, as
it is pre-trained on predicting the e-ME-EqL

To summarize, with our DID framework and the use of DEBs,
we are able to reduce the difficult game-theoretic problem (ID) to
a standard optimization problem, amenable to the rich toolkit of
machine learning. Notably, having a neural network trained across
the whole context space Q has two advantages over gradient-based
optimization for a fixed context: (i) once trained, we can tackle
many problems in parallel and quickly as the forward pass takes
only O(|A|) instead of having to rerun the optimization algorithm,
and (ii) for any fixed w, (¢-ME-ID) is generally a nonconvex problem
and gradient-based approaches easily get stuck in bad local minima.
Using neural networks with high-dimensional parameter spaces
and their ability to generalize between settings helps with escaping
some of these bad local minima.

5 EXPERIMENTAL RESULTS

In this section, we describe the setup and performance of DID on
three hard problems from the literature: (i) multi-agent contract
design, (ii) inverse equilibrium problems, and (iii) machine schedul-
ing.

5This higher-order approximation problem of neural networks is well-documented
in the literature and has led to novel training approaches such as Sobolev Training,
using ground-truth gradients to improve the networks first-order approximations
and sample efficiency [26]. However, in our setting ground-truth gradients are not
available or too expensive to compute.

5.1 Network Architecture

For two of the three experiments—-the inverse equilibrium and ma-
chine scheduling problems—the mechanism generators take as input
the initial payoffs and output perturbed payoffs of the same shape
[N, |Al,...,|ANI].® These are of size N ngl |Ap|, presenting
a challenge for training on large games. Fortunately, the game-
theoretic maps we are trying to learn have many equivariances.
A function is equivariant to a permutation 7 if it commutes with
it, i.e. f(r(x)) = z(f(x)). In our case, any permutation of either
the players or their action spaces in the input payoffs should also
commute with the map G(0;w), i.e. G(0;w) is equivariant with
respect to these permutations. Building a network architecture that
respects these equivariances gives the network a strong inductive
bias, as every input represents all possible N! Hg:1(|ﬂp|!) per-
mutations of itself. As outlined below, an equivariant architecture
also massively reduces the number of trainable parameters in the
network, resulting in a more scalable training pipeline.

Our mechanism generators are built using variations of the fol-
lowing fundamental equivariant layer. In our experiments the data
consists of a channel dimension C and a set of equivariant dimen-
sions (such as the player dimension of size N or the players’ strategy
dimensions of size |Ap|). To preserve these equivariances, we ap-
ply I pooling functions ¢;, whose output is concatenated along
the channel dimension before being passed through a linear layer
and an activation function f. The weights w of the linear layer are
shared between all points in the equivariant dimensions. At layer
[, they just depend on the Cj,; output channels and the IC; input
channels. Therefore, the number of parameters depends neither
on N nor on |[Ap|, but only on the selected number of channels
C1,...,Cr and pooling functions I, where L is the number of layers.
Moreover, the networks can handle games of different sizes, allow-
ing for even greater generalizability. The output gy, (cj41,...) of
the I+1-th equivariant layer can be recursively expressed as

C I
FID0 D wlen e dgilgi(er, ) +blep) |

c=1i=1
For the contract design problem, the rationale is akin to above.
The main difference is an additional equivariance with respect to
permutations of the outcomes, resulting in an additional set of
pooling functions applied along the outcome dimension. The exact
architectures and training pipelines are described in Appendix A.

5.2 Experiment Setup

In our experiments, we solved (e-ME-ID) with both e-ME-CE and ¢-
ME-CCE as the lower-level solution concept, where ¢ = 0.01. Across
all experiments we used the same two DEBs, one for computing
the e-ME-CCE and one for the e-ME-CE, following the approach
of Marris et al. [67]. The DEBs were trained to handle game sizes
between 2x2 and 16x16.

For all experiments, we evaluated the loss both at the approxi-
mate e-ME-Eql computed from the DEB and the exact equilibrium
(up to a tolerance) computed with the ECOS solver [29] using cvxpy
[1, 28] with default tolerances. This allows us to measure the errors

®In these cases, the context is equal to the initial payoffs. The details can be found in
Sections 5.4 and 5.5 and Appendix A.



from the DEB. Furthermore, we also compute a “polished” (local
optimum) solution found using scipy’s [83] Nelder-Mead method
[73], initialized from the solution found by our approach. This
method alone cannot identify a globally optimal solution in the
high-dimensional parameter space. However, initializing it from
the found solution allows us to quantify the local improvement
missed by DID and serves as an approximate local upper bound.

5.3 Multi-Agent Contract Design

Multi-Agent Contract Design was introduced by Holmstrom [46].
Consecutive works focused on the complexity of implementing
equilibria in multi-agent contracts under different assumptions
such as linear contracts or binary vs. general action spaces Babaioff
and Winter [3], Cacciamani et al. [12], Castiglioni et al. [15], Diitting
et al. [34, 36]. Recently, Diitting et al. [35] introduced a model of
multi-agent contract design where the lower-level problem is a
(coarse) correlated equilibrium, similar to the e-ME-Eql solution
concept we use in this work. Despite the great economic interest
in contract design, we are not aware of existing, implementable
algorithms for the multi-agent case, underlining the promise of
DID.

In multi-agent contract design we consider a set of agents N,
who are playing a normal form game with costs ¢, where each agent
incurs a cost ¢y (a) for the joint action a. a is mapped to an outcome
o € O, via a transition probability P(o|a). The outcome is observed
by the principal who receives a payoft of W (o). Together the tuple
of costs, transitions and principal payoffs defines the context of the
multi-agent contract design problem. We write w = (¢, P, W) and
use the superscripts ¢, P“, W, when referring to the costs, tran-
sitions or payoffs of a specific context w. To increase the expected
payoff, the principal offers a positive payment’, called a contract
Up(o; 0, w) € Rx to each agent, contingent on the observed out-
come. Importantly, the principal cannot directly observe the agents’
actions nor condition contracts on these, which is referred to as
moral hazard. The agents aim to maximize their expected payoff
Gp(a;0,0) = 3, P?(0la)vp(0;0,w) - c;‘,)(a) in the induced game
G(0; w), whereas the principal aims to maximize the payoff minus
the total contracts paid Y, P*(o|a) (W“ (o) — 2pUp (0; 6, w)) Fol-
lowing Ditting et al. [35], who consider (C)CEs, we are using the
unique e-ME-Eq] as the lower-level solution concept.® Our multi-
agent contract design problem can thus be formulated as an instance
of (¢-ME-ID) as follows:

Eg~o* o~pe [(Ww(o) - Z vp(0; 9,&)))”
P

s.t. 0 = e-ME-Eql(G(6; w)).

m(slx]Ew

Consider the contract design problem illustrated in Figure 2 as
an intuitive example. There are two players “Alice” and “Bob”, who
are siblings and tasked to set up a Christmas tree. They each have

"The fact that the contract designer can only give but not take money away from
agents is referred to as limited liability.

8The e-ME-Eql corresponds to the point of the £-Eql polytope closest to the center of
the probability simplex. The principal’s utility is a linear function and thus maximized
at the vertices. The e-ME-Eql thus never presents the most optimistic estimate of the
principal’s utility in the induced game, making the solution more robust to players
playing other joints in the -Eql set.

two actions, they can either help or not help set up the tree and
will incur costs depending on their exerted efforts. Their choices
stochastically lead to one of three outcomes: (i) the tree is set up
if they either both helped or with a 50% chance if one helped, (ii)
the tree is set up wrong and burns down with a 50% chance if only
one child helped, and (iii) no tree is set up if no one helps. The
father prefers the tree being set up over not being set up over the
tree burning down. Importantly the father comes home and will
not know who helped and who did not, i.e. he cannot observe the
joint action a. He can only observe the tree, i.e. the outcome o and
promise to pay his children contracts contingent on the observed
outcome.

To train our mechanism generator for square two-player games,

we sample the size of the action space uniformly from {2x2, ..., 16x16},

the number of measurable outcomes uniformly from {2,..., 10},
the transitions from joint actions to outcomes from a Dirichlet
distribution with a = 0.1, the principal payoffs W (o; -) uniformly
from the interval [-5,5] and the agents’ cost from the interval
[—4,0]. Note that, in contrast to the other two experimental set-
tings, there are three inputs ¢, P, W with respective shapes
[N, A4, .. JANIL (1A, - - -, | AN, O], [N, O]. These are broad-
casted and concatenated along the channel dimension to yield an in-
put of shape [3, N, |A1],...,|An|, O]. Nonetheless, the outputted
contracts will be of shape [N, O], requiring the use of different
equivariant layers that at some point collapse the player and ac-
tion dimensions. The details of this architecture can be found in
Appendix A.

To evaluate the mechanism generator, we calculate the change
in expected principal utility defined as

Ey,0~p |Ea~o* [(Ww (0) - vap(OS 9,03))]

“Ego | (WO (0) = Zptp(030,0)) | ]

where ¢ is the e-ME-Eql under the game induced by the learned
contracts vy (+; 6, ) and o is the e-ME-Eql under the initial game
with costs ¢ and no contracts offered. For each game shape in
{2x2,...,16%x16} and number of outcomes in {2, ..., 10} we eval-
uated 8 randomly generated games. We then locally polished the
solutions using 400 function evaluations. Our results can be found in
Table 1a. For both CEs and CCEs, the learned 6 produces contracts
that significantly improve the principal’s utility over no interven-
tion. While the found contracts perform well when evaluated under
the DEB, we see a decrease in performance when evaluating with
the exact solver (ECOS). This shows that the mechanism generator
may be utilizing inaccuracies in the DEB. This could be ameliorated
in future works by continuously training the DEB with the games
generated by the generator. In all settings, except the CE being eval-
uated with ECOS, we see that the DID solution can be improved
locally by no more than a factor of roughly 2.

5.4 Inverse Equilibrium Problems

Traditionally, there has been much attention on computing the
equilibrium of a given game. However, there is the challenging
inverse problem of coming up with a game that implements the
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Figure 2: A simple example of a contract design problem with action space 2x2 and 3 outcomes.

Table 1: Experimental results. We report results for our ap-
proach (DID) and with and without local polishing (+Local)
to give an approximate ceiling on the optimal local perfor-
mance missed by DID. We also evaluate at the equilibrium
computed by the DEB and ECOS to measure discrepancies
from the DEB.

(a) Contract Design. Average change in principal utility from the
generated contracts and the percentage non-harmful interventions
(= -107%) in parentheses.

DID +LocAaL
(DEB) (DEB)

CE |0.25(79%) 0.51(97%)
CCE | 0.33 (83%) 0.59 (98%)

DID +LocAL
(ECOS) (ECOS)

0.05 (52%) 0.29 (93%)
0.20 (75%) 0.52 (97%)

EoqL

(b) Inverse Equilibrium. Average KL distance between the generated
payoffs and the target joint. We include a naive baseline (Uni) of the
KL distance between the uniform joint to the target joint to ground
the numbers.

DID +LocaL
(DEB) (DEB)

DID +LocaL
(ECOS) (ECOS)

CE ‘ 0.056 0.024‘ 0.175 0.133 ‘ 0.400

EoL Un1

CCE | 0.043 0.013 0.071 0.028 | 0.400

(c) Machine Scheduling. Average change in expected makespan
(lower is better) from the generated taxes and the percentage of
non-harmful interventions (< 10™%) in parenthesis.

EoL DID +LocAL DID +LocAlL

(DEB) (DEB) (ECOS) (ECOS)
CE -0.339 (88%)  -0.408 (100%) | -0.096 (57%)  -0.352 (75%)
CCE | -0.211(99%)  -0.240 (100%) | -0.050 (84%) -0.077 (97%)

desired equilibrium. This can be equivalently framed as rational-
izing observed equilibrium behavior by defining suitable payoff
functions and has been studied by Kuleshov and Schrijvers [56]
and Bestick et al. [9] using linear programming approaches. Waugh

et al. [86] focused on learning utility functions from stochastic ob-
servations of equilibrium behavior. A similar approach was taken
by Syrgkanis et al. [80] to learn the bidders’ values from observing
bids in different auctions.

Here we are interested in the following variant of the prob-
lem. Given a target equilibrium ¢, which defines the context w,
generate a game G(6;w), such that its e-ME-Eql minimizes the
KL divergence to 0. Such problems that aim to compute game-
theoretic equilibria, which are anchored to learned policies from
(potentially human) expert behavior are critical for many diverse
ML applications as e.g. they can be used to discover near-optimal
game play that is also interpretable and natural [5, 51, 57, 69, 71].
This problem can be formulated as an instance of (e-ME-ID) as
follows:

mginEwNQ [KL(c*||0”)] s.t. 0% = e-ME-Eql(G(6; w)).

To train the mechanism generator for this task we sample the
joint action space A uniformly from {2x2,...,16x16} and joint
targets o, uniformly from the simplex AMI=1 The loss com-
puted is KL(c*||0,) +A||G(8; w) —TI(G(8; ))||%. Here I1(G) is the
equilibrium-invariant embedding of G [68]. This means ||II(G)||2 =
1 and Za,, II(G)p(ap, a—p) = 0. Note that both of these operations
do not change the equilibrium set as long as the target ¢ is scaled by
the same factor as the payoffs. The penalty term thus only serves
to enforce a standardized output format by decreasing the degrees
of freedom. As it evaluates to zero on a subset of the possible out-
puts with minimum KL divergence it should not compromise the
performance of the neural networks.

We evaluate on 8 samples for each game with shape in {2x2, ..., 16x16}

and report the average over all contexts. Due to the increased di-
mensionality of the search space, we polish using 4,000 function
evaluations. The results can be found in Table 1b. The average KL
divergence of our approach significantly outperforms the naive
benchmark of outputting a constant game with the uniform joint
as e-ME-Eql. As before, there is some room for improvement if we
polish the solution using a local optimizer. Unsurprisingly, we also
see reduced performance when evaluating under ECOS, highlight-
ing the approximate nature of the DEB. Note that for 2x2 games,
we can identify the joint strategy space with A% and thus plot our
results on the simplex. Figure 3 illustrates two sampled targets o,



the e-Eql polytope of the generated game G (6, w) and the resulting
&-ME-Eql o, which nicely matches the target.

DR

Figure 3: 0 is plotted in cyan, the 0.01-ME-CCE in magenta.
The red polytope corresponds to the 0.01-CCE set. The un-
derlying game is between a row player with actions Up and
Down and a column player with actions Left and Right. The
four vertices represent the four deterministic joint actions.
Figure was produced with a smaller network trained on 2x2
games.

5.5 Machine Scheduling

The game-theoretic foundations of scheduling jobs to machines
have been studied by Heydenreich et al. [45] and Immorlica et al.
[49]. The problem captures many real-world applications, such as
fair load balancing of users to wireless access points [8], optimizing
performance for content multihoming [63], and multiprocessor
scheduling [77]. More recently, it has been revisited in the context
of routing prompts to different LLM models [14, 47, 53, 74].

Here we study the following variant. There are N players and M
machines. Each player p has a job and as an action ap € {1,..., M}
can choose which machine to submit the job to. Each job-machine
pair has an associated completion time t, ;. If multiple players
schedule to the same machine, the jobs get resolved in random
order. The expected utility uy (a) is given by the negative expected
completion time, —tp,q, — % 2y #p.ay=aplp’.ap: The context w is thus
equal to the sampled job times ¢ and we again use the superscript
t? to refer to a specific draw.

We consider an incentive designer that wants to minimize the
maximum makespan of the machines given by max; Zp:a,,: i t;f it
We assume the designer can levy taxes s, (a; 6, w) > 0 on the agents,
i.e. positive transfers from the agents to the designer, but wants to
keep these minimal. The designer thus induces a game G (6, w) with
payoffs Gp(0; w) = up(a; ®) — sp(a; 0). Formulating the machine
scheduling problem as an instance of (¢-ME-ID) yields

. * © . 2
mino-q| Do @max D, 1 = Als(@:o)l
pap=j
st. ¢ = e-ME-Eql(G(6; w)),
where the last term in the upper level serves as regularization to
limit the tax magnitude.

In our experiments, we sampled the job times ¢, ; ~ Lognormal (0, 0.5)

and the number of machines uniformly from {2, . . ., 12} resulting in
games of sizes between 2x2 and 12x12. To train our mechanism gen-
erator, we used as input the utility matrix [u1(-; w),.. .,up(~; )]

with batch size 64 instead of the sampled job times. The reason is
the utilities also contain the necessary contextual information but
are of the same shape as the outputted taxes and thus more compat-
ible with our equivariant architecture. To evaluate our algorithm
we measure the change in makespan

Ey-0 ; " (a) mjf;lxz tpj— Z °(a) m]gixz tp.jls

piap=j a pap=j

where ¢° is the e-ME-Eq] of the original game with sp(a;0,w) = 0.
The results can be found in Table 1c. We see that our mechanism
generator, for the vast majority of sampled contexts outputs taxes,
which decrease the makespan and that the decrease outperforms the
benchmark in expectation. The small room for improvement when
polishing (4,000 function evaluations) shows our method performs
well. However, as before, evaluating under the ECOS distribution
reduces performance.

6 CONCLUSION

In this work, we introduced deep incentive design (DID). It is a
framework for solving mathematical programs with equilibrium
constraints (MPECs), based on backpropagating gradients through
differentiable equilibrium blocks (DEBs). By exploiting the differ-
entiability and convexity of the ¢-(coarse) correlated equilibrium
polytope, we can train networks to predict the unique e-maximum-
entropy equilibrium of normal form games up to large scales and
easily compute the gradients of these equilibria. Thereby, we unlock
the whole toolkit of machine learning and gradient-based optimiza-
tion to tackle the large class of relevant and hard game-theoretic
incentive design problems.

Section 5 illustrated both the success of our approach on three
diverse tasks and more importantly how easily it can be adapted
to different problems. Indeed, with one single DEB (per desired
solution concept), one fundamental type of equivariant layer, and
a unified training pipeline with many fixed hyperparameters, we
were able to train mechanism generators for three different prob-
lems, which themselves generalized across many game sizes and
contexts. Given this generalizability, we anticipate that DID will be
useful across the multi-agent community in tackling a wide array
of problems with equilibrium constraints.

DID is a versatile framework that does not rely on specific so-
lution concepts or architectures and opens several promising fu-
ture research directions to complement our work. One example
is extending DID to different equivariant architectures, such as
transformers, or running it while continuously training the DEB
to avoid adversarial examples. Another is improving the scalabil-
ity. The computation currently scales linearly with the game size
Hg]: 1 [Ap|, which limits the number of feasible players. There-
fore, studying our approach with succinct game representations,
such as polymatrix games, could help scale to even larger strate-
gic interactions. We are confident DID can be extended to such
games with minor architectural adaptations. Another important
research avenue is incentive design with equilibrium constraints.
Hard constraints on fairness or welfare for example are particularly
important if DID is to be implemented in the real world and should
be straightforward to add to our framework. In general, we look



forward to future applications of DID to other diverse problems
with setting-specific DEBs, architectures and constraints.

Vincent Conitzer and Tuomas Sandholm. 2004. Self-interested automated mech-
anism design and implications for optimal combinatorial auctions. In Proceed-
ings of the 5th ACM Conference on Electronic Commerce (New York, NY, USA)
(EC °04). Association for Computing Machinery, New York, NY, USA, 132-141.
https://doi.org/10.1145/988772.988793

REFERENCES o

[1] Akshay Agrawal, Steven Diamond, and Stephen Boyd. 2019. Disciplined geomet-
ric programming. Optimization Letters 13, 5 (2019), 961-976.
[2] Robert]. Aumann. 1974. Subjectivity and correlation in randomized strategies. [22

Nathan Corecco, Batuhan Yardim, Vinzenz Thoma, Zebang Shen, and Niao He.
2025. Scalable Neural Incentive Design with Parameterized Mean-Field Approxi-
mation. arXiv:2510.21442 [cs.GT] https://arxiv.org/abs/2510.21442

Michael Curry, Zhou Fan, Yanchen Jiang, Sai S. Ravindranath, Tonghan Wang,

Journal of Mathematical Economics 1, 1 (March 1974), 67-96. https://doi.org/10
.1016/0304-4068(74)90037-8

Moshe Babaioff and Eyal Winter. 2014. Contract complexity. In Proceedings of the
fifteenth ACM conference on Economics and computation (EC "14). ACM, 911-911.
https://doi.org/10.1145/2600057.2602852

Yu Bai, Chi Jin, and Tiancheng Yu. 2020. Near-Optimal Reinforcement Learning
with Self-Play. CoRR abs/2006.12007 (2020). arXiv:2006.12007 https://arxiv.org/
abs/2006.12007

Anton Bakhtin, David ] Wu, Adam Lerer, Jonathan Gray, Athul Paul Jacob,
Gabriele Farina, Alexander H Miller, and Noam Brown. 2022. Mastering the
game of no-press Diplomacy via human-regularized reinforcement learning and
planning. arXiv preprint arXiv:2210.05492 (2022).

Jan Balaguer, Raphael Koster, Christopher Summerfield, and Andrea Tacchetti.
2022. The Good Shepherd: An Oracle Agent for Mechanism Design. In ICLR 2022
Workshop on Gamification and Multiagent Solutions. https://openreview.net/for
um?id=HGNLs51peq

Tobias Baumann, Thore Graepel, and John Shawe-Taylor. 2018. Adaptive Mech-
anism Design: Learning to Promote Cooperation. CoRR abs/1806.04067 (2018).
arXiv:1806.04067 http://arxiv.org/abs/1806.04067

Yigal Bejerano, Seung-Jae Han, and Li (Erran) Li. 2004. Fairness and load balancing
in wireless LANs using association control. In Proceedings of the 10th Annual
International Conference on Mobile Computing and Networking (Philadelphia, PA,
USA) (MobiCom *04). Association for Computing Machinery, New York, NY, USA,
315-329. https://doi.org/10.1145/1023720.1023751

Aaron Bestick, Lillian J. Ratliff, Posu Yan, Ruzena Bajcsy, and S. Shankar Sastry.
2013. An inverse correlated equilibrium framework for utility learning in mul-
tiplayer, noncooperative settings. In Proceedings of the 2nd ACM International
Conference on High Confidence Networked Systems (Philadelphia, Pennsylvania,
USA) (HiCoNS ’13). Association for Computing Machinery, New York, NY, USA,
9-16. hitps://doi.org/10.1145/2461446.2461449

James Bradbury, Roy Frostig, Peter Hawkins, Matthew James Johnson, Chris
Leary, Dougal Maclaurin, George Necula, Adam Paszke, Jake VanderPlas, Skye
Wanderman-Milne, and Qiao Zhang. 2018. JAX: composable transformations of
Python+NumPy programs. http://github.com/jax-ml/jax

Gianluca Brero, Alon Eden, Darshan Chakrabarti, Matthias Gerstgrasser, Amy
Greenwald, Vincent Li, and David C. Parkes. 2024. Stackelberg POMDP: A Rein-
forcement Learning Approach for Economic Design. arXiv:2210.03852 [cs.GT]
https://arxiv.org/abs/2210.03852

Federico Cacciamani, Martino Bernasconi, Matteo Castiglioni, and Nicola Gatti.
2024. Multi-Agent Contract Design beyond Binary Actions. In Proceedings of the
25th ACM Conference on Economics and Computation (New Haven, CT, USA) (EC
’24). Association for Computing Machinery, New York, NY, USA, 1293. https:
//doi.org/10.1145/3670865.3673633

Ilayda Canyakmaz, Iosif Sakos, Wayne Lin, Antonios Varvitsiotis, and Geor-
gios Piliouras. 2024. Learning and steering game dynamics towards desirable
outcomes. arXiv:2404.01066 [eess.SY] https://arxiv.org/abs/2404.01066

Yuhan Cao, Yu Wang, Sitong Liu, Miao Li, Yixin Tao, and Tianxing He. 2025. Pay
for The Second-Best Service: A Game-Theoretic Approach Against Dishonest
LLM Providers. arXiv:2511.00847 [cs.GT] https://arxiv.org/abs/2511.00847
Matteo Castiglioni, Alberto Marchesi, and Nicola Gatti. 2023. Multi-Agent Con-
tract Design: How to Commission Multiple Agents with Individual Outcomes. In
Proceedings of the 24th ACM Conference on Economics and Computation (London,
United Kingdom) (EC ’23). Association for Computing Machinery, New York, NY,
USA, 412-448. https://doi.org/10.1145/3580507.3597793

Souradip Chakraborty, Amrit Bedi, Alec Koppel, Huazheng Wang, Dinesh
Manocha, Mengdi Wang, and Furong Huang. 2024. PARL: A Unified Frame-
work for Policy Alignment in Reinforcement Learning from Human Feedback.
In The Twelfth International Conference on Learning Representations. https:
//openreview.net/forum?id=ByR3NdDSZB

Lesi Chen, Jing Xu, and Jingzhao Zhang. 2024. Bilevel Optimization without
Lower-Level Strong Convexity from the Hyper-Objective Perspective. https:
//openreview.net/forum?id=2fSyBPBfBs

Siyu Chen, Donglin Yang, Jiayang Li, Senmiao Wang, Zhuoran Yang, and Zhaoran
Wang. 2022. Adaptive model design for Markov decision process. In International
Conference on Machine Learning. PMLR, 3679-3700.

Vincent Conitzer and Tuomas Sandholm. 2002. Complexity of Mechanism Design.
In Proceedings of the Eighteenth Conference on Uncertainty in Artificial Intelligence
(Alberta, Canada) (UAI’02). Morgan Kaufmann Publishers Inc., San Francisco, CA,
USA, 103-110.

and David C. Parkes. 2025. Automated Mechanism Design: A Survey. ACM
SIGecom Exchanges 22, 2 (2025), 102-120.

Michael Curry, Tuomas Sandholm, and John Dickerson. 2023. Differentiable
Economics for Randomized Affine Maximizer Auctions. In Proceedings of the
Thirty-Second International Joint Conference on Artificial Intelligence (IJCAI-2023).
International Joint Conferences on Artificial Intelligence Organization, 2633—
2641. https://doi.org/10.24963/ijcai.2023/293

Michael Curry, Vinzenz Thoma, Darshan Chakrabarti, Stephen McAleer, Chris-
tian Kroer, Tuomas Sandholm, Niao He, and Sven Seuken. 2024. Automated
Design of Affine Maximizer Mechanisms in Dynamic Settings. Proceedings of
the AAAI Conference on Artificial Intelligence 38, 9 (March 2024), 9626-9635.
https://doi.org/10.1609/aaai.v38i9.28819

Michael Curry, Alexander R Trott, Soham Phade, Yu Bai, and Stephan Zheng.
2022. Finding General Equilibria in Many-Agent Economic Simulations using
Deep Reinforcement Learning. https://openreview.net/forum?id=d5IQ3k7ed__
Wojciech Marian Czarnecki, Simon Osindero, Max Jaderberg, Grzegorz Swirszcz,
and Razvan Pascanu. 2017. Sobolev training for neural networks. In Proceedings
of the 31st International Conference on Neural Information Processing Systems
(Long Beach, California, USA) (NIPS’17). Curran Associates Inc., Red Hook, NY,
USA, 4281-4290.

Constantinos Daskalakis, Paul W. Goldberg, and Christos H. Papadimitriou. 2009.
The complexity of computing a Nash equilibrium. Commun. ACM 52, 2 (feb
2009), 89-97. https://doi.org/10.1145/1461928.1461951

Steven Diamond and Stephen Boyd. 2016. CVXPY: A Python-embedded modeling
language for convex optimization. Journal of Machine Learning Research 17, 83
(2016), 1-5.

Alexander Domahidi, Eric Chu, and Stephen Boyd. 2013. ECOS: An SOCP solver
for embedded systems. In 2013 European Control Conference (ECC). 3071-3076.
https://doi.org/10.23919/ECC.2013.6669541

Zhijian Duan, Yali Du, Jun Wang, and Xiaotie Deng. 2021. Towards the PAC
Learnability of Nash Equilibrium. CoRR abs/2108.07472 (2021). arXiv:2108.07472
https://arxiv.org/abs/2108.07472

Zhijian Duan, Haoran Sun, Yurong Chen, and Xiaotie Deng. 2023. A scalable
neural network for DSIC affine maximizer auction design. In Proceedings of the
37th International Conference on Neural Information Processing Systems (New
Orleans, LA, USA) (NIPS ’23). Curran Associates Inc., Red Hook, NY, USA, Article
2449, 17 pages.

Zhijian Duan, Jingwu Tang, Yutong Yin, Zhe Feng, Xiang Yan, Manzil Zaheer, and
Xiaotie Deng. 2022. A Context-Integrated Transformer-Based Neural Network
for Auction Design. In Proceedings of the 39th International Conference on Machine
Learning (Proceedings of Machine Learning Research, Vol. 162), Kamalika Chaud-
huri, Stefanie Jegelka, Le Song, Csaba Szepesvari, Gang Niu, and Sivan Sabato
(Eds.). PMLR, 5609-5626. https://proceedings.mlr.press/v162/duan22a.html
Paul Diitting, Zhe Feng, Harikrishna Narasimhan, David C. Parkes, and Sai Sri-
vatsa Ravindranath. 2024. Optimal Auctions through Deep Learning: Advances
in Differentiable Economics. J. ACM 71, 1, Article 5 (Feb. 2024), 53 pages.
https://doi.org/10.1145/3630749

Paul Diitting, Tomer Ezra, Michal Feldman, and Thomas Kesselheim. 2023. Multi-
agent Contracts. In Proceedings of the 55th Annual ACM Symposium on Theory of
Computing (STOC "23). ACM, 1311-1324. https://doi.org/10.1145/3564246.3585193
Paul Diitting, Tomer Ezra, Michal Feldman, and Thomas Kesselheim. 2025.
Black-Box Lifting and Robustness Theorems for Multi-Agent Contracts.
arXiv:2511.19358 [cs.GT] https://arxiv.org/abs/2511.19358

Paul Diitting, Tomer Ezra, Michal Feldman, and Thomas Kesselheim. 2025. Multi-
Agent Combinatorial Contracts. Society for Industrial and Applied Mathematics,
1857-1891. https://doi.org/10.1137/1.9781611978322.58

Xidong Feng, Oliver Slumbers, Ziyu Wan, Bo Liu, Stephen McAleer, Ying Wen,
Jun Wang, and Yaodong Yang. 2021. Neural Auto-Curricula in Two-Player Zero-
Sum Games. In Advances in Neural Information Processing Systems, M. Ranzato,
A. Beygelzimer, Y. Dauphin, P.S. Liang, and J. Wortman Vaughan (Eds.), Vol. 34.
Curran Associates, Inc., 3504-3517. https://proceedings.neurips.cc/paper/2021/
file/1cd73bele256a7405516501e94e892ac-Paper.pdf

Tanner Fiez, Benjamin Chasnov, and Lillian Ratliff. 2020. Implicit Learning Dy-
namics in Stackelberg Games: Equilibria Characterization, Convergence Analysis,
and Empirical Study. In Proceedings of the 37th International Conference on Ma-
chine Learning (Proceedings of Machine Learning Research, Vol. 119), Hal Daumé
Il and Aarti Singh (Eds.). PMLR, 3133-3144. https://proceedings.mlr.press/v119
/fiez20a.html


https://doi.org/10.1016/0304-4068(74)90037-8
https://doi.org/10.1016/0304-4068(74)90037-8
https://doi.org/10.1145/2600057.2602852
https://arxiv.org/abs/2006.12007
https://arxiv.org/abs/2006.12007
https://arxiv.org/abs/2006.12007
https://openreview.net/forum?id=HGNLs51peq
https://openreview.net/forum?id=HGNLs51peq
https://arxiv.org/abs/1806.04067
http://arxiv.org/abs/1806.04067
https://doi.org/10.1145/1023720.1023751
https://doi.org/10.1145/2461446.2461449
http://github.com/jax-ml/jax
https://arxiv.org/abs/2210.03852
https://arxiv.org/abs/2210.03852
https://doi.org/10.1145/3670865.3673633
https://doi.org/10.1145/3670865.3673633
https://arxiv.org/abs/2404.01066
https://arxiv.org/abs/2404.01066
https://arxiv.org/abs/2511.00847
https://arxiv.org/abs/2511.00847
https://doi.org/10.1145/3580507.3597793
https://openreview.net/forum?id=ByR3NdDSZB
https://openreview.net/forum?id=ByR3NdDSZB
https://openreview.net/forum?id=2fSyBPBfBs
https://openreview.net/forum?id=2fSyBPBfBs
https://doi.org/10.1145/988772.988793
https://arxiv.org/abs/2510.21442
https://arxiv.org/abs/2510.21442
https://doi.org/10.24963/ijcai.2023/293
https://doi.org/10.1609/aaai.v38i9.28819
https://openreview.net/forum?id=d5IQ3k7ed__
https://doi.org/10.1145/1461928.1461951
https://doi.org/10.23919/ECC.2013.6669541
https://arxiv.org/abs/2108.07472
https://arxiv.org/abs/2108.07472
https://proceedings.mlr.press/v162/duan22a.html
https://doi.org/10.1145/3630749
https://doi.org/10.1145/3564246.3585193
https://arxiv.org/abs/2511.19358
https://arxiv.org/abs/2511.19358
https://doi.org/10.1137/1.9781611978322.58
https://proceedings.neurips.cc/paper/2021/file/1cd73be1e256a7405516501e94e892ac-Paper.pdf
https://proceedings.neurips.cc/paper/2021/file/1cd73be1e256a7405516501e94e892ac-Paper.pdf
https://proceedings.mlr.press/v119/fiez20a.html
https://proceedings.mlr.press/v119/fiez20a.html

[39] Matthias Gerstgrasser and David C. Parkes. 2023. Oracles & Followers: Stackel-

berg Equilibria in Deep Multi-Agent Reinforcement Learning. In Proceedings of
the 40th International Conference on Machine Learning (Proceedings of Machine
Learning Research, Vol. 202), Andreas Krause, Emma Brunskill, Kyunghyun Cho,
Barbara Engelhardt, Sivan Sabato, and Jonathan Scarlett (Eds.). PMLR, 11213—
11236. https://proceedings.mlr.press/v202/gerstgrasser23a.html

Panagiotis D. Grontas, Giuseppe Belgioioso, Carlo Cenedese, Marta Fochesato,
John Lygeros, and Florian Dérfler. 2024. BIG Hype: Best Intervention in Games
via Distributed Hypergradient Descent. IEEE Trans. Automat. Control 69, 12
(2024), 8338-8353. https://doi.org/10.1109/TAC.2024.3410890

Sergiu Hart and Andreu Mas-Colell. 2000. A Simple Adaptive Procedure Leading
to Correlated Equilibrium. Econometrica 68, 5 (2000), 1127-1150. http://www.js
tor.org/stable/2999445

Jason S Hartford, James R Wright, and Kevin Leyton-Brown. 2016. Deep Learning
for Predicting Human Strategic Behavior. In Advances in Neural Information
Processing Systems, D. Lee, M. Sugiyama, U. Luxburg, I. Guyon, and R. Garnett
(Eds.), Vol. 29. Curran Associates, Inc. https://proceedings.neurips.cc/paper/201
6/file/7eb3c8be3d411e8ebfab08eba5f49632-Paper.pdf

Howard Heaton, Daniel McKenzie, Qiuwei Li, Samy Wu Fung, Stanley J. Osher,
and Wotao Yin. 2021. Learn to Predict Equilibria via Fixed Point Networks. CoRR
abs/2106.00906 (2021). arXiv:2106.00906 https://arxiv.org/abs/2106.00906

[44] Jonathan Heek, Anselm Levskaya, Avital Oliver, Marvin Ritter, Bertrand Ronde-

pierre, Andreas Steiner, and Marc van Zee. 2024. Flax: A neural network library
and ecosystem for JAX. http://github.com/google/flax

Birgit Heydenreich, Rudolf Miiller, and Marc Uetz. 2007. Games and Mechanism
Design in Machine Scheduling—An Introduction. Production and Operations
Management 16, 4 (2007), 437-454. https://doi.org/10.1111/j.1937-5956
.2007.tb00271.x arXiv:https://onlinelibrary.wiley.com/doi/pdf/10.1111/§.1937-
5956.2007.tb00271.x

Bengt Holmstrom. 1982. Moral Hazard in Teams. The Bell Journal of Economics
13,2 (1982), 324. https://doi.org/10.2307/3003457

Qitian Jason Hu, Jacob Bieker, Xiuyu Li, Nan Jiang, Benjamin Keigwin, Gaurav
Ranganath, Kurt Keutzer, and Shriyash Kaustubh Upadhyay. 2024. ROUTER-
BENCH: A Benchmark for Multi-LLM Routing System. arXiv preprint arXiv:
2403.12031 (2024).

[48] Jiawei Huang, Vinzenz Thoma, Zebang Shen, Heinrich H. Nax, and Niao

He. 2024. Learning to Steer Markovian Agents under Model Uncertainty.
arXiv:2407.10207 [cs.LG] https://arxiv.org/abs/2407.10207

Nicole Immorlica, Li (Erran) Li, Vahab S. Mirrokni, and Andreas S. Schulz. 2009.
Coordination mechanisms for selfish scheduling. Theoretical Computer Science
410, 17 (April 2009), 1589-1598. https://doi.org/10.1016/j.tcs.2008.12.032
Dmitry Ivanov, Iskander Safiulin, Igor Filippov, and Ksenia Balabaeva. 2022.
Optimal-er auctions through attention. In Proceedings of the 36th International
Conference on Neural Information Processing Systems (New Orleans, LA, USA)
(NIPS °22). Curran Associates Inc., Red Hook, NY, USA, Article 2517, 14 pages.
Athul Paul Jacob, David ] Wu, Gabriele Farina, Adam Lerer, Hengyuan Hu, Anton
Bakhtin, Jacob Andreas, and Noam Brown. 2022. Modeling strong and human-
like gameplay with KL-regularized search. In International Conference on Machine
Learning. PMLR, 9695-9728.

Chi Jin, Qinghua Liu, Yuanhao Wang, and Tiancheng Yu. 2021. V-Learning - A Sim-
ple, Efficient, Decentralized Algorithm for Multiagent RL. CoRR abs/2110.14555
(2021). arXiv:2110.14555 https://arxiv.org/abs/2110.14555

Wittawat Jitkrittum, Harikrishna Narasimhan, Ankit Singh Rawat, Jeevesh Juneja,
Congchao Wang, Zifeng Wang, Alec Go, Chen-Yu Lee, Pradeep Shenoy, Rina
Panigrahy, Aditya Krishna Menon, and Sanjiv Kumar. 2025. Universal Model
Routing for Efficient LLM Inference. arXiv:2502.08773 [cs.CL] https://arxiv.org/
abs/2502.08773

Diederik P. Kingma and Jimmy Ba. 2015. Adam: A Method for Stochastic Opti-
mization. In 3rd International Conference on Learning Representations, ICLR 2015,
San Diego, CA, USA, May 7-9, 2015, Conference Track Proceedings, Yoshua Bengio
and Yann LeCun (Eds.). http://arxiv.org/abs/1412.6980

Elon Kohlberg and Jean-Francois Mertens. 1986. On the Strategic Stability of
Equilibria. Econometrica 54, 5 (Sept. 1986), 1003. https://doi.org/10.2307/1912320
Volodymyr Kuleshov and Okke Schrijvers. 2015. Inverse Game Theory: Learning
Utilities in Succinct Games. In Web and Internet Economics: 11th International
Conference, WINE 2015, Amsterdam, The Netherlands, December 9-12, 2015, Pro-
ceedings (Amsterdam, The Netherlands). Springer-Verlag, Berlin, Heidelberg,
413-427. https://doi.org/10.1007/978-3-662-48995-6_30

Adam Lerer and Alexander Peysakhovich. 2019. Learning existing social con-
ventions via observationally augmented self-play. In Proceedings of the 2019
AAAI/ACM Conference on Al Ethics, and Society. 107-114.

Jiayang Li, Jing Yu, Boyi Liu, Yu Nie, and Zhaoran Wang. 2023. Achieving
hierarchy-free approximation for bilevel programs with equilibrium constraints.
In Proceedings of the 40th International Conference on Machine Learning (ICML’23).
JMLR.org, Honolulu, Hawaii, USA, Article 838, 24 pages.

Jiayang Li, Jing Yu, Yu Nie, and Zhaoran Wang. 2020. End-to-End Learning and
Intervention in Games. In Advances in Neural Information Processing Systems,
H. Larochelle, M. Ranzato, R. Hadsell, M.F. Balcan, and H. Lin (Eds.), Vol. 33.

[60]

[61]

[62

[63

(64

[66

[67]

[68]

[69

[71]

[72]

[73]

=<
=}

(75

[76]

[77

[78

[79

[80

(81

Curran Associates, Inc., 16653-16665. https://proceedings.neurips.cc/paper_fil
es/paper/2020/file/c21f4ce780c5¢9d774f79841b81f dc6d-Paper.pdf

Jiayang Li, Jing Yu, Qianni Wang, Boyi Liu, Zhaoran Wang, and Yu Marco Nie.
2024. Differentiable Bilevel Programming for Stackelberg Congestion Games.
arXiv:2209.07618 [cs.GT] https://arxiv.org/abs/2209.07618

Chun Kai Ling, Fei Fang, and J. Zico Kolter. 2018. What game are we playing?
End-to-end learning in normal and extensive form games. CoRR abs/1805.02777
(2018). arXiv:1805.02777 http://arxiv.org/abs/1805.02777

Boyi Liu, Jiayang Li, Zhuoran Yang, Hoi-To Wai, Mingyi Hong, Yu Nie, and Zhao-
ran Wang. 2022. Inducing Equilibria via Incentives: Simultaneous Design-and-
Play Ensures Global Convergence. In Advances in Neural Information Processing
Systems, S. Koyejo, S. Mohamed, A. Agarwal, D. Belgrave, K. Cho, and A. Oh
(Eds.), Vol. 35. Curran Associates, Inc., 29001-29013. https://proceedings.neur
ips.cc/paper_files/paper/2022/file/ba5f85ce126aad12075a3ffa68a3e969-Paper-
Conference.pdf

Honggiang Harry Liu, Ye Wang, Yang Richard Yang, Hao Wang, and Chen Tian.
2012. Optimizing cost and performance for content multihoming. In Proceedings
of the ACM SIGCOMM 2012 conference on Applications, technologies, architectures,
and protocols for computer communication (SSGCOMM ’12). ACM, 371-382. https:
//doi.org/10.1145/2342356.2342432

Siqi Liu, Luke Marris, Georgios Piliouras, Jan Gemp, and Nicolas Heess. 2024.
NfgTransformer: Equivariant Representation Learning for Normal-form Games.
In The Twelfth International Conference on Learning Representations. https:
//openreview.net/forum?id=4YESQqlys7

Zhi-Quan Luo, Jong-Shi Pang, and Daniel Ralph. 1996. Mathematical Programs
with Equilibrium Constraints. Cambridge University Press. https://doi.org/10.1
017/c¢b09780511983658

Chinmay Maheshwari, Kshitij Kulkarni, Manxi Wu, and S. Shankar Sastry. 2022.
Inducing Social Optimality in Games via Adaptive Incentive Design. In 2022 IEEE
61st Conference on Decision and Control (CDC). 2864-2869. https://doi.org/10.110
9/CDC51059.2022.9992685

Luke Marris, Ian Gemp, Thomas Anthony, Andrea Tacchetti, Sigi Liu, and Karl
Tuyls. 2022. Turbocharging Solution Concepts: Solving NEs, CEs and CCEs with
Neural Equilibrium Solvers. https://doi.org/10.48550/ARXIV.2210.09257

Luke Marris, Ian Gemp, and Georgios Piliouras. 2023. Equilibrium-Invariant
Embedding, Metric Space, and Fundamental Set of 2 X 2 Normal-Form Games.
arXiv:2304.09978 [cs.GT] https://arxiv.org/abs/2304.09978

Reid Mcllroy-Young, Siddhartha Sen, Jon Kleinberg, and Ashton Anderson. 2020.
Aligning superhuman ai with human behavior: Chess as a model system. In Pro-
ceedings of the 26th ACM SIGKDD international conference on knowledge discovery
& data mining. 1677-1687.

H. Moulin and J. P. Vial. 1978. Strategically zero-sum games: The class of games
whose completely mixed equilibria cannot be improved upon. International
Journal of Game Theory 7, 3—4 (Sept. 1978), 201-221. https://doi.org/10.1007/bf
01769190

Rémi Munos, Michal Valko, Daniele Calandriello, Mohammad Gheshlaghi Azar,
Mark Rowland, Zhaohan Daniel Guo, Yunhao Tang, Matthieu Geist, Thomas
Mesnard, Come Fiegel, et al. 2024. Nash learning from human feedback. In
Forty-first International Conference on Machine Learning.

John Nash. 1951. Non-Cooperative Games. The Annals of Mathematics 54, 2 (sep
1951), 286. https://doi.org/10.2307/1969529

J. A. Nelder and R. Mead. 1965. A Simplex Method for Function Minimization.
Comput. §.7, 4 (01 1965), 308-313. https://doi.org/10.1093/comjnl/7.4.308

Isaac Ong, Amjad Almahairi, Vincent Wu, Wei-Lin Chiang, Tianhao Wu, Joseph E.
Gonzalez, M Waleed Kadous, and Ion Stoica. 2025. RouteLLM: Learning to Route
LLMs with Preference Data. arXiv:2406.18665 [cs.LG] https://arxiv.org/abs/2406
18665

Luis E. Ortiz, Robert E. Schapire, and Sham M. Kakade. 2007. Maximum Entropy
Correlated Equilibria. In Proceedings of the Eleventh International Conference on
Artificial Intelligence and Statistics (Proceedings of Machine Learning Research,
Vol. 2), Marina Meila and Xiaotong Shen (Eds.). PMLR, San Juan, Puerto Rico,
347-354. https://proceedings.mlr.press/v2/ortiz07a.html

Jad Rahme, Samy Jelassi, and S. Matthew Weinberg. 2021. Auction Learning
as a Two-Player Game. In International Conference on Learning Representations.
https://openreview.net/forum?id=YHdeAO6116 T

Petra Schuurman and Tjark Vredeveld. 2001. Performance Guarantees of Local
Search for Multiprocessor Scheduling. Springer Berlin Heidelberg, 370-382. https:
//doi.org/10.1007/3-540-45535-3_29

Han Shen, Zhuoran Yang, and Tianyi Chen. 2024. Principled Penalty-based Meth-
ods for Bilevel Reinforcement Learning and RLHF. arXiv preprint arXiv:2402.06886
(2024).

Heinrich von Stackelberg. 1934. Marktform und Gleichgewicht (faks. der 1934
ersch. erstausg. ed.). Verlag Wirtschaft und Finanzen, Disseldorf.

Vasilis Syrgkanis, Elie Tamer, and Juba Ziani. 2017. Inference on Auctions with
Weak Assumptions on Information. https://doi.org/10.48550/ARXIV.1710.03830
Andrea Tacchetti, DJ Strouse, Marta Garnelo, Thore Graepel, and Yoram Bachrach.
2022. Learning Truthful, Efficient, and Welfare Maximizing Auction Rules. In
ICLR 2022 Workshop on Gamification and Multiagent Solutions. https://openrevi


https://proceedings.mlr.press/v202/gerstgrasser23a.html
https://doi.org/10.1109/TAC.2024.3410890
http://www.jstor.org/stable/2999445
http://www.jstor.org/stable/2999445
https://proceedings.neurips.cc/paper/2016/file/7eb3c8be3d411e8ebfab08eba5f49632-Paper.pdf
https://proceedings.neurips.cc/paper/2016/file/7eb3c8be3d411e8ebfab08eba5f49632-Paper.pdf
https://arxiv.org/abs/2106.00906
https://arxiv.org/abs/2106.00906
http://github.com/google/flax
https://doi.org/10.1111/j.1937-5956.2007.tb00271.x
https://doi.org/10.1111/j.1937-5956.2007.tb00271.x
https://arxiv.org/abs/https://onlinelibrary.wiley.com/doi/pdf/10.1111/j.1937-5956.2007.tb00271.x
https://arxiv.org/abs/https://onlinelibrary.wiley.com/doi/pdf/10.1111/j.1937-5956.2007.tb00271.x
https://doi.org/10.2307/3003457
https://arxiv.org/abs/2407.10207
https://arxiv.org/abs/2407.10207
https://doi.org/10.1016/j.tcs.2008.12.032
https://arxiv.org/abs/2110.14555
https://arxiv.org/abs/2110.14555
https://arxiv.org/abs/2502.08773
https://arxiv.org/abs/2502.08773
https://arxiv.org/abs/2502.08773
http://arxiv.org/abs/1412.6980
https://doi.org/10.2307/1912320
https://doi.org/10.1007/978-3-662-48995-6_30
https://proceedings.neurips.cc/paper_files/paper/2020/file/c21f4ce780c5c9d774f79841b81fdc6d-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2020/file/c21f4ce780c5c9d774f79841b81fdc6d-Paper.pdf
https://arxiv.org/abs/2209.07618
https://arxiv.org/abs/2209.07618
https://arxiv.org/abs/1805.02777
http://arxiv.org/abs/1805.02777
https://proceedings.neurips.cc/paper_files/paper/2022/file/ba5f85ce126aad12075a3ffa68a3e969-Paper-Conference.pdf
https://proceedings.neurips.cc/paper_files/paper/2022/file/ba5f85ce126aad12075a3ffa68a3e969-Paper-Conference.pdf
https://proceedings.neurips.cc/paper_files/paper/2022/file/ba5f85ce126aad12075a3ffa68a3e969-Paper-Conference.pdf
https://doi.org/10.1145/2342356.2342432
https://doi.org/10.1145/2342356.2342432
https://openreview.net/forum?id=4YESQqIys7
https://openreview.net/forum?id=4YESQqIys7
https://doi.org/10.1017/cbo9780511983658
https://doi.org/10.1017/cbo9780511983658
https://doi.org/10.1109/CDC51059.2022.9992685
https://doi.org/10.1109/CDC51059.2022.9992685
https://doi.org/10.48550/ARXIV.2210.09257
https://arxiv.org/abs/2304.09978
https://arxiv.org/abs/2304.09978
https://doi.org/10.1007/bf01769190
https://doi.org/10.1007/bf01769190
https://doi.org/10.2307/1969529
https://doi.org/10.1093/comjnl/7.4.308
https://arxiv.org/abs/2406.18665
https://arxiv.org/abs/2406.18665
https://arxiv.org/abs/2406.18665
https://proceedings.mlr.press/v2/ortiz07a.html
https://openreview.net/forum?id=YHdeAO61l6T
https://doi.org/10.1007/3-540-45535-3_29
https://doi.org/10.1007/3-540-45535-3_29
https://doi.org/10.48550/ARXIV.1710.03830
https://openreview.net/forum?id=Sql8oqJTe9
https://openreview.net/forum?id=Sql8oqJTe9

[82

[83

[84

[85

[86

[87

]

]

]

]

]

ew.net/forum?id=Sql8oqJTe9

Vinzenz Thoma, Barna Pasztor, Andreas Krause, Giorgia Ramponi, and Yifan Hu.
2024. Contextual Bilevel Reinforcement Learning for Incentive Alignment. In
The Thirty-eighth Annual Conference on Neural Information Processing Systems.
https://openreview.net/forum?id=W3Dx1TGW3f

Pauli Virtanen, Ralf Gommers, Travis E. Oliphant, Matt Haberland, Tyler
Reddy, David Cournapeau, Evgeni Burovski, Pearu Peterson, Warren Weckesser,
Jonathan Bright, Stéfan J. van der Walt, Matthew Brett, Joshua Wilson, K. Jar-
rod Millman, Nikolay Mayorov, Andrew R. J. Nelson, Eric Jones, Robert Kern,
Eric Larson, C J Carey, ilhan Polat, Yu Feng, Eric W. Moore, Jake VanderPlas,
Denis Laxalde, Josef Perktold, Robert Cimrman, Ian Henriksen, E. A. Quintero,
Charles R. Harris, Anne M. Archibald, Antonio H. Ribeiro, Fabian Pedregosa,
Paul van Mulbregt, and SciPy 1.0 Contributors. 2020. SciPy 1.0: Fundamental Al-
gorithms for Scientific Computing in Python. Nature Methods 17 (2020), 261-272.
https://doi.org/10.1038/s41592-019-0686-2

Kai Wang, Lily Xu, Andrew Perrault, Michael K. Reiter, and Milind Tambe. 2022.
Coordinating Followers to Reach Better Equilibria: End-to-End Gradient Descent
for Stackelberg Games. Proceedings of the AAAI Conference on Artificial Intelligence
36, 5 (June 2022), 5219-5227. https://doi.org/10.1609/aaai.v36i5.20457

Tonghan Wang, Yanchen Jiang, and David C. Parkes. 2024. GemNet: Menu-Based,
Strategy-Proof Multi-Bidder Auctions Through Deep Learning. In Proceedings
of the 25th ACM Conference on Economics and Computation (New Haven, CT,
USA) (EC °24). Association for Computing Machinery, New York, NY, USA, 1100.
https://doi.org/10.1145/3670865.3673454

Kevin Waugh, Brian D. Ziebart, and J. Andrew Bagnell. 2013. Computational
Rationalization: The Inverse Equilibrium Problem. CoRR abs/1308.3506 (2013).
arXiv:1308.3506 http://arxiv.org/abs/1308.3506

Stephan Zheng, Alexander Trott, Sunil Srinivasa, David C. Parkes, and Richard
Socher. 2022. The AI Economist: Taxation policy design via two-level deep
multiagent reinforcement learning. Science Advances 8, 18 (May 2022). https:
//doi.org/10.1126/sciadv.abk2607


https://openreview.net/forum?id=Sql8oqJTe9
https://openreview.net/forum?id=W3Dx1TGW3f
https://doi.org/10.1038/s41592-019-0686-2
https://doi.org/10.1609/aaai.v36i5.20457
https://doi.org/10.1145/3670865.3673454
https://arxiv.org/abs/1308.3506
http://arxiv.org/abs/1308.3506
https://doi.org/10.1126/sciadv.abk2607
https://doi.org/10.1126/sciadv.abk2607

A EXPERIMENTAL DETAILS
A.1 Architectures and Code

Our networks are built to respect the equivariances of the underlying game-theoretic functions. A function f is said to be equivariant if
applying a permutation 7 to its input is equivalent to applying the same permutation to the output, i.e.

f(z(x)) = 7(f(x)).

The game-theoretic functions we are trying to learn have several such equivariances, e.g. if we permute the action space of a player p
in a game G to yield a game G, and do the same for G’s equilibrium ¢* to yield o} then o} € Eql(G;) and we say the equilibrium map is
equivariant with respect to the permutation 7.

We briefly explain the fundamental architecture used for all layers in our network. All our data has a channel dimension and a varying
amount of equivariant dimensions (such as players, strategies and outcomes). For a given input at channel ¢, (c, . ..) we apply a set of pooling
functions ¢; which preserve some corresponding equivariances 7; of the equivariant dimensions, i.e.

$i((e7i(...)) = (¢, ¢i(z(...))) = (e, 7(¢i(...))).

The output from the pooling functions is then concatenated along the channel dimension and passed through a linear transform, whose
weights are shared across the equivariant dimensions, i.e. only depend on the channel dimension. This ensures the equivariance is preserved
and gives the network the inductive bias. Afterwards we apply a (nonlinear) activation function. In general we can thus recursively define
the output g;,; of the [ + 1 layer as

1
gisaersns ) = (D) D wlera e Di(gi(er,..)) +ble) |

¢ i=1

where I represents the number of different pooling functions applied, C; is the numbers of channels set for layer I and w is the weight of
the linear layer. In all our experiments all hidden layers use GELU as the nonlinear activation function. For the final layers, the activation
depends on the setting, which we will outline below.

All our code is written in Python. The neural networks are built using JAX [10] and Flax [44].

A.2 Inverse Equilibrium Problem

A.2.1  Architecture. For the inverse equilibrium problem, the mechanism generator outputs payoffs of shape [B, N, Ay, ..., AN, 1]. It takes
as input the target equilibrium o of shape [B, Aj, ..., AN]. Note, that there are many possible games that might have the same equilibrium.
We are thus trying to learn a one-to-many mapping. To avoid the network averaging over the multimodal loss landscape, we also add a noise
vector to the input. To match the output shape, we further expand and broadcast the input to shape [B, N, Aj, ..., AN, 2], where the target
joint is in the first channel and the noise is in the second channel. As the input and output are of the same shape, we will only use one type
of equivariant layer in the architecture, called P2P layer (for payoff shape to payoff shape), which preserves the payoff shape and its natural
equivariances. There are two different equivariances for the P2P layer to respect:

e Tor each player p, and permutation 7, (1), ..., 7 (|Ap|) of their strategy space, it has to hold for all ¢; € C;,n € N, (ay,...,an) € A
that g;(cp, m, a1,...,7p(ap),...,an) = 1p(gi(cp, n, a1, ..., 7p(ap), ..., an)).
e For each permutation 7y (1), ..., 7y (N) of the playersit has to hold forall¢; € Cp,n € N, (ay, ..., an) € Athatg;(cp, n, arg (1), - - -y (N)) =
tN(gi(c.n a1, ..., aN)).
In this work, we build a set of equivariant pooling functions I that respects the above equivariance by combining a few fundamental
equivariant operations. First, we identify a set of axes over which we can "reduce" the data, such that the equivariances are preserved. For
the payoffs, these are (i) the player axis, and (ii) for a given player p either their strategy axis a,, or the strategy axes of all other players a_p.
For each possible axis, we can choose one of two possible equivariant reductions: either the identity, which takes the current element, or the
whole axis, which returns all elements in the axis. In a last step we apply an aggregation function over the returned elements from the axes.

n .
In our experiments we use the meanvar aggregation, which is defined as ¢™?(x) = % for x € R". However, other pooling functions,

such as mean, sum, max, min etc. are possible.

With these operations we can sequentially define our equivariant pooling functions. First, we choose either the strategy axis a, or a_p
then choose the reductions over the player and strategy axis and then choose one of multiple aggregation functions. In general, for x axes, y
reductions and z aggregation functions, this will yield I = zy* channels as input to the linear layer for each channel in the input of the
equivariant layer. In our case I = 23 = 8. The 8 channels are made up of the 6 distinct pooling functions ¢, $p°, ¢Z'I’f’, ¢‘Z";’P, ¢Zﬂz;, ;,’}gfp,
where the lower case represents the axes over which we apply the meanvar reduction and the first two functions are duplicated. Note that
when we apply the meanvar reduction across all elements of a given axis, we broadcast the result across the axis to preserve the shape (and
the equivariance).

In our experiments we use three hidden layers with 64 nodes each, i.e. C; = 64. Note that after the pooling we have C;I = 512 channels,
which then get mapped back to Cy,; = 64 channels by the linear layer. The exception is the first layer, which only has 2 input channels and



the final layer, whose output has channel dimension 1. Moreover, for the final layer we do not apply a GELU activation but the identity to
ensure the network can generate both positive and negative payoffs.

A.2.2  Training pipeline. The training pipeline for the inverse equilibrium problem is illustrated in Figure 4

Target joints G,
(B, A...., AN]

Mechanism D|ff KL(o"| |0'CCE)
Generator Equilibrium ,
Block +A||G - TI(G)||

Noise vector
[B,Nﬁﬂl.,u,ﬂ]\]]

Figure 4: Inverse equilibrium training pipeline.

The target joints are sampled uniformly from the simplex and the noise from a standard normal distribution. The batch size is 64. The
network is set up to expect an input shape of [B, 2, 16, 16, 2]. However by sampling masks uniformly at random, we train the generator to
solve the task for games with sizes from 2x2 up to 16x16. We run the training with three seeds for 10° steps using an exponential optimizer
schedule with an ADAM optimizer [54] and report the best run. The optimization parameters are by = 0.9, by = 0.999 with learning rate 0.01.
We first increase learning rate to 0.01 over 50000 steps and then start ramping it down over 900000 steps. For each seed training takes about
six hours on an H100.

A.3 Contract Design

A.3.1  Architecture. The architecture of the mechanism generator for contract design is illustrated in Figure 5.
For the contract design task, we have as input:
o The principal payoff of shape [B, O].
o The samples payoffs of the agents of shape [B, N, Ay, ..., AN]
e The sampled transition probabilities of shape [B, Aj, ..., AN, O].

In order to easily pass this as batched input through a neural network, we broadcast each to have a shape of [B, N, Ay, ..., Ay, O] and
concatenate them along a channel dimension.

The generator needs to compute contracts of shape [B, N, O]. These contracts are then transformed into expected payoffs of the agents
using the transition probabilities and added to the initial payoffs before being handed to the DEB.

The change between input shape [B, N, Ay, ..., AN, O, 3] and output shape [B, N, O], requires us to use three different layers:

(1) First we pass the input through PO2PO layers. These work like the P2P layers described for the inverse equilibrium problem, using the
same meanvar aggregation functions. However, they work with and preserve the shapes [B, N, Ay, ..., AN, O, C;] and additionally
preserve the equivariance with respect to permutations along the outcome axis. This means there is an additional axis, along which
we can choose to reduce across all elements or just return the identity. Therefore, for every channel in the input, there are 2* extra
channels to map through the linear layer instead of 2° for the P2P. To add to that our inputs have the extra output dimension,
increasing the input size by a factor of O. This can lead to larger memory requirements and slow down training. To combat this, we
split the PO2PO layer into three equivariant layers. First we reduce over the strategy axes leading to 4C;_; channels and pass through
a linear layer to reduce the channel dimension to C;. Next we pool the player dimension leading to 2C; channels, followed by another
linear layer reducing the channel dimension to C; and finally pool over the outcomes to get 2C; channels which get mapped to C; by
another linear layer and a single nonlinear activation function. Training these three linear layers instead of one large linear layer
roughly halves the number of weights we need to train.

(2) Next, the PO20 layer maps the shape from [B, Ay, ..., AN, O, C] to the shape [B, N, O, C] by applying the described pooling functions
to the player and outcome axis and collapsing the strategy axes by applying the meanvar-pooling over all the points without
broadcasting the result back to the original shape.

(3) Finally, we have multiple O20 layers which take as input shapes [B, N, O, C], apply the pooling functions along the player and
outcome axis and then broadcast back to shape [B, N, O, C] and concatenate along the channel. For the final layer, we set the channel
dimension to be 1 and squeeze it. We also include a softplus activation to ensure positive contracts.
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Figure 5: The architecture of the contract design mechanism generator. Blue boxes show the core generator and the green text
shows the shapes.

A.3.2  Training Pipeline. The training pipeline is illustrated in Figure 6. The network has three PO2PO layers with C; = 32, one PO20 layer
and two 020 layers with C; = 32 nodes each. The batch size B is 64 and we run the training for 2 % 10® steps. We run it with three seeds each
for both the 0.01-ME-CE and 0.01-ME-CCE and take the best run. The optimization is done with an exponential optimization schedule based
on an ADAM optimizer [54]. The optimization parameters are b1 = 0.9, by = 0.999 with learning rate 0.01. We first increase learning rate to
0.01 over 50000 steps and then start ramping it down over 900000 steps. Moreover, over 500000 steps we increase the penalty weight of the
paid contracts (i.e. X, 05 (0;0, @)) from 0 to 1 to avoid the network learning zero contracts early on. Each run takes about 15 hours on a
NVIDIA A100 GPU. The batched input is set up to be of shape [B, 2, 16, 16, 10, 3], so the network can handle up to 10 outcomes and 16x16
action space. However, we sample masks uniformly at random, which are also batched and passed to the network, so that within any batch
we train the network for a broad distribution of outcomes between 2 and 10 and action spaces between 2 and 16 actions. The transitions are
sampled from a Dirichlet distribution with a = 0.1. The costs of the agents are sampled from [—4, 0] and the principal payoff is uniformly
sampled from [-5,5].

Principal’s
payoffs, —_
[B,0]

Batched agent’s {vp(ﬂ@yw)),},":l Differentiable
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BNA,, ..., AN] Cenerator Block
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Figure 6: Training pipeline for the contract design task.

A.4 Machine Scheduling

A.4.1  Architecture. We take as input the agents’ payoffs of shape [B, N, Aj, ..., A, 1] for the machine scheduling problem and output
the induced payoffs of the same shape [B, N, Aj,..., AN, 1]. More precisely the generator learns taxes on each joint action of shape
[B,N, Ay, ..., AN, 1] which are subtracted from the original payoffs. Therefore the equivariance and the network architecture is identical (3
hidden layers with size (64,64,64)) to the one used for the inverse equilibrium problem with the only difference being the final activation
function, which in this case is —Softplus(x) to ensure the change to the agents payoff is negative, as they are getting taxed.



A.4.2  Training Pipeline. The training pipeline for the machine scheduling problem is illustrated in Figure 7
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Figure 7: Training pipeline for the machine scheduling problem.

We sample the job time distribution ¢, ; ~ Lognormal (0, 0.5) . From these we calculate the expected payoffs of the players using the
formulas provided in Section 5.5. The batch size is 64 and we run three seeds and take the best run. The weights are optimized with an
exponential optimization schedule based using ADAM [54]. The optimization parameters are b; = 0.9, by = 0.999 with learning rate 0.01. We
first increase learning rate to 0.01 over 50000 steps and then start ramping it down over 900000 steps. We also ramp up the penalty parameter
A from 0 to 0.1 over 50000 steps. Each complete training run consists of 10° training steps and takes roughly 10 hours on a NVIDIA A100
GPU.

A.5 Differentiable Equilibrium Blocks

For all mechanism generators the final output is a batch of payoffs of shape [B, N, Ay, ..., An], which gets passed to the differentiable
equilibrium block.

We defer the reader to Marris et al. [67] for a discussion on the architecture used for the DEB. The DEB we train consists of three layers
of P2P layers with C; = 64, one P2D layer and another three D2D layers with 64 nodes. Moreover, similar to the way we split the PO2PO
layers into three linear layers for contract design, we split the P2P layer into two layers (one for reduction along the player and one for the
reductions along the strategy axes) to save memory.

The DEB is set up to handle payoffs of shape [B, 2, 16, 16, C]. However, we implemented all layers to handle masked input. For each batch,
we uniformly sample masks of sizes 0 to 30 to apply to the action space of both players, so that in each batch of size 64, we train on all games

from sizes 2X2 up to 16X16.
The games are sampled from the equilibrium invariant embedding [68] with their L norm set to , “—121:1 |Ap|, where |Ay| is the effective
action size after masking, to ensure unit variance of all inputs.

The loss function, as derived in Marris et al. [67] is given by the dual formulation as:

L(OCE — 1y ( Z 5(a) exp (Z(C)CE(a))) + Z et Z agE(a' .ay), Z agCE(a;,) -p Z €p-
a, P

T
acA 4 ap,ap

The logits 1(€)CE (g) are given by:
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and the primal joint distribution o(©)CE (g) is computed analytically as:

6(a) exp (I(C)CE(a))
Saen6(a) exp (ILOCE(a))’

Similarly, the primal approximation parameter €, for each player is recovered via:

O_(C)CE(a) —

o
ap,ap

1

+ CE CCE +

ep=(e—€)exp - E " (ay, ay ), E ay C(ay) | +e
ap

Moreover, the following notation is used:

. agE (a,, a},’ ) > 0and agCE (a},) > 0: The dual deviation gains corresponding to the CE and CCE constraints, which are the outputs of
the neural network.



AgE(a' , a;,’, a) and AgCE(a’ ,a): The deviation gains, i.e.
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ayeA,
6(a): The uniform target distribution.
€: The target approximation parameter.
€': A maximum approximation parameter constant.
p: A hyperparameter that controls the balance of the optimization by weighting the approximation distance term.

B IN-DEPTH CONTRAST TO PREVIOUS LINES OF WORK

B.1 Discussion

To situate our contribution of making (ID) accessible as a machine learning problem, we contrast deep incentive design with the most
relevant precursors: (i) gradient-based MPEC solvers, (ii) differentiable economics, and (iii) Neural Equilibrium Solvers.

Gradient-Based MPEC. While gradient-based approaches have been tried before in the setting of (ID), the existing works have two
important restrictions. First, instead of using e-ME-Eql as solution concept, they generally use the Nash equilibrium and have to make
restrictive assumptions on its uniqueness and the monotonicity of the game. Second, the gradient computation is very expensive. Some
approaches build on implicit differentiation, which requires inverting a matrix that is quadratic in the game size [58]. The remaining ones
use automatic differentiation which requires running many steps of an iterative solver to converge to an approximate equilibrium and then
backpropagating through the whole computational graph. In contrast, deep incentive design computes approximate gradients in time linear
in O(|A|) by backpropagating through the learned DEB. Moreover, our approach naturally learns to generalize between different contexts,
whereas the classical gradient-based MPEC solvers need to be (re)run for a specific context.

Differentiable Economics. is similar in spirit to our approach. It consists of running gradient descent on neural networks to design a game.
However, the existing literature has focused on Bayesian games—the natural setting for mechanism design problems. In those games, players
are reporting their private types and the famous revelation principle states that any mechanism implementing an outcome in dominant
strategies has an outcome-equivalent counterpart where it is a dominant strategy equilibrium for all players to report their types truthfully.
Therefore, it is natural to restrict to searching within the space of truthful mechanisms. As the equilibrium is already known for these
mechanisms, this circumvents the problem of differentiating through the equilibrium of the resulting game. Our focus is on non-Bayesian
normal-form games with discrete action spaces, where truthfulness is not a salient concept as the players do not have private information.
Therefore the problem of differentiating through the equilibrium persists and is tackled using our DEBs. We thus consider the existing
works in differentiable economics as complementary to deep incentive design. Moreover, in the differentiable economics literature the
neural networks have generally been trained as the mechanism themselves, taking as input a distribution of bids and outputting the prices
for each problem instance. Each task thus requires a different network and training run. In contrast our networks are not mechanisms
but “mechanism generators”, taking as input the distribution of contexts w ~ Q and outputting the induced mechanism G(6; w). These
generators are trained once upfront and can be evaluated quickly for a broad class of problems, instead of having to be retrained when
facing a different problem instance.

Neural Equilibrium Solvers. There has been a line of work on using machine learning for learning game-theoretic equilibria. [4, 30, 37, 42,
43,52, 61, 64]. In this work, our DEBs build upon the work of Marris et al. [67], who proposed using layers with equivariant pooling functions
for learning the e-ME-Eql of a normal form game. Our DEBs further extend the work of Marris et al. [67]. Among our contributions is the
fact that we implement an equivariant masking, which allows us to successfully train on a distribution of games of sizes between 2x2 and
16X16, compared to Marris et al. [67] who train a single network per game size. This is a massive improvement in generalizability compared
to previous works. More importantly, our work uses DEBs as one of multiple building blocks to solve a very broad class of incentive design
problems. Our framework is the first to successfully backpropagate through such equilibrium blocks and proves they can be trained to have
informative gradients and be integrated in larger workflows.
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