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ABSTRACT

Background: In the context of blockchain, MEV refers to the maxi-
mum value that can be extracted from block production through the
inclusion, exclusion, or reordering of transactions. Searchers often
participate in order flow auctions (OFAs) to obtain exclusive rights
to private transactions offered by entities known as matchmak-
ers, also known as order flow providers (OFPs). The utility gained
by searchers stems from private transactions; thus, redistributing
revenue generated by such auctions to the transaction creators is
desirable. Objectives and Research Questions: We aim to max-
imize searchers’ social welfare while fairly distributing auction
revenue among transaction creators. Methods: Using cooperative
game theory, we formalize the notion of fair revenue redistribution
in matchmaking and present its potential possibilities and impos-
sibilities. Precisely, we define a characteristic form game, referred
to as RST-Game, for the transaction creators. We propose to redis-
tribute the revenue using the Shapley value of RST-Game. Results:
We show that the Shapley value computation in RST-Game with
additive valuations is polytime; however, in the case of a single-
minded setting, the problem incurs runtime 20(‘/5), where n is the
number of transactions; therefore, approximating the Shapley value
is necessary. We show that the sampling-based approach provides
a good approximation for the Shapley value with O(n?) samples in
practice, where n is the number of transactions. Conclusions: We
show that computing the redistribution vector in single-minded
settings can incur subexponential complexity. We propose a ran-
domized algorithm for computing the Shapley value in RST-Game
and empirically demonstrate its efficacy.
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1 INTRODUCTION

A blockchain is a distributed ledger of digital transactions main-
tained by a network of computers (or nodes) that reach consen-
sus using one of a variety of mechanisms, such as Proof-of-Work
(PoW) [34] or Proof-of-Stake (PoS) [6]. [19] defines Maximal Ex-
tractable Value (MEV) as “the maximum value that can be extracted
from block production in excess of the standard block reward and
gas fees by including, excluding, and changing the order of trans-
actions in a block” As MEV extraction becomes increasingly vital
for sustaining the Ethereum blockchain’s economic ecosystem, de-
velopments in the Ethereum landscape [8], such as its transition to
Proof-of-Stake, have reformed how transactions are processed. This
shift introduced the concept of proposer-builder separation (PBS), in
which builders are responsible for gathering transactions from the
network, assembling them into blocks, and submitting them to the
proposer, who has the authority to publish them on the blockchain.
Builders compete in an auction, known as the PBS auction, to get
their block included in the current slot [26]. Proposers are heav-
ily invested in the staking process and prioritize earning through
staking rewards rather than generating profits through block build-
ing and MEV extraction. Searchers are individual or institutional
entities that seek to capitalize on profitable opportunities arising
from various factors such as market inefficiencies during periods
of high volatility [3]. They use techniques such as front-running,
back-running, and sandwiching [9, 43] to extract MEV.

Although MEV has negative externalities such as poor execu-
tion price to transaction creators due to front-running and sand-
wiching [18], consensus security risks [36], centralization [2, 24],
it enhances overall revenue in the system, supports sustainable
post-block rewards, and contributes to the overall health of DeFi
(Decentralized Finance) activities [5, 14, 20]. As these added advan-
tages come at the cost of the price paid by transaction creators,
in this work, we focus on sharing some of the value generated by
searchers with transaction creators, whom we refer to as users.

Typically, searchers find MEV opportunities by analyzing uncon-
firmed transactions in the public mempool. Searchers strategically
create a bundle of transactions to earn profit and bid (based on their
potential profit) for block space with block builders. Unconfirmed
transactions in a public mempool are accessible to all blockchain
participants, leading to intense competition among searchers [28].
Hence, searchers look for private transactions (private order flows)
not available in the public mempool to increase their chances of
winning [24].



Such MEV-rich private transactions are made available by or-
der flow providers (OFPs), which typically include wallet service
providers. OFPs collect user intents, process them into transac-
tions, and are supposed to put the transactions into the public
mempool. However, to improve efficient MEV extraction, OFPs
auction transactions to searchers who can extract more MEV in
order flow auctions (OFAs) [42]. OFPs typically charge users for
their wallet services. Thus, to enhance the user experience, OFPs
share the revenue generated from the OFAs with them, leading to
the mechanism of matchmaking [46].

Matchmaking is a mechanism for redistributing revenue gen-
erated by order flow auctions to users [46]. A matchmaker in a
blockchain is an OFP with access to users’ private transactions.
Figure 1 shows that as of 2025, private transactions made up more
than 30% of all smart contract transactions on Ethereum and al-
most make up to 55% of the block value [42]. Although multiple
authors have argued for such redistribution [21, 22], designing a
matchmaking mechanism remains an open problem. This paper
addresses how a matchmaker should fairly redistribute the revenue
generated through an OFA among users. Some transactions add
more value to the system than others; thus, sharing the revenue
uniformly is unfair. Thus, sharing should be proportional to how
much value they add to the system.

The challenge in achieving redistribution arises from the limited
information available to the matchmaker, i.e., searchers’ bids and
their preferred transactions. Without any inherent valuation of
transactions for the matchmaker, it must compensate users fairly.
In this paper, we show how it can achieve fair redistribution in
such settings using cooperative game theory. First, we introduce
a RST-Game (Definition 4), a characteristic form game amongst
users with an appropriately defined characteristic function. We
propose that the user receive compensation proportional to their
Shapley Value [38]. Next, we analyze it for two important types
of valuations of the searchers: (i) additive and (ii) single-minded.
Additive valuations refer to a type of searcher preference in which
the total value of a searcher’s bundle of transactions is the sum
of the valuations of its individual transactions. A single-minded
valuation refers to the type of searcher preference in which the
searcher does not prefer (an allocation of) any strict subset of his
interested bundle of transactions, but does not mind (an allocation
of) a superset of his interested bundle.

In general, the complexity of computing the Shapley value of a
game is in EXP [15]. However, the Shapley value computation can
be in polynomial time under restrictive settings, where the game’s
structure or representation is particularly simple or admits efficient
algorithms [32, 40]. In the additive valuation case, we show that
the proposed characteristic function of RST-Game is additive and
hence, its Shapley value computation is in polynomial time [13].
Instead of relying on such algorithms, we provide a simple yet very
useful closed-form solution for users’ Shapley Values. For the single-
minded case, we present a construction in which determining the
Shapley value of RST-Game requires subexponential computation
(in the number of transactions). Hence, we conjecture that the
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Figure 1: Private Transactions on Ethereum [16]

complexity of Shapley value computation of RST-Game with single-
minded searchers is SUBEXP !. Since an analytical solution to the
RST-Game under single-minded settings is infeasible when the num-
ber of transactions or searchers is large, we resort to approximating
the Shapley values via sampling. We show that a simple sampling
algorithm, Randomized ShapleY Procedure RSYP (Algorithm 2)
approximates the Shapley value of transactions. Sampling-based
algorithms have been used in many real-world settings for comput-
ing the Shapley value. We contribute to determining the sample
complexity required to get PAC guarantees for RST-Game. Further,
we show that O(n?) samples of subsets of transactions provide a
good approximation to the Shapley value for practical purposes.

Contributions. In summary, the following are our contribu-
tions: (i) we introduce a cooperative game, RST-Game, that uses
information of searcher-market to define the value of coalitions
of transactions, (ii) when the searcher valuations are additive, we
provide a closed-form solution for the Shapley value of users in
the RST-Game, which is polynomial-time computable, (iii) when
the searchers are single-minded bidders, we show that computing
Shapley value of users in the RST-Game is possibly SUBEXP, (iv) we
obtain the PAC guarantees for RST-Game, and (v) we empirically
show that RSYP with O(n?) samples well approximates Shapley
value of users for practical purposes.

We believe our results provide valuable insights for the practical
deployment of matchmaking.

Related Work. Prior works on MEV redistribution include model-
ing the MEV setting as a dynamical system with a fraction of MEV
going to the miner as a dynamical variable updated with every time
step [10]. The miners and builders are assumed to be a single entity,
with the rest of the MEV returned to users. However, [10] does not
discuss MEV distribution among the users. [31] explores rebates
in the context of liquidity providers in constant function market
makers and discusses the auction between searchers and builders
with the assumption of a perfect MEV oracle that can compute
the MEV extracted given the state of the blockchain and a new
block of transactions. Our work, in contrast, does not assume the
existence of such an oracle. Similarly, [48] proposes a MEV redis-
tribution between users and liquidity providers. Our model does
not pertain to liquidity providers but rather to the revenue of the
matchmaker. [11] proposes a dynamical system in which agents’
lending and staking portfolios within a system are influenced by
an externally selected parameter that determines the proportion of

1Of the two commonly used definitions of SUBEXP, we use the following: SUBEXP(n)
_ zo(n)



MEV extracted from a block allocated to staking. This work focuses
on balancing the redistribution of MEV profits to staking, which
differs from ours.

2 PRELIMINARIES

Smart contracts on blockchains, such as Ethereum, have led to the
rise of Decentralized Finance (DeFi). In such systems, the strategic
reordering of transactions can generate additional value beyond
user transaction fees, known as maximal extractable value (MEV).
In leader-based blockchain protocols, the next round proposer is
known at the end of the current round.

Searchers are entities that actively look for bundling transac-
tions to generate MEV and bid with the proposer or builder (in
the case of proposer-builder separation in Ethereum [26]) to write
their preferred order. Searchers collect transactions from order flow
providers (OFPs) to increase their profits. Let 7 = {t1,t2,...,tn}
be a set of transactions available at an OFP, each created by a sin-
gle user. We treat transaction #; and its creator interchangeably as
user tj. Let S = {s1,52,...,5m} be the set of searchers interested in
transactions 7. Let v, : 27 — Ry be the valuation function of the
searcher s;.

OFPs leverage an auction mechanism to allocate transactions
to searchers who value them most. Typically, such an auction is
known as an order flow auction (OFA) [28]. Let the payment by the
searcher s; be ps, and the total revenue R = }}; ps,.

Order Flow Auction (OFA). OFA is combinatorial, with searchers
competing for private transactions. Valuations for different trans-
actions and bundles may have complex relationships, which are
captured via valuation functions. The OFP, in practice, can imple-
ment a first-price auction; however, as is standard in theory, assume
that a truthful auction is implemented [1, 44, 45]. In truthful auc-
tions, rational searchers would bid truthfully; hence, we work with
v;s. In real-world implementation, all the proposed things in this
paper work with bids.

Often, searchers utilize individual transactions or a bundle of
transactions [17]. The former can be seen as searchers with additive
valuations and the latter as searchers with single-minded valuations.

DEFINITION 1 (ADDITIVE VALUATION FUNCTION). A valuation
function v is called additive if VB C T, v(B) = 2t;eB o(tj), where
o(t;j) is the value of transaction t;.

The auction setting in which all searchers have additive valu-
ations is called the additive setting. In additive settings, the most
popular truthful auction, the VCG auction [12, 23, 41], is as fol-
lows. The optimal allocation A is to give each transaction to that
searcher who values it the most, and its payment would be the
second-highest valuation (for the transaction).

To extract MEV, searchers often require transactions in their
bundles to be executed atomically; hence, they only value a bundle
if it is received in its entirety. Such searchers are called single-
minded searchers. A single-minded searcher s; values only one
specific set or bundle of transactions, say Bs;, and has no interest
in any other proper subset of Bs;. More formally,

DEFINITION 2 (SINGLE-MINDED VALUATION FUNCTION). A val-
uation function v is called single-minded if there exists a bundle of

transactions B and a value 8 € R" such thatv(B’) = ¢ for all B’ 2 B,
andv(B’) = 0 for all other B’.

An auction setting in which all searchers have single-minded
valuations is called a single-minded setting. The VCG auction in
a single-minded setting requires finding bundles that maximize
social welfare while ensuring that the optimal allocation bundles
are mutually disjoint. Finding an optimal allocation or an optimal

allocation that is better than m? ~€th fraction of optimal welfare is
known to be NP-hard [4]. Thus, we look for approximate mecha-
nisms for such auctions. Due to DeFi markets’ high volatility, we
resort to greedy approaches such as the one proposed in [29] to
determine the winning bids in minimum time, ensuring truthful
bidding, zero loss to searchers, and producing a v/m-approximation
of the optimal social welfare. The rationale behind choosing this
algorithm is that it balances the value a bidder brings with the size
of their bundle. We refer to this algorithm as ICA-SM. Algorithm
1 shows the greedy allocation of transactions using ICA-SM. We
introduce matchmaking in the following section.

Algorithm 1 ICA-SM [29]
1: Input : Bids {(Bs;, vs, (Bs;)) }r;

2. EF « § sorted by v, (Bs;)/+/|Bs; |

32 W« 0.

4. for k € EF do

- if By, N (Us;ew Bs;) = 0 then

6: W «— WU {Bg }.

7. endif

8: end for

9: Payments : For each s; € W, ps; = vs,(Bs;)/+/|Bs;|/IBs; |,
where j € {i + 1,...,n} is the smallest index such that

Bs; N Bs; # 0, and for all [ < j,I # i, B N Bs, =0 (if no
such s; exists then ps; = 0).
10: Output : Set of Winners W

2.1 Matchmaking

As OFP charges users for using its services, redistributing R back
to the users supports better retention and long-term engagement.
The allocation of resources and the redistribution of R is known
as matchmaking [37], and an OFP is known as matchmaker (MM).
matchmaking executes as follows: MM announces the auction along
with information on private transactions. Searchers join the auc-
tion, submit their bids, and select their preferred bundle of trans-
actions. MM determines the winning bids, allocates transactions
to respective searchers, and collects payments. Since the utility to
searchers is due to private transactions, MM shares the auction
revenue among users via rebates. Let the rebate to user ¢; be r;.
Typically, we assume budget-balanced redistribution, and hence
2rj=R.Lety; = % and T = (y1,y2,...,yn).- WerefertoT as a
redistribution vector. Figure 2 describes the matchmaking process.
More formally, matchmaking is defined as follows:

DEFINITION 3 (MATCHMAKING). Matchmaking is a function M
which takes, T, S, (vs,)s,e.s as inputs and outputs (A, (ps;)s;es.T)



where A represents the transaction allocation to searchers, ps; repre-
sent the payment of the searcher s;, and T is redistribution vector.

r
2
T2
{Bis,v(Bsy)} /’-
P Matchmaker
Cn

Figure 2: Matchmaking of Searchers and Users

In this work, A, (ps,)s;e.s are according to a truthful mechanism.
Thus, MM’s goal is to design an appropriate T. To this end, we
leverage the Shapley value concept from cooperative game theory.
The exact bidding structure and the matchmaking process have not
been discussed here due to space constraints. For more details on
these aspects of matchmaking, refer to Appendix B.1.

2.2 Cooperative Game Theory

Cooperative game theory analyzes scenarios where players, or
agents, can form coalitions to achieve collective goals. A character-
istic form game (N, v) is (i) a set of players N, and (i) v : 2V — R,
where VS C N, v(S) represents the value that coalition S can gen-
erate. In a cooperative game, there are many ways to redistribute
value among players.

Shapley value redistributes a cooperative game’s total value or
payoff to individual players based on their marginal contribution to
every possible coalition. Shapley value is the only solution concept
that satisfies all desirable properties of fair redistribution, such as
efficiency, symmetry, and additivity [38]. Shapley value of a player
J € N in a characteristic form game (N, v) is denoted by ¢;(v) and
can be computed using Eq. 1.

o= 3 BEEED su gy -vs)
SCN\j '

The expression v(S U {j}) — v(S) represents the marginal con-
tribution of player j to coalition S. Alternatively, the Shapley value
can be computed via permutations of players = € II, where II is
the set of all permutations of players in which players could join
the coalition. 7(j) represents the set of players that precede j in
the permutation 7.

0i(1) = == > [(r () U () — v(r()] @
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Towards this end, we explain our approach for redistribution in
matchmaking, i.e., designing T".

3 OUR APPROACH

To leverage Shapley value, we define RST-Game withing match-
making using S, 7". We then propose ISP a redistribution vector
based on the Shapley value of the users, and analyze RST-Game
in additive settings as a warm-up, followed by more practically
relevant, single-minded settings.

3.1 RST-Game

We model the redistribution in matchmaking as a cooperative game
with N = 7. As we are interested in redistributing R among the
users, the players are only the users, not searchers. To determine
users’ contributions, we aim to leverage bids and transaction prefer-
ences from the searcher-MM market to resolve the fair revenue dis-
tribution problem. We define a characteristic function v : 27 — R,
that assigns a value to each coalition. VT C 7, v(T) is the revenue
generated, when only transactions in T are auctioned to searchers
ST, where ST C 8 is the set of searchers who are interested in
any of the transactions in T. RT = s, eST Ps;» thus, v(T) = RT.
Formally, we define the characteristic form game in Def. 4.

DEFINITION 4 (RST-Game). RST-Game is a cooperative game (7", v)
where T are the set of transactions being auctioned off by OFP
and v : 27 — R is the characteristic function such that VT C
T v(T) = RT, where RT = 2s;eST Ps; and ST = {s; € S:
s; is interested in any of the transactions in T}.

revenue Redistribution. Using the aforementioned characteristic
function, the matchmaker can compute the significance of any
transaction as the externality it imposes on the system. However,
given the very combinatorial (bundling) nature of the auction, we
believe that the average marginal value addition of a transaction t;
to all possible coalitions of 7\ {¢;} better captures its significance.
This naturally leads us to the user’s Shapley value, ¢;. There are
specific challenges in designing I with r; o ¢;.

Since the nature of the auction is combinatorial, v is not nec-
essarily monotonic, which means that adding a transaction can
reduce the revenue generated and therefore negative marginal util-
ity. (We show such non-monotonicity through example in B.5)
Non-monotonicity in turn may lead to ¢ being negative. We are
interested in sharing revenue with users rather than charging them.
So, we propose redistribution vector as ISP as follows

SHAP _ max(0, ;)
J ZIIG‘TmaX(O’(pl)

®)
We first discuss the easier additive setting.

3.2 Shapley Value of RST-Game with Additive
Settings

When v is additive, we have v(T; U Tz) = v(Tq) + v(Tz) V11, Tz C

7 and T1 N Tz = ¢. If v is additive, the Shapley value computation is

in polynomial time [13]. Note that the additive setting we refer here

concerns the valuation function vg; but not v. However, we show

that when vy, s are additive, v also becomes additive in RST-Game,



(Proposition 1). Hence, existing polynomial-time algorithms [13]
can compute the Shapley value efficiently.

VCG auction for additive settings turns out to be n independent
second-price auctions with VCG payments. For each transaction,
tj € 7, the matchmaker determines a searcher with the highest bid
for tj as the winner. The winner pays the amount of the second-
highest bid. This leads to the following proposition.

ProPOSITION 1. In additive settings, RST-Game admits v to be
additive.

ProoF SKETCH. The proof is simple and intuitive. As the auction
reduces to n independent auctions and the revenue sums up across
all transactions, v becomes additive. We defer the complete proof
to Appendix A. O

Instead of relying on algorithms for additive characteristic func-
tions, we show that for RST-Game in additive settings, the y;s admit
a simple closed form that can be computed in O(n). We compute
users’ Shapley values using the permutation method. Let II de-
note all the possible permutations of transactions. Let L be the
number of transactions allocated?. For each permutation 7 € II,
7(t;j) denotes set of transactions present before t; in . For any
T € 7,mcy(tj,T) denote the marginal contruibution of ¢t; to T.
Formally, mc,(tj, T) = v(T U {tj}) - v(T) = RTVILY — RT we
compute the Shapley value of ¢; as the average of the marginal con-
tributions of ;. That is, the average of v((t;) U {t;}) — v(x(t}))
Vr eIl

oy () = = 3 () U {17h) — (1)) @

trell

THEOREM 1. The Shapley value of usert; is gt (v) = (";1) vsp(t).

Thus, the computation of TSP in RST-Game under additive settings
has time complexity O(n).

ProoF. The marginal contribution of t; to any T C 7 is given
by me.(t;, T) = RTVILY - RT,

Since the searchers’ valuations are additive and they bid for
individual transactions, MM reduces the auction to a set of inde-
pendent VCG auctions; the payment for each transaction is the

second-highest bid received for that transaction. Let U:jh be the
second-highest bid received for transaction ¢;.

TU{t;} _ 7] L. T _ t
R 7= ZIIET USh + vSh’ R = ZtkET Ush

Since, VT C T%, mey(tj, T) = vgp, Eq. 4 is rewritten as:

01, (V) = L S e mey (17, 1(1)) = Py (1))

Hence, the redistribution fraction is FtS_HAP = U’h—(t’) Since
J the’]’vsh(tj)

there can be at most n winning transactions, the complexity of

computing the Shapley value is O (n). ]

We now discuss the single-minded setting.

21t might be possible for a particular transaction, no searcher is interested

3.3 Shapley Value of RST-Game for
Single-Minded Settings

Each searcher s; € S submits only a single subset B, € 7 in bid

{8Bs,, vs, }, where s;’s valuation vy, is single-minded. M reduces this

auction to a combinatorial auction with single-minded bidders.

ExaMPLE 1. Consider RST-Game with S = {s1,s2,83} and T =
{t1, t2, t3, ta} transactions. Let the bundle-bid pair submitted by searchers
be(B1,01) = ({1,2},10), (B2, v2) = ({3,4},9), and (B3, v3) = ({2,4},8).

In this case, s1 gets t1, t and s gets t3, t4 and their payments are:
Ps: :(\%)*\/_ZSandPSZ = (\%)*\/—:8
The total revenue R = 16 and the individual revenue distribution
fractions are y;, = ys, = 0.154, 3, = yz, = 0.346.

Therefore, ISHAP = (0.154, 0.346, 0.154, 0.346)

In general, marginal values are essential for computing the Shap-
ley value. We show that the number of unique values of the mar-
ginal contribution in RST-Game can be subexponential (Theorem 2).
Towards this, we define an unique marginal contribution (UMC) set.

UMC, ={v(T U {t;}) - v(T),VT C T,Vt; € T}

THEOREM 2. Let UMC, = {v(TU{t;})-v(T),YT C T,Vt; € T}
be the set of unique marginal contributions obtained in the Shap-
ley value computation of RST-Game under single-minded searcher
valuations. 3 instances such that {UMC,| is Q(Z‘/ﬁ).

ProoF SKETCH. Let there be n > 16 transactions and m = | 2+/n]
searchers. Partition the searchers in Sg = {1,2,...,vn}, S = {/n+
1,vn+2,...,2+/n}. Consider the following matrix arrangement of
transactions E = [ai»j]Vi,jEH\/HJJ where a; j = bme(im1)+

t1 t2 I3 s t\/ﬁ

L+ tymva bz 0 layn

E=|lovnr1t  laymez  bymss 0 Byn
tn—\/ﬁ+1 tn—\/ﬁ+2 tn—\/ﬁ+3 T in

Let By = {BY,B),...,
terested in and B = {BI,B;, ..

formed by selecting transactions from each row in E, and Bundles
in By are formed by selecting one transaction from each row in a
circular-shift manner. Specifically,

BO\/E} denote the bundles that Sy are in-
.,Bi/ﬁ} for S;. Bundles in By are

{t.t2... .tk
BO — {t\/ﬁ+1, t\/ﬁ+2, e tz\/ﬁ},

{tn—«/ﬁ+1’ by ym+2 o tn}
and
{tl, t\/ﬁ+2, t2\/ﬁ+3 cey l’n},
8, = {t\/ﬁ+1,t2\/ﬁ+2,...,t,,_1,t\/5},

(L s 12 Lyias -+ o b i)

Let searcher valuations be sufficiently far such that

v; = az‘/ﬁ_zl“,v\/ﬁ” = az‘m_z’,where a>3



For the instance above, we compute marginal contributions for each
transaction with the following subset, {T € 7 : T = Jyep B UBL
where D € 2[Vn] }. corresponding to every bundle in By, there is
a unique transaction which belongs to T iff By is selected. Thus,
among all non-empty selections of bundles, we consider aVn _q
unique subsets. It can be shown that each of these unique sets of
transactions can produce a unique marginal contribution. More
detailed proof is provided in Appendix A. O

Games in which Shapley value computation is polynomial-time
often compute the unique marginal contributions and the frequency
with which they occur. Both of these steps must take polynomial
time. In addition, such games have a more well-defined structure
that allows for optimizing the computation of the Shapley value.
RST-Game allows searchers to propose arbitrary bundles, and any
polytime algorithm must work for all such arbitrary bundles. With
these two insights, we conjecture the following:

CONJECTURE 1. In single-minded settings of RST-Game Shapley
value computation of users can be SUBEXP in the number of users, n.

Why we believe the above conjecture? We empirically verify Theo-
rem 2 and observe that variation in the number of marginal contribu-
tions with an increasing number of transactions is sub-exponential
(Appendix C.2). One possibility appears to solve via Unanimity
games [38]. The following subsection discusses why it fails to
get a polynomial-time algorithm. Also, there are some similari-
ties between RST-Game in single-minded settings and weighted
voting games whose Shapley value computation is known to be
#P-Complete [30]. Such a reduction is elusive at this point, and we
leave it for future work.

3.4 Unanimity Games and Shapley Value

RST-Game in single-minded settings and Unanimity games are closely
related. For unanimity games, the Shapley value can be computed

in polynomial time [38]. Hence, we explore it for a polynomial-time

algorithm via unanimity games. A neat analysis shows that the

Shapley value computation still requires sub-exponential computa-
tions. Intuitively, we need to solve G unanimity games to solve

RST-Game.

Consider an unanimity game Us = (7, ws) as,

VI CTws(T) =4t S<T )
E/,w =
s 0 Otherwise

The Shapley value of tj € 7 in Us is given by ¢, = ﬁ The set
of all unianimity functions W = {wg|S C T} forms a basis for the
characteristic function v : 27 — R of RST-Game, i.e., YC C T\
¢, v(C) = ZTez”'\qS Arwr(C), where Ar is referred to as Harsanyi
dividend [25]. Based on the unanimity games, the Shapley value
can be written as

= > ©)

Te2"\¢, t;€T

With the construction provided in the proof of Theorem 2, the
number of unique Harsanyi dividends is sub-exponential. Therefore,
the Shapley value computation of RST-Game via Unanimity games

would be sub-exponential. Refer to Appendix E for more details on
Harsayni dividends.

To this end, we propose to use a sampling-based approach to
approximate the Shapley value of RST-Game. Such an approach has
performed remarkably well in many settings, e.g, [7, 33, 35, 47].

3.5 Approximating Shapley Value

The complexity of Shapley value computation can go sub-exponential
due to the game’s underlying structure, as shown in our construc-
tion. The occurrence of such structures is typically rare as the real
world closely follows some distribution 3. As only a few bundles(<
the total number of all possible bundles) are being vied, [UMC,|
remains O(n). We show that the permutation-sampling-based ap-
proach approximates the exact Shapley values of RST-Game, and
hence I'S'AP We refer to this as RSYP (Algorithm 2). From a set of all
permutations of transactions IT, we sample k different permutations.
Let [T denote these permutations. For each transaction t; € A,
the approximate Shapley value ¢; is computed as marginal con-
tribution of ¢; to each r € I, averaged over k. The approximate
Shapley value ¢r; (v) = ¢ Zrerr, v(7(j) U {j}) = v(x())) and thus
RSYP _ max((i)[j(v), 0)
Yoy = Y max (@, (v), 0)
Vt; €T, y?jSYP approximates ytSJHAP(V).

. We empirically show, for k = O(nz),

Algorithm 2 RSYP

1: Input : Iy, n, k
2: for j =1tondo
3: MCsum =0

4 for r € I} do
5 MC =v(z(j) U {j}) - v(x(}))
6: MCsum += MC
7 end for
8 (Ptj(V) _ max(MISsum,O)
9: end for
10: for j=1tondo
. pRSyp _ _ 95 (V)
1 1—‘tj T Zjen) @1, (V)
12: end for

13: Output :( Ftljsyp)je[nj

3.5.1 PAC Analysis. The computation of the Shapley value of any
transaction ¢; is essentially a sum of weighted marginal contri-
butions. A marginal contribution of t; to T C 7 in RST-Game is
the difference in revenues. Thus, the marginal contribution in ¢;
computation is at most the maximum revenue and at least the min-
imum revenue. Thus, V mc € UMC,, mc < R, where R = ZsiGS Vs,
Using Hoeffding’s inequality[27], we provide an upper bound on
the approximation of Shapley values in RST-Game using RSYP.

THEOREM 3. In single-minded settings of RST-Game, let ¢r; be
the estimate of the Shapley value ¢; obtained using RSYP with

3We often see some transactions being more lucrative to most of the searchers and oc-
casionally, a few transactions being relatively highly valued by only a few (specialized)
searchers [17]



k uniformly sampled permutations. Suppose the marginal contri-
butions are bounded as Xl.J € [-RR]. Ifk = 26122 In %, then

Pr(l(ﬁt]_ - (pfj| > 6) <é.

In the absence of real-world matchmaking data, we empirically
validate the efficacy of RSYP on synthetically generated datasets.

4 EXPERIMENTAL ANALYSIS
4.1 Setup

We compare y of RST-Game in single-minded settings with
ySHAPfor smaller instances.? i.e., (n < 8,m < 14) on 10K randomly
generated instances, each with varying searcher bids and transac-
tion bundles. We consider the following distributions:

(i) Dy: v; ~ U(0,¢) (if) D2: v; ~ N(c, 1)

(iii) D3: v; ~ EXP(c/2) (iv) D4: v; ~ Triangular(0,c/2, c)

RSYP

4.2 Results

We explain our results for D1, defer Dy, D3, D4 results to Appendix
D. Figures 3a and 3b show the behavior of y*°'F and yS"* for a
randomly selected user by varying n and m, where p represents the
mean redistribution fraction. It is clear, I‘tRjSYP — I‘tSjHAP in RSYP for

k = O(n?). The graphs are similar for all the users.

5 MANIPULATIONS AND PRIVACY LOSS

We briefly discuss strategic manipulations by searchers and users,
as well as privacy implications, in the context of RST-Game.

Searchers: The existing matchmaking algorithms are susceptible
to manipulation by searchers who create multiple identities (Sybil
Attacks). The introduction of RST-Game does not add more manip-
ulations or attacks from searchers over existing matchmaking.

Users: If users have multiple transactions and merging them
will only increase the combined value, searchers will capture them,
and thus, users need not act towards them. Further, if users split
transactions, it can cause a decrease in (i) overall revenue and (ii)
the combined Shapley value of split transactions and it may result
in reduced rewards for the user. RST-Game is sybil-proof against
users.

Privacy Loss: Our approach does not incur additional privacy
loss. Hence, privacy guarantees the matchmaker offers hold in
RST-Game too.

6 CONCLUSION

In this work, we propose a redistribution mechanism for matchmak-
ing in blockchains. We model the redistribution as a cooperative
game, RST-Game with transactions as players and propose redis-
tributing revenue based on each transaction’s Shapley value. We
show that, in single-minded settings where each bidder is interested
in only one specific bundle of items and has a fixed value for that
bundle, computing the redistribution vector can be subexponen-
tial. We show that the sampling-based approach provides a good

4Since computing the exact Shaley value for large instances is computationally inten-
sive, we show the efficacy of the sampling approach for smaller instances.
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Figure 3: RSYP Performance Analysis

approximation for the Shapley value with O(n?) samples, where n
is the number of transactions.

We aim to explore fair revenue redistribution in matchmaking
to better reflect searchers’ general valuations as part of our future
work.
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APPENDIX
A MAIN PROOFS

Proposition 1. In additive settings, RST-Game admits v to be additive.

Proor. Since the searchers’ valuations are additive, and they bid for individual transactions, MM reduces the auction into independent
VCG auctions; the payment for each transaction is the second-highest bid received for the transaction. Let vsp,(¢;) be the second-highest bid
received for transaction ¢;.

b t;

Thenforany T; € 7,v(T1) =RN = 3, o7 vy, Similarly, for any T € 7, v(T2) = R = 2itjeT, g,

For T = Ty U Ty, v(T) = RT which is revenue from transactions T alone. As the auction reduces to |T| independent auctions and revenue
is added across all transactions exactly once,

2"

t1eT

S e Y g

t; €T\ T tiehL\T
LIRS W
tieTy tieTy treTiNT,
v(T) +v(Tz) —v(Ti N T2)

v(T)

Hence, v turns out to be additive. [}

Theorem 2. Let UMC,, = {v(T U {t;}) — v(T),V¥T C 7,Vt; € T} be the set of unique marginal contributions obtained in the Shapley value

computation of RST-Game under single-minded searcher valuations. 3 instances such that [UMC, | is Q(Z‘/E).

Proor. Consider an instance of the RST-Game with set of transactions 7~ = {t1, ... t, }. Let the set of searchers S = {s1,...,sn} be divided
into two classes of searchers with equal cardinality, Sy and 87, with corresponding sets of bundles By and B; satisfying the following 2
properties:

e None of the bundles in B or B intersects with any other bundle in By or B4, respectively, i.e., VB, Bs; € Bo, Bs; N Bs; = ¢. In other
words, bundles within B are mutually exclusive, and bundles within $; are mutually exclusive.
e Each bundle in B intersects with every bundle in 8, and vice versa, i.e., VBs; € By, V¥Bs; € B1,Bs; N Bs; # ¢.

Consider the following construction satisfying the above properties. Let m = | 24/n] where n > 16. Thus, |By| = | 81| = m/2 = v/n. Let the
size of each bundle be v/, i.e., |Bs;| = ¥n, Vs; € S. Consider matrix E = [aijly; jef|ya)) Where aij =t m, (i1ye )t

t1 t2 3 R t‘/ﬁ
Lym tnva tyes 7 laym
E= t2\/ﬁ+1 t2ﬁ+2 tz\/ﬁ+3 e t3x/ﬁ
bnoyme1  In—vms2  In—ymes In
{ti.te .tk

By = NN TR N

>

U iets sz - fn}

{t1, tﬁ+2, tZ\Fn+3 cootnh
By = {t\/ﬁ+1,t2\/§+2,~-v,tn—l,t\/ﬁ},

USR-S
Let By U B; be the set of bundles submitted by searchers such that bundles in By are essentially individual rows from the matrix E and
Bundles in B4 contain one transaction from each row and each column of matrix E °. The essence of this construction is that none of the
bundles in By or B intersect with any other bundle in By or B, respectively. It can also be shown that the intersection of a bundle from B,
and a bundle from B is a singleton ©.

5Note that (y/n)! such selections of B; are possible, given the same By.
®More specifically, BL N B‘; is the transaction in BL € B; with the row number y in matrix E where bundle Boy € B, is the bundle corresponding to row y in matrix E.



Let B(l), . Bgﬁ be the bundles of By and the corresponding bids, with slight abuse of notation, be v(l), vg, ey U(i/ﬁ such that 0(1) > Ug >, >
U?/ﬁ' Similarly, let B}, R Bi/ﬁ be the bundles of 81 and the corresponding bids be U%, vé, .. .,Ui/ﬁ such that v% > v; > ... > vi/ﬁ. Further let
the searcher valuations be sufficiently far such that vgi = g?Vn-2i+1, a;i =a?Vn=2 andq >3

v? = o@D vi = o@n-2) vg = o3 5 U?/H = a > Ui/ﬁ = 4

We now show that while computing Shapley values of all transactions using ICA-SM for the above construction, we will encounter at least
AL unique marginal values. The main insight in our approach is that corresponding to any of the non-empty 2V _ 1 combinations of
bundles from By, there exists a unique transaction set T and transaction ¢; such that v(T) — v(T \ {¢;}) gives a unique marginal contribution.

Transaction selection: Let the bundles selected from B in the combination be Bg, ... ,B(Z). Then, we define our transaction set as T =
(UXZZ BY U BL. We note the following:

(1) Let {tx} = B} N By and {ty} = B) N By, Then, if B} # B}, = tx # t.

We can prove this by contradiction. Suppose
0 RO RO 0
3B, BY[BY # BY Aty =ty
=>txeB§)C/\txeBZ
= t, € By N By,
= By NBY # ¢
Given that all bundles in 8By are mutually exclusive, this is a contradiction.
(2) Let {t,} = BS N BL. If BY is selected, t, € T.
This is trivially true because T = |J BY U BL for all selected bundles BY.

(3) Let {tx} = BS n BL.1f BY is not selected, t, ¢ T.
We prove this by contradiction. Let B% and B; represent any selected bundle. Suppose tx € T

= (3BY|tx € BY) V (3Byltx € By)
— (ty € B} A3Bj|ty € BY)V
(tx € By A 3By|ty € By)
= (3BY|tx € By NBY) V (3Byltx € By N By)
= (3BY|BY N BY # ¢) v (IBy|By N By # ¢)

Given that all bundles within 8By and $; are mutually exclusive, this is a contradiction.

(4) While aggregating which searchers are allotted their bundles given the set of transactions T, only the following two cases are possible:
e All allotted bundles are from By and their payments are some bids v}, i.e. bid value of a bundle in B;.
o All allotted bundles are from B; and their payments are some bids 02, i.e. bid value of a bundle in By.
This is true because our construction obeys the two properties mentioned above: i) mutual exclusion within By and B4, and, ii)
non-empty intersection between any bundle from 8By and 8;.

(5) The ICA-SM payment 7 corresponding to BY is vl.
Transactions of both BY and BL are present in T. Also, according to our assigned bid values, Eﬂvy|v?( <oy < ok, ie., bid ol is the
highest bid smaller than bid 0. Given that BY and B intersect, the searcher corresponding to bundle BS pays ol.

(6) The ICA-SM payment corresponding to the bundle BL is either 0 (if BS was the bundle with the least bid among the selected bundles)
or vg for some bundle B%, where Ug is the highest bid less than ol.

(7) Let B be the selected bundle with the highest bid. Let B, be an unselected bundle (if all bundles are selected, consider the least valued
bundle BY instead). Thus, 3, € BY N BL, when the transaction set is 7 = T \ {t,}, v(t U {ty}) = Y, 0t and v(1) = (Z,02) - 02,
where BY is the bundle with the highest bid.

Thus, the marginal contribution of coalition 7 for Shapley value of t, is 3, 01 — 3, 0% + 29,
From (1), (2), and (3), it follows that for every bundle BY, there is a unique transaction t, in T if and only if B is selected. Thus, while
considering all non-empty selections of bundles, we are considering 2vn g unique subsets of 7. Each of these unique sets of transactions is
involved in marginal contributions of some transaction t,, as shown in (7). The marginal contributions Y, v — 3, 0% + 09 are the sum
of all bids with coeflicients either —1, 0, or 1. Thus, for these bid values (powers of 3) and bundles and coefficients —1, 0, or 1, all possible

summations, and hence the marginal contributions, are unique.

7As the size of all bundles in By and B is yn, ICA-SM ordering is the same as ordering of the bids — the common factor y/n cancels out. Similarly, the payments (Step 9 in
Algorithm 1) ps; = vsj/ \st|/|Bsi| =0,; as \stl =|Bs;| = vn
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Thus, the number of unique marginal contributions: O

Theorem 2. In single-minded settings of RST-Game, let ¢, be the estimate of the Shapley value ¢;; obtained using RSYP with k uniformly

sampled permutations. Suppose the marginal contributions are bounded as Xl.j € [-RR].Ifk > % In % then Pr(|(]7tj - qo;jl > e) <.

Proor. Let IT denote the set of all permutations, and let Xl.j denote the marginal contribution of player ¢; in permutation ;. Then,

1 N!
— A J
(ptj _E[Xl] = ﬁ Z;Xl .
iz
Let K be a set of k permutations drawn independently and uniformly at random from II. The estimator is
1 .
5 — J
(P[J— = E Z X[ .
teK
Thus, ¢;; is the empirical mean of k i.i.d. samples oinj, and E[¢¢;] = ¢4,
Since the marginal contributions are bounded, i.e., —R < Xl.] < R, we can apply Hoeffding’s inequality for bounded independent random
variables. This gives:
P (N . ) - —2ke? —ke?
t(Pr, — @1, =€) < exp|—==| = exp| —= | -
01 =0y Pl 2R)2 Pl R
Similarly, for the lower tail:

. —ke?
Pr(<ptj = ¢ 2 e) < exp o'z |

Applying the union bound, we obtain:

N —ke?
Pr(|(pt]_ - zptj| > e) < 2exp 7 |
To ensure this probability is at most J, it suffices that
5 —ke?
ex| —
P\ 2R
Taking logarithms and rearranging gives:
2R* 2
k > —2 In -
€
This completes the proof. o
B MATCHMAKING
B.1 Matchmaking Implementation
Consider the set of transactions 7~ = {t1,12,...,t} submitted by transaction creators. Let S = {s1,sp,...,5m} be the set of searchers

interested in participating in the sealed-bid auction with the matchmaker M. Matchmaker M collects the set of transactions 7~ from
transaction creators and announces the auction, along with metadata/ partial information about the transactions, to the set of all participating
searchers S. For example, rather than disclosing the entire transaction details as illustrated in the JSON below, the Matchmaker filters the
data and shares only that the transaction interacted with SushiSwap and UniSwap contracts and executed a swap between different tokens.

{
"to": SushiSwap_router",
"tokens_traded": ["DAI", "WBTC"]
}
{
"to": nuniswap_v3_router,
"tokens_traded": ["ETH", "USDC"]
3

Only limited transaction data is disclosed to searchers to safeguard the user’s transactions. If full transaction details were available,
searchers could independently submit a bundle directly to the builder or proposer and extract MEV without compensating the user. This
would make MEV extraction appear as if the user’s transactions were publicly available.

Each searcher s; € S runs their strategies locally and submits a partial bundle of transactions Bs; C 7 to M along with bids vs,. Below
is a sample JSON structure sent by the Searcher to the Matchmaker. The bundle includes an empty string (“”) o as a placeholder for any




transaction matching the given criteria. The hints field specifies the conditions the searcher is interested in. When the user’s transaction
runs, any transaction that calls the SushiSwap contract (“0x9f8¢”) or Uniswap_v3_contract (“0xab12”), and produces the event log “0x7{200”
and "0x7g100" respectively, is expected to be placed within the placeholders in the same order as addresses touched. Note that, instead of a
simple order-based system, hints can be made more expressive to provide more complex matching criteria.

"txs":

L

"M M Oxf145hbOt5", ""]

"blockNumbern: 1000000,
"hints":

"addresses_touched": ["@x9f8c","0xab12"]
"Logs_emitted": "@x7f200", "Ox7gl100"

The Matchmaker receives a partial bundle from the searcher and identifies transactions that satisfy the specified criteria. It then assembles
a complete bundle, simulates each bundle locally, performs sanity checks, and discards invalid bundles. The Matchmaker determines the
amount of compensation allocated to the user and attaches a validity condition to ensure the user can reclaim a portion of the transaction’s
rewards. The complete bundle is then sent to the builder/ proposer. Upon successful execution of the block, the rewards are shared with the
users. Figure 4 illustrates the process of matchmaking.

Users T

W Intents / Transactions (

Selective Transaction
Data Sharing

)

Users, T

|

&
<

;L Matchmaker, MM J > Searchers, S

Partial Bundles

{ Matchmaker, MM Ji Searchers, S

Final Bundles +
W Validity Condition

with Refunds
Matchmaker, MM J » Builders / Proposer

Refunds, T

)

Builders / Proposer

Figure 4: Matchmaking Real Implementation Architecture [39]

B.2 Matchmaking vs OFA

A regular OFA only ensures that private transactions are sold off to the highest bidder but doesn’t ensure the timely execution of the
transaction. Consider the scenario where the searcher chooses not to send the transactions to a block builder and retain them for the future.
While an OFA can introduce a penalty for the searcher that misses the slot, where an OFA waits for a deterministic amount of time and
forwards the transaction by itself or auctions it again, it is hard to identify if the transactions did not make it to execution solely due to
searcher and not due to network latency, high competition for blockspace. Hence, potentially enforcing cooperation is not easy. Further, the




auctioneer can increase the revenue by selling multiple transactions simultaneously as a bundle to searchers rather than individually [37].
Matchmaking is a recent introduction in the MEV world, where a matchmaker aggregates transactions from transaction creators, exposes
transaction data to searchers, collects bids along with partial bundles, creates final bundles, and bids to builders for inclusion [39]. Searchers
bid on different subsets of transactions, and the matchmaker computes to find the optimal allocation. This requires optimizing for the best
bundles in a finite amount of time and redistributing the revenue back to the transaction creators to compensate for the value they create.

B.3 Desirable Properties of Matchmaking

We now discuss the desirable properties of matchmaking. Matchmaking involves allocating transactions to searchers and compensating
transaction creators. Mathematically, let:

o u; be the true valuation of searcher i for the allocation A € A (set of possible allocations).
e b; be the bid of searcher i.
e A(v) be the allocation rule based on all bids v = (v1,v2,...,0,).
o p;(v) be the payment rule for searcher i.
e ri(v) be the reward for transaction creator i
Some of the generally desired properties of auction mechanisms are:
1. Incentive Compatibility (Truthfulness): A mechanism is incentive-compatible (or truthful) if each searcher’s best strategy is to bid
their true valuation of the good, regardless of what others are doing. In such a mechanism, searchers have no incentive to misrepresent their
preferences. The mechanism is incentive-compatible for searchers if:

0i(A(vi, b-7)) — pi(vi, b=i) > vi(A(b},0-;)) — pi(b}, 01, (7)
for all b}, where b_; are the bids of all other agents.

2. Allocative Efficiency (Social Welfare) Allocative Efficiency or Social Welfare Maximizing allocation refers to the allocation that

maximizes total value for all searchers, i.e.,
m

i(A(D)). 8
max Z; 0i(A(b) ®)
3. Individual Rationality A matchmaking is individually rational if it is individually rational for both searchers and transaction creators.
Each searcher is at least as well off by participating in the matchmaking as they would be if they chose not to participate. Similarly, the
utility of each transaction creator is at least as well by including it in matchmaking as they would if they choose not to be involved in
matchmaking. Formally, the utility uIS of searcher i and utility u;r should be non-negative:

ud = 0i(A(b)) - pi(b) 2 0. ©)
uiT =r; >0 (10)

4. No-deficit A matchmaking is no-deficit if the total payments collected from the searchers are equal to the total rebates paid to
transaction creators of the allocated transactions. That is, no money is lost from the matchmaking process. The condition for no deficit is:

Dipi) = (11)
ieS* ieT*
5. Fair redistribution A matchmaking is fair to transaction creators if rebate to the transaction creators is such that i) Y;e[n) ri = R,

where R is the revenue generated from searchers, (ii) Vi, j similar MEV transactions generating same value, r; = rj, and (iii) r; = 0 for all
transactions i that do not create any MEV.

B.4 Winner Determination in Additive Settings

B.5 RST-Game Examples

ExAMPLE 2 (NON-MONOTONOCITY OF V IN SINGLE-MINDED SETTING). Consider RST-Game with T = {t1, to, t3, 4, t5} and S = {s1, 52, 53,84}
in single-minded setting where the bundle-bid pairs are (B1,v1) = ({t1,1t2, t3,t4},9), (B2, v2) = ({£2,13},8), (B3, v3) = ({t4,t5},7), (Bs,va) =
({t3,t4},6).

Based on the above bundle-bid pairs we have the following:

The order of searchers sorted by bid/bundle is sy, s2, 53, 4.

Consider the grand coalition T = {ty, t2, 3, t4, 5} ST =5 get t1, 12,13, t4 and ps, = 5.6 * 2 = 11.2.
Therefore, v(T) = 11.2

Consider T/ € T such that T/ = T\ {t1}. ST = {s2, 53} and ps, = 6/V2 V2 = 6, Ps, = 6/V2 V2 =6.
Therefore, v(T’) = 12

Clearly, T’ c T and v(T) < v(T’). Hence, v is not monotonic.



Algorithm 3 SPA with VCG Payments

1: Input: Bids vs,, v, ..., 0s,,

2: Initialize ps;, = 0 for each searcher s;
3. for each transaction tj € T do

4. Find vy, [t;] of each searcher s;.

5. Lets;* = argmaxg, vs; [j] {Identify the participant with the highest bid}
6 Letos,. .q[tj] = maxg, g+ vs;[t;] {Find the second-highest bid}

7. Payments:

8 for each searcher s; do

9 if s; = s;* then

10: Dsi = Ps; + Usgeeona L1j] {Winner pays the second-highest bid}
11: else

12: Ps; = ps; + 0 {Non-winners pay nothing}

13: end if

14:  end for

15: end for

16: Output: Winner s;* and payments p,, ps,., - - -, Ps,

Searcher B v \/ﬁ ratio
$1 t1, to, t3,t4 | 12 2 4.5
S2 to, 13 8 V2 5.6
$3 tg, ts5 7 \/§ 4.9
S4 13, 14 6 \/5 4.2
C UNIQUE MARGINAL CONTRIBUTIONS
C.1 Proof of Unique Marginal Contributions
THEOREM 4. Y(ag,...,an—1) € {—1,0,1}", the summations = Zi:(r)l_l 3%+ q; is unique.

ProoF. Proof by induction:
Base case:n =1

For ap € {—1,0, 1}, the summation s can take value either —1, 0 or 1. Thus, all three possible summations for n = 1 are unique.
Inductive step: Assume the theorem to be true for n = k.

The minimum summation possible for (ay, ...,a,_;) is when all a; = —1.
L k-1 3k
o= — =
min 3 _ l 2
The maximum summation possible for (a, ..., ar_1) is when all a; = 1.

sk_1 3k_q
Smax = 1 X =

3-1 2

For n = k + 1, ap, can take values either —1,0 or 1.

- 1.0 —_3F-1 0 __3kn
® appy = Ly, = =S and sy =~
—0. ¢l —_311 1 _ 3k
® gy =0:is . =—>5— and sy, = >5—
— 1.2 = 3*n 2 _ 3k
® dpy1 = 1: Smin =5 and Smax = T3
Assd.. < srlnm, sO oy < srznin and sk . < srznm, neither ranges of values overlap. Thus, if all possible summations for n = k are unique, then
the summations for n = k + 1 are also unique.
By the principle of mathematical induction, the summations s = Z;zg_l 3! % g; are unique. O

C.2 Empirical Analysis

Figure 5 demonstrates the relationship between the number of unique values and the number of transactions, n based on the construction
provided for Theorem 2. For 10k different instances, we generate different instances of RST-Game and observed that the observed average
growth rate of the number of unique values closely follows the theoretical prediction of Q(Z‘/ﬁ). This validates our theory that the number
of unique values scales asymptotically as Q(Z‘/ﬁ) with respect to n, confirming the expected behavior.
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Figure 5: Variation of Unique Marginal Contributions with Transactions

D PERFORMANCE OF RSYP

Figures 6 and 7 show the performance analysis of RSYP with varying searchers and transaction creators. Specifically, they show the distribution
of redistribution fractions obtained by transaction creators across 10k random instances generated using the following distributions: (i) D;:
v; ~ U0, c) (ii) Da: v; ~ N(c, 1) (iii) D3: v; ~ EXP(c/2) (iv) D4: v; ~ Triangular(0, c/2, c).

For each distribution, we show the distribution of redistribution fractions, y;, of a random transaction creator computed via RSYP and

exact Shapley value ¢ = 1. We observe that the expected redistribution fraction ,u(y?SYP) - ,u(yl.SHAP).
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We perform our analysis using the Python programming language on a Windows 10 Machine with AMD Ryzen 5 4600H with Radeon
Graphics, 3000 MHz, and 8GB RAM.

E UNIANIMITY GAMES

A unanimity game is a fundamental concept in cooperative game theory, characterized by a coalition structure in which a specific subset of
players, called a winning coalition, must act unanimously for any payoff to be generated. The game’s value depends on whether a coalition
contains the required subset.

Let N be a finite set of players, and let S C N be a coalition (a subset of players). A unanimity game is represented by a characteristic
function o : 2V — R defined as:

1, ifSCT,
o(T) = .
0, otherwise.

where S is the winning coalition, i.e., the minimal subset of players required to generate a value. T is any coalition under consideration.
o(T) gives the value of the coalition T. It is 1 if T contains all players in S, and 0 otherwise.
The Shapley value of RST-Game can derived from unanimity games in the following way. Let Us = (7, ws) be unanimity game defined on
set of transactions 7~ such that
1 SCT

YT C T, T) = 12
ws(T) {0 Otherwise (12)

THEOREM 5. VT C 7, the value function can be uniquely expressed in terms of unanimity functions in By with Harsanyi dividends as the
coefficients

WM = Y Aysos(T) (13)

se2T\¢



Proor. Let E =27\ ¢ ie, E={Ty,....,Tyr_,}
Let A be the matrix formed using unanimity functions A(; jy = w7, (Tj)Vi, j € {0,. .., 2171 - 1}

® Ty T T3 T4 -+ - Tyn_y
o, |1 0 0o 1 = 1
o, [0 1 0 1 1
o, [0 0 1 0 1
o, [0 0 0 1 1
wr, |0 0 0 0 - 1
o, |0 0 0o 0 1 1
o, |0 0 0 0 0 1
T [0 0 0 0 0 0 1

Assume there is a linear combination of unanimity functions that equals the zero function:
Z 0sws(T) =0, VT €E
S€EE

For this to hold, g must be zero for all S C 7. The unanimity function wg(T) is nonzero (equal to 1) if and only if S C T. This means wg(T)
activates only those terms where S C T. If vg # 0 for some S C 77, then },gc7vsws(T) # 0 for some T. This contradicts the assumption that
the sum equals 0 for all T. Thus, vg = 0 for all S. This proves {wg : S € E} are linearly independent.

Further, consider the following equations:

v(Ty) = Z vsws(T1)

SeE

(Tp) = Z vsws (Tz)
SeE

v(T3) = Z vsws (T3)
SeE

v(Tyri_y) = Z vsws(Tyiri_y)
SeE

From the A, it can be observed that there are 2/71 - 1 independent equations and 2171 — 1 variables, hence there exists unique solution
{or: TC T}

Hence, By = {wr : T € 7 \ ¢} forms the basis for the characteristic function v. These vs are nothing but Harsanyi dividends represented
asAys.

W)= > Aysos(T)

se2T\¢

THEOREM 6. The Shapley value of t; in the unanimity game (7, wr) is:

1 .
_ m, lft] € T,
(ptj (wT) {0, lft] ¢ T.
Proor.
Nt T\ {tj} cC
Aot (C)(tj) = {0) T\{t} ¢ C.

= Vt; ¢85, (ptj(wT) =0.

wr(T) =1.



1

N7 2 IS = el = )i er (€U {t}) ~ w1(0) (19)

CCN;
From symmetry, each transaction in S receives an equal share of v(7):

(ptj ((/JT) =

. 1
= Vi€S§, qD[j((/)T) = m

THEOREM 7. Any characterisitic function v : 27 \ {0} — Ry, the Shapley value can be expressed in terms of the Harsanyi dividends as:

Ayt
o= >
TC27\{0},t;€T
Proor. Let Ng = |C|! (|T| = |C|] = 1)!
1
oy = > Ne{(v(CU{t;}) -v(O)}.
7!
ceT\ {1}

From Theorem 5, 6, we have

v(C) = Z Ay 1or(C) and

Tc27\{0}
1
¢t (01) = o 0.
1
o) = D NefvCu (b -v(©)
CcT\{t;}
1
:W Z NC( Z Ay1or(CU{tj})-
T CcT\{t;} TC27\0
> Avror(0)
TC27\0

1
=7 Z Z NeAyr(or(C U {t)}) - ws(C))
T CCT\{t;} TC2T\0

! Z Z NeAy 1 (or(CU{t}) — wr(0))

T
71 CST\{t;} TC2T\0,t;€T
1
=7 2 2, Netwrler(@u{i)-or(0)

T TC2T\0,ieT TCT\{t;}

:ﬁ S Aur Y Nelor(Cu{i)) - wr(0)

T TC2T\0,t;€T CcT\{t;}

= 3 dualgg X Nelor@uiy) - or(©)

TC27\0,t;€T T CCT\t;
= Z AV,T(ptj(wT)
TQZT\U),tjeT

- ¥

IT|

Tc27\¢,t;€T




F CODES

F.1 Main

seed = 5

np.random.seed (seed)

numlterations = 10000

c=1

numSearcherslter = [4,6,8,10,12,14]

# numTransactionslter = [4,5,6]
numTransactionslter = [4,5,6,7,8]

distributions = [ 'uniform', 'normal', 'exp', 'trian ']

F.2 Generate Instances

def truncated_normal_vec(mean, std, c¢, size):
samples = []
while len(samples) < size:

s = np.random.normal (mean, std, size=2) # oversample
s = s[(s >= 0) & (s <= ¢)]
samples.extend (s [:size - len(samples)])

return np.array(samples)

def truncated_exponential_vec(scale, ¢, size):

samples = []

while len(samples) < size:
s = np.random. exponential (scale, size«2)
s = s[s <= c]
samples.extend (s [:size - len(samples)])

return np.array (samples)

def generate_instances(dist ,numSearchers,numTransactions,c):

if dist == 'uniform'
searcherVals = np.random.uniform(0,c,(1,numSearchers)).flatten ()
searcherBdls = [np.unique(np.random.uniform (0,numTransactions ,(1,

int (np.random. uniform (1, numTransactions)))).astype(int)) for bi in
. range(numSearchers) ]

elif dist == 'normal ':
searcherVals = truncated_normal_vec(c/2, 1, ¢, numSearchers)
searcherBdls = [np.unique(np.random.uniform (0,numTransactions ,(1,

int (np.random. uniform (1, numTransactions)))).astype(int)) for bi in
. range(numSearchers)]

elif dist == ‘'exp':
searcherVals = truncated_exponential_vec(c/2, ¢, numSearchers)
searcherBdls = [np.unique(np.random. uniform (0, numTransactions ,(1,

int (np.random. uniform (1,numTransactions)))).astype(int)) for bi in
. range (numSearchers) ]

elif dist == ‘'trian'

searcherVals = np.random. triangular (left=0,mode=c/2, right = ¢, size=numSearchers)
np.random. uniform (0,c,(1,numSearchers)). flatten ()

searcherBdls = [np.unique (np.random. uniform (0,numTransactions ,(1,

int (np.random. uniform (1, numTransactions)))).astype(int)) for bi in
. range (numSearchers) ]



else:
raise ValueError
return searcherVals ,searcherBdls

F.3 ICA-SM

def findDisjointBunldeOwners (sortedBdl, searcherBdls):
disjointBdlOwners = []
disjointBdlSet = set()
for index in sortedBdl:
flagSet = False
for txn in searcherBdls[index]:
if txn in disjointBdlSet:
flagSet = True
break

if not flagSet:
disjointBdlSet = disjointBdlSet.union(set(searcherBdls[index]))
disjointBdlOwners.append(index)

return disjointBdlOwners

def findSumValuations(disjointBdlOwners, searcherVals):
tvals = 0
for i in disjointBdlOwners:
tvals += searcherVals[i]
return tvals

def findFirstIntersectingBundleOwner (userBdl, partial_sortedBdl, searcherBdls):
for sIndex in partial_sortedBdl:
for txn in userBdl:
if txn in searcherBdls[sIndex]:
return slndex
return -1

def findIcaSmPayments(numSearchers, sortedBdl, disjointBdlOwners, searcherVals,
searcherBdls , searcherBdlSizes):

payments = [0]+numSearchers

for i in disjointBdlOwners:
winIndex = np.where(sortedBdl == 1) [0][0]
userBdl=searcherBdls[i]
sIndex = findFirstIntersectingBundleOwner (userBdl, sortedBdl[winIndex+1:],
if sIndex >= 0:

payments[i] =

searcherBdls)

searcherVals[sIndex ]+math. sqrt(searcherBdlSizes[i]/searcherBdlSizes[sIndex])

return payments

def findShapleyValuelcaSm (numTransactions, searcherBdls ,searcherVals ,searcherBdlSizes ,

. permutations):
shapley = []



transactions = [i for i in range(numTransactions) ]

for i in range(numTransactions):
marginalContribution = 0
for perm in permutations:

index = perm.index (i)
coalitionTxns = list(perm[:index+1])

searcherBdls_temp = []
searcherVals_temp = []
searcherBdlSizes_temp = []

for sIndex,bdl in enumerate(searcherBdls):
if set(bdl).issubset(set(coalitionTxns)):
searcherVals_temp .append(searcherVals[sIndex])
searcherBdls_temp .append(searcherBdls[sIndex])
[

searcherBdlSizes_temp .append(searcherBdlSizes[sIndex])

R = [round(searcherVals_temp[j]/math.sqrt(searcherBdlSizes_temp[j]), 3) for j in

. range(len(searcherVals_temp))]
sortedBdl_temp = np.argsort(np.array(R)«-1)
disjointBdlOwners_temp = findDisjointBunldeOwners (sortedBdl_temp ,searcherBdls_temp)
optVal = findSumValuations(disjointBdlOwners_temp , searcherVals_temp)
icaSmPayments = findlcaSmPayments(len(searcherBdls_temp), sortedBdl_temp,

. disjointBdlOwners_temp , searcherVals_temp, searcherBdls_temp,

searcherBdlSizes_temp)

icaRevenue= sum(icaSmPayments)

tvals_temp_with = icaRevenue

coalitionTxns .pop(-1)

(]

searcherVals_temp = []

searcherBdls_temp
searcherBdlSizes_temp = []

for sIndex,bdl in enumerate(searcherBdls):
if set(bdl).issubset(set(coalitionTxns)):
searcherVals_temp .append(searcherVals[sIndex])
searcherBdls_temp .append(searcherBdls[sIndex])
searcherBdlSizes_temp .append(searcherBdlSizes[sIndex])

R = [round(searcherVals_temp[j]/math.sqrt(searcherBdlSizes_temp[j]), 3) for j in
. range(len(searcherVals_temp))]
sortedBdl_temp = np.argsort(np.array(R)=-1)
disjointBdlOwners_temp = findDisjointBunldeOwners(sortedBdl_temp , searcherBdls_temp)
optVal = findSumValuations(disjointBdlOwners_temp , searcherVals_temp)



icaSmPayments = findlcaSmPayments(len(searcherBdls_temp), sortedBdl_temp,
. disjointBdlOwners_temp , searcherVals_temp, searcherBdls_temp,
searcherBdlSizes_temp)
icaRevenue= sum(icaSmPayments)

tvals_temp_without = icaRevenue
marginalContribution += tvals_temp_with - tvals_temp_without
shapley.append(marginalContribution)

shapley = np.round(np.array(shapley) / math.factorial (numTransactions), decimals=3)
return shapley

F.4 RSYP

def RSYP(sampledSubsets, numTransactions, searcherVals, searcherBdls,
searcherBdlSizes ,R, numSearchers) :

shapley = []

for j in range(numTransactions):
marginalContribution = 0

for subset in sampledSubsets:

bdlp = list(subset)
if j in bdlp:

searcherBdls_temp = searcherBdls.copy ()
searcherVals_temp = searcherVals.copy ()
searcherBdlSizes_temp = searcherBdlSizes.copy ()
R_temp = R.copy ()

poplIndices1 =[]

for i in range(numSearchers-1,-1,-1):
if not set(searcherBdls[i]).issubset(set(bdlp)):
poplndicesl.append (i)

if (len(popIndicesl) != numSearchers):

for i in poplIndicesl:
searcherBdls_temp .pop (i)
searcherVals_temp .pop (i)
searcherBdlSizes_temp .pop (i)

R_temp.pop (i)

sortedBdl_temp = np.array([i for i in range(len(searcherVals_temp))])
disjointBdlOwners_temp = findDisjointBunldeOwners(sortedBdl_temp ,searcherBdls_temp)
optVal = findSumValuations (disjointBdlOwners_temp , searcherVals_temp)



icaSmPayments = findlcaSmPayments(len(searcherBdls_temp), sortedBdl_temp,
. disjointBdlOwners_temp , searcherVals_temp, searcherBdls_temp,
searcherBdlSizes_temp)
icaRevenuel= sum(icaSmPayments)

bdlp .remove(j)
poplndices2 =[]

for i in range(len(searcherVals_temp)-1,-1,-1):
if not set(searcherBdls_temp[i]).issubset(set(bdlp)):
popIndices2 .append (i)

for i in poplIndices2:
searcherBdls_temp .pop (i)
searcherVals_temp .pop (i)
searcherBdlSizes_temp .pop(i)
R_temp.pop (i)

sortedBdl_temp = np.array([i for i in range(len(searcherVals_temp))])
disjointBdlOwners_temp = findDisjointBunldeOwners(sortedBdl_temp ,searcherBdls_temp)
optVal = findSumValuations(disjointBdlOwners_temp , searcherVals_temp)
icaSmPayments = findlcaSmPayments(len(searcherBdls_temp), sortedBdl_temp,
. disjointBdlOwners_temp , searcherVals_temp , searcherBdls_temp,
searcherBdlSizes_temp)
icaRevenue2= sum(icaSmPayments)

diff = icaRevenuel - icaRevenue2
else:
diff = 0.0
else:
diff = 0.0

MCT = round(diff ,3)

if MCT <= 0:
MCT = 0.0

marginalContribution += MCT
shapley.append(marginalContribution)

shapley = np.round(np.array(shapley) / len(sampledSubsets), decimals=3)
gammas = findGammas (shapley)
return gammas

F.5 Gamma Computation

def findGammas(shapleyList):
totalShap = 0
for shap in shapleyList:



totalShap+=shap
if (totalShap==0):
return np.round(shapleyList, decimals=3)
else:
return np.round(np.divide (shapleyList, totalShap), decimals=3)
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