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Abstract
Background: Fair division typically assumes that an agent’s value

depends only on its own bundle, yet many settings feature exter-

nalities where agents also derive value from others’ bundles. Un-

derstanding how externalities affect standard fairness guarantees

is therefore fundamental.

Objectives and Research Questions: We study equitability (EQ)

and its relaxation (such as equitability upto one item (EQ1)) for

indivisible goods under externalities. We ask whether such alloca-

tions exist in this model and what is the complexity of deciding or

finding them.

Methods: We encounter non-existence even for small instances,

and present reductions establishing NP-completeness of natural

decision variants. Towards tractability, we present polynomial-

time algorithms for some special cases. We also provide pseudo-

polynomial and fixed-parameter tractable algorithms via dynamic

programming and integer linear programming.

Results:We show that EQ1 allocations may fail to exist even for

small structured instances with three agents and normalized binary

valuations. For two agents, we show existence and efficient compu-

tation under normalized binary valuations. We show that deciding

the existence is computationally hard under reasonable assump-

tions. Nevertheless, when the number of agents is a constant, we

obtain a pseudo-polynomial algorithm. We also present the relation

to efficient dominating sets in graph-based externalities.

Conclusions: Externalities substantially change the landscape of

equitable allocations: classical existential guarantees break, and

hardness arises even for highly structured instances. Our work

presents a comprehensive landscape of existence and computation

of such allocations.
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1 Introduction

Allocating a set of valuable resources among individuals with pref-

erences over them is an active area of research that has drawn the

attention of economists, mathematicians, and computer scientists

for several decades. The central goal is to find an allocation that

satisfies various fairness criteria, such as envy-freeness (where no
agent prefers another’s bundle to their own) and equitability (where

all agents derive the same value from their bundles).

Traditionally, the value that an agent derives depends solely on

the set of resources it receives. However, real-world settings often

feature externalities, where an agent’s utility depends on the entire

allocation, including items assigned to others. For instance, a friend

or family member getting a club membership, with guest privileges,

translates to indirect membership for oneself; allocation of the same

course to a friend facilitates joint projects and resource sharing;

vaccinated individuals create positive externalities for others nearby

by reducing the risk of contraction.

Externalities have been studied in broader economic models, like

auctions [14], supply chain management [23], welfare economics

[1]. [24] mentions that externalities in fair division as important yet

insufficiently studied. Recent literature on fair division of indivisible

items has only explored envy-freeness and its relaxations with

externalities [2, 9, 10, 22].

Equitability is an equally compelling notion of fairness, well-

supported and validated by empirical evidences and a host of recent

technical contributions have advanced the understanding of this

fairness concept [3, 5, 6, 15, 16, 18]. In the classical setting with-

out externalities, an EQ1 allocation is known to exist for general

monotone valuations and is also efficiently computable with simple

greedy procedures [11, 13]. Recently, they have also been shown to

exist for non-negative valuations (which can be non-monotone) un-

der mild assumptions [18]. However, the existence and complexity

of such allocations have remained unexplored under the presence

of externalities. To that end, we ask the following fundamental

question:

Do EQ1 allocations exist for fair division instances with externali-
ties?

We answer the above question in the negative. This is surprising

to an extent since, in the absence of externalities, EQ1 allocations

are known to exist for broad classes of valuations; however, the

presence of externalities comes with non-existence even with small

and structured normalized instances. We outline our contributions

below.

Our Contributions
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1. We show that an EQ1 allocation may not exist even with

two agents and binary valuations (Example 3.1). However,

for two agents with normalized binary valuations, we show

the existence and efficient computation of EQ1 allocations

(Theorem 3.2).

2. For more than two agents, we show that an EQ1 allocation,

unlike the classical setting, may not exist, even for binary

normalized valuations and normalized externalities (Exam-

ple 4.2). On the complexity side, we show that deciding the

existence of EQ1 allocations such that every agent gets a

minimum utility of 𝑟 is NP-Complete even for normalized

valuations and normalized externalities (Theorem 5.3). The

hardness holds for {0, 1, 𝑟 } valuations. For binary valuations,

we show that deciding the existence of EQ1 allocations such

that every agent gets a minimum utility of 𝑟 is NP-Complete

for nearly normalized instances (Theorem 5.2).

We also show that deciding the existence of EQ allocations is

NP-Complete even with identical (hence, normalized) binary

valuations and normalized externalities (Theorem 5.1).

3. For a constant number of agents, we show that the existence

of an EQ1 allocation can be decided in pseudo-polynomial

time (using a dynamic program) for general non-normalized

valuations (Theorem 4.3). If the valuations are binary, then it

can be done in polynomial time, again for a constant number

of agents (Theorem 4.6).

4. We also present a fixed-parameter tractable algorithm to

compute an EQ1 allocation, if one exists, parameterized by

the number of different item-types and the number of agents

(Theorem 4.8).

5. When there is an underlying graph of social network on

agents, and they derive external values only from the adja-

cent agents in the graph, we show that an EQ1 allocation

exists if the graph admits an Efficient Dominating Set (EDS)
(Theorem 4.9). Trees and paths always admit an efficiently

computable EDS, which guarantees a polynomial-time com-

putable EQ1 allocation.

Additional Related Work

Envy-freeness and Externalities. [7] and [21] studied externalities
in the divisible resource allocation. [2] formalized the externality

model for EF1 allocation of indivisible items and showed with

that EF1 allocations exists for three agents with binary valuations

(under the assumption of no weak chores). They used a computer

program to verify the existence of EF1 allocations by exhaustive

search. [10] analysed the computational complexity of deciding

the existence of EFX allocations under externalities and showed

the decision problem is NP-Complete even for three agents or at

most 6 different values for the items. Very recently, [9] showed

the non-existence of EF1 allocations even with binary valuations.

Additionally, they showed that EF-𝑘 allocations always exist where

𝑘 = Θ(
√
𝑛).

Equitability and Its Relaxations. The recent wave of work on eq-

uitability for indivisible goods has investigated EQ1 allocations for

goods [11], for chores [12], compatibility with efficiency guarantees

[4], for mixed manna [17], and for valuations beyond monotone

and additive [3, 6, 18]. Our work adds to this line by highlighting

that externalities substantially alter the landscape.

2 Preliminaries
Model. We denote the set {1, 2, . . . 𝑘} as [𝑘]. A fair division in-

stance I = ⟨𝑁,𝑀,𝑉 ⟩ consists of a set 𝑁 of 𝑛 agents, a set 𝑀 of

𝑚 goods. An allocation A = {𝐴1, 𝐴2, . . . 𝐴𝑛} is a partition of the

set of goods 𝑀 among the set of agents 𝑁 . In the fair division

model with externalities, each agent 𝑖 ∈ 𝑁 has a valuation function

𝑣𝑖 : A → R+ that assigns a value to every allocation. The value

that agent 𝑖 derives when agent 𝑗 receives the good 𝑔 is denoted

by 𝑣𝑖 ( 𝑗, 𝑔). An item 𝑔 is said to be a weak chore for an agent 𝑖 if

𝑣𝑖 (𝑖, 𝑔) < 𝑣𝑖 ( 𝑗, 𝑔). That is, 𝑖 derives better value if 𝑔 is assigned to

some other agent than itself. In our model, we assume that there

are no weak chores.

For each 𝑖 ∈ 𝑁 , the value 𝑖 derives from an allocationA is given

by

𝑣𝑖 (A) =
𝑛∑︁
𝑗=1

∑︁
𝑔∈𝐴 𝑗

𝑣𝑖 ( 𝑗, 𝑔)

The valuation tuple for 𝑛 agents induced by an allocation A
is denoted by {𝑣1 (A), 𝑣2 (A), . . . , 𝑣𝑛 (A)}. With a slight notation

abuse, we denote the allocationA excluding the item {𝑔} byA \𝑔.
The value that agent 𝑖 derives in A \ 𝑔 is then 𝑣𝑖 (A \ 𝑔).

Normalized Valuations and Externalities. We say that an instance

I has normalized valuations if every agent derives a fixed total

value, say 𝐾 , upon receiving the grand bundle. Formally,

𝑣𝑖 (𝑖, 𝑀) = 𝐾 ∀ 𝑖 ∈ 𝑁

Further, we define the external value of good 𝑔 for agent 𝑖 , denoted

by 𝐸
𝑔

𝑖
, as the total value agent 𝑖 derives when good 𝑔 is assigned to

any other agent 𝑗 ≠ 𝑖 . Formally, 𝐸𝑖𝑔 :=
∑

𝑗≠𝑖 𝑣𝑖 ( 𝑗, 𝑔). An instance I
is said to have normalized externalities if the total external values
across all goods is a constant for all the agents. Formally,∑︁

𝑔∈𝑀
𝐸𝑖𝑔 = 𝐸 ∀ 𝑖 ∈ 𝑁

Fairness Notions. We now define the fairness notions discussed

in this work. An allocationA is said to be Equitable (EQ) if and only

if every agent derives equal utility underA. That is, for any pair of

agents 𝑖, 𝑗 ∈ 𝑁 , we have 𝑣𝑖 (A) = 𝑣 𝑗 (A). Such an allocation may

not even exist even in a setting without externalities; consider two

agents and one good valued by both of them. Hence, approximate

equitable notions have been considered in the literature. We extend

these notions to the setting of externalities as follows. An allocation

A is EQ1 iff for any 𝑖, 𝑗 ∈ 𝑁 , there exists a good 𝑔 ∈ 𝑀 such that

𝑣𝑖 (A \ 𝑔) ≥ 𝑣 𝑗 (A \ 𝑔). Further, an allocation A is EQX if an only

if for any 𝑖, 𝑗 ∈ 𝑁 , for all 𝑔 ∈ 𝑀 , 𝑣𝑖 (A \ 𝑔) ≥ 𝑣 𝑗 (A \ 𝑔).

Efficient Dominating Set (EDS). We now define an Efficient Dom-

inating Set that we use for our algorithms and hardness results.

A vertex 𝑣 in a graph 𝐺 dominates itself and all its neighbours. A

set of vertices 𝑆 in 𝐺 is said to be a dominating set if every vertex

is dominated by at least one vertex in 𝑆 . Such a dominating set 𝑆

is efficient if and only if every vertex is dominated by exactly one

vertex in 𝑆 . An instance I = ⟨𝐺,𝑘⟩ of EDS asks if a regular graph
𝐺 of degree 𝑑 admits an EDS of size 𝑘 < 𝑉 (𝐺). This problem is

known to be computationally hard even on regular graphs [8, 19].
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3 Two Agents
We first present an example that shows the non-existence of an EQ1

allocation even with two agents, two items, and binary valuations.

Example 3.1. Consider the following instance with 2 agents, 2 items
and no weak chores. Under any allocationA, we have 𝑣1 (A) = 0 and
𝑣1 (A) = 2, hence, agent 𝑎1 violates EQ1. This example highlights
that without normalization assumptions, EQ1 allocations do not exist
even in small instances with two agents and two items, and binary
valuations

𝑔1 𝑔2

𝑎1 (0, 0) (0, 0)
𝑎2 (1, 1) (1, 1)

Table 1

However, if the valuations are normalized, we show that an EQ1

allocation always exists and can be computed efficiently.

Theorem 3.2. Given a fair division instance I = ⟨𝑁,𝑀, {𝑣𝑖 }𝑖∈𝑁 ⟩
with two agents and binary normalized valuations, an EQ1 allocation
always exists and can be computed in polynomial time.

Proof. Let𝑎1 and𝑎2 be the two agents. The goods can be divided

into the following types, where the valuation vector represents

{(𝑣1 (𝑎1, 𝑔), 𝑣1 (𝑎2, 𝑔)), (𝑣2 (𝑎1, 𝑔), 𝑣2 (𝑎2, 𝑔))}:
• 𝑇0 := {(0, 0), (0, 0)}. These are the dummy items not valued

by any agent.

• 𝑇1 := {(1, 1), (1, 1)}. There are the items from which both

the agents derive the value as well as the externality.

• 𝑇2 := {(1, 0), (1, 1)}. These are the items from which both

the agents derive the value, but only agent 𝑎2 derives the

externality.

• 𝑇3 := {(1, 1), (0, 1)}. These are the items from which both

the agents derive the value, but only agent 𝑎1 derives the

externality.

• 𝑇4 := {(1, 1), (0, 0)}. These are the items valued only by 𝑎1.

• 𝑇5 := {(0, 0), (1, 1)}. These are the items valued only by 𝑎2.

• 𝑇6 := {(1, 0), (0, 0)}. These are the items valued only by 𝑎1

without externality.

• 𝑇7 := {(0, 0), (0, 1)}. These are the items valued only by 𝑎2

without externality.

• 𝑇8 := {(1, 0), (0, 1)}. These are the items fromwhich both the

agents derive the value, but no one derives the externality.

Since there are no weak chores, every item falls into one of the

above types. Also, note that since the instance is normalized, we

have

𝑣1 (1, 𝑀) = 𝑣2 (2, 𝑀)
Therefore,

|𝑇1 | + |𝑇2 | + |𝑇3 | + |𝑇4 | + |𝑇6 | + |𝑇8 | = |𝑇1 | + |𝑇2 | + |𝑇3 |
+ |𝑇5 | + |𝑇7 | + |𝑇8 |

This implies,

|𝑇4 | + |𝑇6 | = |𝑇5 | + |𝑇7 | (1)

Consider the allocation of the items as presented in Algorithm 1.

We claim that the allocation A as output by Algorithm 1 is EQ1.

Algorithm 1 Two-Agents, Binary normalized valuations

1: Input: I = ⟨{𝑎1, 𝑎2}, 𝑀, {𝑣1, 𝑣2}⟩ with binary normalized val-

uations, no weak chores

2: Output: EQ1 allocation A = (𝐴1, 𝐴2)
3: 𝐴1, 𝐴2 ← ∅
4: for 𝑔 ∈ 𝑇0 ∪𝑇1 do
5: Assign 𝑔 arbitrarily.

6: for 𝑔 ∈ 𝑇2 ∪𝑇4 do
7: 𝐴1 = 𝐴1 ∪ {𝑔}
8: for 𝑔 ∈ 𝑇3 ∪𝑇5 do
9: 𝐴2 = 𝐴2 ∪ {𝑔}
10: while ∃𝑔 ∈ 𝑇6 ∪𝑇7 ∪𝑇8 do:
11: 𝑖 ← arg min 𝑣𝑖 (A)
12: Assign to agent 𝑖 its most favourite remaining item.

13: return A = (𝐴1, 𝐴2)

Claim 3.3. The allocation A as output by Algorithm 1 is EQ1.

Proof. First, note that the assignments for 𝑇0 ∪ 𝑇1 ∪ 𝑇2 ∪ 𝑇3

contribute equally to 𝑣1 (A) and 𝑣2 (A). Let A′ be the partial

allocation of ∪5

𝑖=0
𝑇𝑖 . Without loss of generality, consider |𝑇4 | >

|𝑇5 |. In this case, we have 𝑣1 (A′) > 𝑣2 (A′) and in particular,

𝑣1 (A′)−𝑣2 (A′) = |𝑇4 |−|𝑇5 |. Since |𝑇4 |+|𝑇6 | = |𝑇5 |+|𝑇7 | (by normal-

ization (Equation (1))), we have |𝑇6 | < |𝑇7 | and |𝑇4 |−|𝑇5 | = |𝑇7 |−|𝑇6 |.
Hence, the while loop in the algorithm ensures that agent 𝑎2 keeps

receiving items it values until the disparity vanishes, in particu-

lar, 𝑎2 receives |𝑇7 | − |𝑇6 | that it values at 1. Consider the updated

allocation A′′ after 𝑎2 receives these |𝑇7 | − |𝑇6 | items. Then, we

have 𝑣1 (A′′) = 𝑣2 (A′′). At this point, the allocation is equitable.

Remaining items in𝑇6∪𝑇7∪𝑇8 yield no externalities, and hence the

instance reduces to the one without externalities. As in the classical

setting without externalities, the algorithm now proceeds greedily

by assigning the least happy agent its most favourite remaining

item. The EQ1 guarantee follows. □

This settles the claim. □

4 More than Two Agents
We now consider more than two agents. Even if the instance is

normalized (but the externalities are not), the following example

illustrates that there is no EQ1 allocation even with binary valua-

tions.

Example 4.1. Consider the following instance with 3 agents and
3 items. Under any allocation, agent 𝑎3 always ends up getting the
highest utility of 3. However, at least one of the agents from 𝑎1 and 𝑎2

receives a utility of at most 1, thereby violating EQ1 against agent 𝑎3.
This is primarily due to the unconstrained value that 𝑎3 derives from
the externalities, while the other two agents derive no external value.
Notably, the valuations are normalized, yet this does not enable an
EQ1 allocation.
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𝑔1 𝑔2 𝑔3

𝑎1 (1, 0, 0) (1, 0, 0) (1, 0, 0)
𝑎2 (0, 1, 0) (0, 1, 0) (0, 1, 0)
𝑎3 (1, 1, 1) (1, 1, 1) (1, 1, 1)

Table 2

The above counter-examples motivate us to look at instances

with both normalized valuations and normalized externalities.

Example 4.2 (EQ1 Non-existence). Consider the following instance
with 4 agents and 2 items. Without loss of generality, suppose 𝑔1 is
allocated to 𝑎1. Then, exactly one agent, namely 𝑎2, derives a value
of one from externalities, and the other two agents, 𝑎3 and 𝑎4 remain
poor agents. Notice that any allocation of 𝑔2 only increases the in-
equity. Indeed, either one of the rich agents 𝑎1 or 𝑎2 always benefit
from the allocation of 𝑔2 to any agent and at least one of the poor
agent (𝑎3 or 𝑎4 continues to remain at the previous utility level). This
implies that under any allocation, there is an agent with utility 2

and an agent agent with utility 0. This violates EQ1. Therefore, an
EQ1 allocation may not exist even with normalized valuations and
normalized externalities.

𝑔1 𝑔2

𝑎1 (1, 0, 0, 1) (1, 0, 1, 0)
𝑎2 (1, 1, 0, 0) (0, 1, 0, 1)
𝑎3 (0, 1, 1, 0) (1, 0, 1, 0)
𝑎4 (0, 0, 1, 1) (0, 1, 0, 1)

Table 3

Given the non-existence of EQ1 allocations even in structured bi-

nary instances, we anaylze the complexity of deciding the existence

of such allocations. In the next sub-section, we present efficient

algorithms to that end.

4.1 Constant Number of Agents
Wenowdiscuss general valuations and present dynamic-programming

based algorithms for a constant number of agents.

Theorem 4.3. Given a fair division instance I = ⟨𝑁,𝑀, {𝑣𝑖 }𝑖∈𝑁 ⟩
with externalities (not necessarily normalized), deciding the existence
of an EQ1 allocation admits a pseudo-polynomial time algorithm for
a constant number of agents.

Proof. Let E := {A : A is an EQ1 allocation} be the set of

all possible EQ1 allocations. Let 𝑣 (A) := (𝑣1 (𝐴1), . . . 𝑣𝑛 (𝐴𝑛)) be
the vector of agent values and 𝑣 (E) := {𝑣 (A) : A ∈ E}. Let
𝑣max := max𝑖,𝑔 𝑣𝑖 (𝑖, 𝑔) be the largest value an agent derives when a

good𝑔 is allocated to itself. Then, due to noweak chores assumption,

each agent’s value lies between 0 and𝑚𝑣max and hence the number

of distinct valuation profiles is at most (𝑚𝑣𝑚𝑎𝑥 )𝑛 . That is, | ¯𝑣 (E)| ≤
(𝑚𝑣𝑚𝑎𝑥 )𝑛 . Given the set 𝑣 (E), our task is to decide if there is a

value vector such that the corresponding allocation is EQ1.

Towards that end, we present a dynamic program. We main-

tain a table T ∈ 𝑚 × [𝑚(𝑣max)𝑛] × [(𝑣𝑚𝑎𝑥 )𝑛
2 ] where an entry

𝑇 [𝑡, 𝑣1, . . . 𝑣𝑛, {ℎ𝑖, 𝑗 }𝑖, 𝑗∈𝑁 ] = 𝑇𝑟𝑢𝑒 if and only if there is an alloca-

tion of the first 𝑡 items, denoted as𝐺𝑡 , such that agent 𝑖 gets a utility

of 𝑣𝑖 and ℎ𝑖, 𝑗 := max𝑔∈𝐺𝑡
(𝑣𝑖 (𝐴−1 (𝑔), 𝑔) −𝑣 𝑗 (𝐴−1 (𝑔), 𝑔)). Then, the

existence of an EQ1 allocation follows ifT [𝑚, 𝑣1, . . . , 𝑣𝑛, {ℎ𝑖, 𝑗 }𝑖, 𝑗∈𝑁 ] =
𝑇𝑟𝑢𝑒 and for every pair of agents 𝑖 and 𝑗 , the following holds:

𝑣𝑖 (A) − ℎ𝑖, 𝑗 ≤ 𝑣 𝑗 (A) (2)

Indeed, suppose ℎ𝑖, 𝑗 := 𝑣𝑖 (𝑘,𝑔) −𝑣 𝑗 (𝑘,𝑔) for some agent 𝑘 and good

𝑔 ∈ 𝐴𝑡
𝑘
. Then,

𝑣𝑖 (A) − ℎ𝑖, 𝑗 = 𝑣𝑖 (A) − 𝑣𝑖 (𝑘,𝑔) + 𝑣 𝑗 (𝑘,𝑔) ≤ 𝑣 𝑗 (A) (from Eq 2)

This implies,

𝑣𝑖 (A) − 𝑣𝑖 (𝑘,𝑔) ≤ 𝑣 𝑗 (A) − 𝑣 𝑗 (𝑘,𝑔)
⇒ 𝑣𝑖 (A \ 𝑔) ≤ 𝑣 𝑗 (A \ 𝑔)

and hence, 𝑗 ’s inequity against 𝑖 is resolved by removing 𝑔 from

agent 𝑘’s bundle.

We now present the construction of the table. For the base

case, we have 𝑇 [0; 0, . . . , 0; 0, . . . , 0] = 𝑇𝑟𝑢𝑒 . Inductively, we have
𝑇 [𝑡, 𝑣1, . . . , 𝑣𝑛, {ℎ𝑖, 𝑗 }𝑖, 𝑗∈[𝑛] ] = 𝑇𝑟𝑢𝑒 if either
(C1) For all 𝑖, 𝑗 ∈ [𝑛] such that ℎ𝑖, 𝑗 = 𝑣𝑖 (𝑘,𝑔𝑡 ) −𝑣 𝑗 (𝑘,𝑔𝑡 ) for some

fixed 𝑘 ∈ [𝑛] and for some ℎ′
𝑖, 𝑗
≤ ℎ𝑖, 𝑗 , we have 𝑇 [𝑡 − 1, 𝑣1 −

𝑣1 (𝑘,𝑔𝑡 ), . . . , 𝑣𝑛 − 𝑣𝑛 (𝑘,𝑔𝑡 ), . . . ℎ′𝑖, 𝑗 , ..] is True.
(C2) For all 𝑖, 𝑗 ∈ [𝑛] such thatℎ𝑖, 𝑗 > 𝑣𝑖 (𝑘,𝑔𝑡 )−𝑣 𝑗 (𝑘,𝑔𝑡 ) for some

𝑘 ∈ [𝑛] and𝑇 [𝑡−1, 𝑣1−𝑣1 (𝑘,𝑔𝑡 ), . . . 𝑣𝑛−𝑣𝑛 (𝑘,𝑔𝑡 ), . . . ℎ𝑖, 𝑗 , . . .]
is True.

We now show that the table entries are filled correctly.

Claim 4.4. The table entry 𝑇 [𝑡, 𝑣1, . . . 𝑣𝑛, {ℎ𝑖, 𝑗 }𝑖, 𝑗∈[𝑛] ] = 𝑇𝑟𝑢𝑒 if
and only if there exists an allocation A𝑡 of first 𝑡 items such that
𝑣𝑖 (𝐴𝑡 ) = 𝑣𝑖 and max𝑔∈𝐺𝑡

(𝑣𝑖 (𝐴−1 (𝑔), 𝑔) − 𝑣 𝑗 (𝐴−1 (𝑔), 𝑔)) = ℎ𝑖, 𝑗

Proof. The proof is by induction. The base case

𝑇 [0; 0, . . . , 0, 0 . . . , 0] is vacuously true. Suppose the claim holds

true for𝑇 [𝑡 − 1, . . .]. LetA𝑡 = {𝐴𝑡
1
, . . . , 𝐴𝑡𝑛} be the allocation of the

first 𝑡 items such that 𝑣𝑖 (A𝑡 ) = 𝑣𝑖 and max𝑔∈𝐺𝑡
(𝑣𝑖 (A−1 (𝑔), 𝑔) −

𝑣 𝑗 (A−1 (𝑔), 𝑔)) = ℎ𝑖, 𝑗 . We need to show that

𝑇 [𝑡, 𝑣1, . . . 𝑣𝑛, {ℎ𝑖, 𝑗 }𝑖, 𝑗∈[𝑛] ] = 𝑇𝑟𝑢𝑒 . Suppose 𝑔𝑡 ∈ 𝐴𝑡𝑘 . Let 𝐴
′
𝑘

:=

𝐴𝑘 \ {𝑔𝑡 } and ℎ′𝑖, 𝑗 = max𝐺𝑡−1
(𝑣𝑖 (𝐴−1 (𝑔), 𝑔) − 𝑣 𝑗 (𝐴−1 (𝑔), 𝑔)). Then,

by induction hypothesis, we have 𝑇 [𝑡 − 1, 𝑣1 − 𝑣1 (𝑘,𝑔𝑡 ), . . . 𝑣𝑛 −
𝑣𝑛 (𝑘,𝑔𝑡 ), {ℎ′𝑖, 𝑗 }𝑖, 𝑗∈[𝑛] ] is True. If ℎ

′
𝑖, 𝑗

> (𝑣𝑖 (𝐴−1 (𝑔𝑡 ), 𝑔𝑡 ) −
𝑣 𝑗 (𝐴−1 (𝑔𝑡 ), 𝑔𝑡 )), then ℎ𝑖, 𝑗 = ℎ′𝑖, 𝑗 and condition (C2) is satisfied. If

ℎ′
𝑖, 𝑗
≤ (𝑣𝑖 (𝐴−1 (𝑔𝑡 ), 𝑔𝑡 ) − 𝑣 𝑗 (𝐴−1 (𝑔𝑡 ), 𝑔𝑡 )), then condition (𝐶1) is

satisfied. In either case, 𝑇 [𝑡, 𝑣1, . . . 𝑣𝑛, {ℎ𝑖, 𝑗 }𝑖, 𝑗∈[𝑛] ] = 𝑇𝑟𝑢𝑒 .
On the other hand, suppose 𝑇 [𝑡, 𝑣1, . . . 𝑣𝑛, {ℎ𝑖, 𝑗 }𝑖, 𝑗∈[𝑛] ] = 𝑇𝑟𝑢𝑒 .

We need to show the existence of such an allocation. Suppose

condition (𝐶1) is satisfied and let A′ be the allocation for 𝑇 [𝑡 −
1, 𝑣1 − 𝑣1 (𝑘,𝑔𝑡 ) . . . 𝑣𝑛 − 𝑣𝑛 (𝑘,𝑔𝑡 ), . . . , ℎ′𝑖, 𝑗 , . . .]. Then, let A

𝑡
be the

allocation such that 𝐴𝑡
𝑘

= 𝐴′
𝑘
∪ 𝑔𝑡 and 𝐴𝑡

𝑖
= 𝐴′

𝑖
for all agents

𝑖 ≠ 𝑘 . Since ℎ′
𝑖, 𝑗

< ℎ𝑖, 𝑗 , for the allocationA, we get 𝑣𝑖 (𝐴𝑖 ) = 𝑣𝑖 and
ℎ𝑖, 𝑗 = max𝑔∈𝐺𝑡

(𝑣𝑖 (𝐴−1 (𝑔), 𝑔)−𝑣 𝑗 (𝐴−1 (𝑔), 𝑔)) = (𝑣𝑖 (𝐴−1 (𝑔𝑡 ), 𝑔𝑡 )−
𝑣 𝑗 (𝐴−1 (𝑔𝑡 ), 𝑔𝑡 ). Else, if condition (𝐶2) is satisfied, let A′ be the
allocation for 𝑇 [𝑡 − 1, 𝑣1 − 𝑣1 (𝑘,𝑔𝑡 ) . . . 𝑣𝑛 − 𝑣𝑛 (𝑘,𝑔𝑡 ), . . . , ℎ𝑖, 𝑗 , . . .].
Letting 𝐴𝑘 = 𝐴′

𝑘
∪ {𝑔𝑡 }, since ℎ𝑖, 𝑗 > 𝑣1 (𝑘,𝑔𝑡 ) − 𝑣2 (𝑘,𝑔𝑡 ), we have

ℎ𝑖, 𝑗 = max𝑔∈𝐺𝑡
(𝑣𝑖 (𝐴−1 (𝑔), 𝑔) − 𝑣 𝑗 (𝐴−1 (𝑔), 𝑔)) and hence,
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𝑇 [𝑡, 𝑣1, . . . 𝑣𝑛, {ℎ𝑖, 𝑗 }𝑖, 𝑗∈[𝑛] ] is verified by the allocation A𝑡
. This

settles the claim. □

Given the table T as constructed above, we check whether any of

the entries corresponding to 𝑇 [𝑚, 𝑣1, . . . , 𝑣𝑛, {ℎ𝑖, 𝑗 }𝑖, 𝑗∈𝑁 }] is True.
If yes, we check if 𝑣𝑖 − ℎ𝑖, 𝑗 ≤ 𝑣 𝑗 for all pairs of agents 𝑖 and 𝑗 such
that 𝑣𝑖 < 𝑣 𝑗 . If it is true for any of the table entries corresponding to

a complete allocation of𝑚 items, we conclude that EQ1 allocation

exists and is witnessed by the allocation of the corresponding table

entry. The size of the table is 𝑚 × [𝑚(𝑣max)𝑛] × [(𝑣𝑚𝑎𝑥 )𝑛
2 ] and

hence, it can be constructed in psuedo-polynomial time when the

number of agents is a constant. This completes the proof. □

Wenow show that if the valuations are binary, a similar approach

yields a polynomial time algorithm for deciding the existence of

EQ1 valuations.

4.2 Constant Number of Agents with Binary
Valuations

We first prove the following characterization for EQ1 allocations

with binary valuations.

Lemma 4.5. Given fair division instances I = ⟨𝑁,𝑀, {𝑣𝑖 }𝑖∈𝑁 ⟩ with
externalities and binary valuations, an allocation A is EQ1 if and
only if for each agent 𝑖 ∈ 𝑁 , 𝑣𝑖 (A) ∈ {𝑢,𝑢 + 1} for some 𝑢 ∈ Z+.

Proof. Consider an EQ1 allocation A. Suppose 𝑣𝑖 (A) = 𝑢

and 𝑣 𝑗 (A) ≥ 𝑢 + 2 for some 𝑢 ∈ Z+. Since A satisfies EQ1,

there must exist some 𝑔 ∈ 𝑀 such that 𝑣𝑖 (A) = 𝑢 ≥ 𝑣 𝑗 (A \
{𝑔}) ≥ (𝑢 + 2) − max𝑗 ′ 𝑣 𝑗 ( 𝑗 ′, 𝑔). Since valuation are binary, we

have max𝑗 ′ 𝑣 𝑗 ( 𝑗 ′, 𝑔) ≤ 1. This implies that 𝑣 𝑗 (A \ {𝑔}) ≥ 𝑢 + 1

for all 𝑔 ∈ 𝑀 , contradicting the fact that A is EQ1. Therefore,

𝑣 𝑗 (A) ≤ 𝑢 + 1 for all 𝑗 ∈ 𝑁 .

On the other hand, suppose 𝑣𝑖 (A) ∈ {𝑢,𝑢 + 1} for all 𝑖 ∈ 𝑁 . Let

𝑣𝑖 (A) = 𝑢 and 𝑣 𝑗 (A) = 𝑢 + 1. Then, there is an item 𝑔 such that

𝑗 derives a value of 1 from the allocation of 𝑔 (to any agent) but 𝑖

derives a value of 0. Hence,𝑢 = 𝑣𝑖 (A) ≥ 𝑣 𝑗 (A\{𝑔}) = (𝑢+1) −1 =

𝑢. This concludes that A is EQ1. □

We are now ready to present the polynomial time algorithm for

constant number of agents and binary valuations.

Theorem 4.6. Given fair division instances I = ⟨𝑁,𝑀, {𝑣𝑖 }𝑖∈𝑁 ⟩
with externalities and binary valuations (not necessarily normalized),
deciding the existence of an EQ1 allocation admits a polynomial-time
algorithm for a constant number of agents.

Proof. Let E := {A : A is an EQ1 allocation} be the set of all
possible EQ1 allocations. Let 𝑣 (A) := (𝑣1 (𝐴1), . . . 𝑣𝑛 (𝐴𝑛)) be the
vector of agent values and 𝑣 (E) := {𝑣 (A) : A ∈ E}. Let 𝑣max be

the largest value an agent derives when a good 𝑔 is allocated to

itself. Since valluations are binary, we have 𝑣max = 1. Then, each

agent’s value lies between 0 and𝑚𝑣max =𝑚 and hence the number

of distinct valuation profiles is at most𝑚𝑛
. That is, | ¯𝑣 (E)| ≤ 𝑚𝑛

.

Given the set 𝑣 (E), our task is to decide if there is a value vector

such that the corresponding allocation is EQ1. Towards that end,

we present a dynamic program. We maintain a table T ∈ 𝑚 ×𝑚𝑛

where an entry 𝑇 [𝑡, 𝑣1, 𝑣2 . . . 𝑣𝑛] = 𝑇𝑟𝑢𝑒 if an only if there is an

allocation of first 𝑡 items 𝐺𝑡 := {𝑔1, 𝑔2, . . . 𝑔𝑘 } such that an agent

𝑖 derives a utility of 𝑣𝑖 . The states 𝑇 [𝑚, 𝑣1, 𝑣2 . . . 𝑣𝑛] correspond to

the final allocations. By Lemma 4.5, there is an EQ1 allocation if

and only if 𝑣𝑖 ∈ {𝑢,𝑢 + 1} for all 𝑖 ∈ 𝑁 , where 𝑢 ∈ Z+. The total
number of table entries are 𝑂 (𝑚𝑛+1).

We now present the bottom-up construction of the table. The

base case𝑇 [0; 0, . . . 0] is vacuously true. A general state𝑇 [𝑡, 𝑣1, . . . , 𝑣𝑛]
is true if 𝑇 [𝑡 − 1, 𝑣1 − 𝑣1 (𝑘,𝑔𝑡 ), . . . 𝑣𝑛 − 𝑣𝑛 (𝑘,𝑔𝑡 )] is True for any
agent 𝑘 ∈ 𝑁 . That is,

𝑇 [𝑡, 𝑣1, . . . , 𝑣𝑛] = ∨𝑘∈𝑁𝑇 [𝑡 − 1, 𝑣1 − 𝑣1 (𝑘,𝑔𝑡 ), . . . 𝑣𝑛 − 𝑣𝑛 (𝑘,𝑔𝑡 )]

We now show that the table entries are filled correctly.

Claim 4.7. The table entry𝑇 [𝑡, 𝑣1, . . . , 𝑣𝑛] = 𝑇𝑟𝑢𝑒 is and only there
exists an allocation A𝑡 of first 𝑡 items such that 𝑣𝑖 (A𝑡 ) = 𝑣𝑖 .

Proof. The proof follows by induction. The base case𝑇 [0; 0, . . . 0]
is vacuously true. Suppose the claim holds true for𝑇 [𝑡 − 1, . . .]. Let
A𝑡

be the allocation of the first 𝑡 items such that 𝑣𝑖 (A𝑡 ) = 𝑣𝑖 . Let 𝑘
be the agent who gets the item𝑔𝑡 underA𝑡

. Consider the allocation

A′ such that A′
𝑘

:= A𝑡
𝑘
\ 𝑔𝑡 . Then, A′ is an allocation of 𝑡 − 1

items such that 𝑣𝑖 (A𝑖 ) = 𝑣𝑖 −𝑣𝑖 (𝑘,𝑔𝑡 ). Hence, by induction hypoth-

esis,𝑇 [𝑡 − 1, 𝑣1 − 𝑣1 (𝑘,𝑔𝑡 ), . . . , 𝑣𝑛 − 𝑣𝑛 (𝑘,𝑔𝑡 )] is True. Therefore, by
construction, 𝑇 [𝑡, 𝑣1, . . . 𝑣𝑛] is True.

On the other hand, suppose 𝑇 [𝑡, 𝑣1, . . . , 𝑣𝑛] is true. We need

to show the existence of such an allocation. Since 𝑇 [𝑡, 𝑣1, . . . , 𝑣𝑛]
is true, we have ∨𝑘∈𝑁𝑇 [𝑡 − 1, 𝑣1 − 𝑣1 (𝑘,𝑔𝑡 ), . . . 𝑣𝑛 − 𝑣𝑛 (𝑘,𝑔𝑡 )]
is true. Hence, there is an agent 𝑘 ∈ 𝑁 such that 𝑇 [𝑡 − 1, 𝑣1 −
𝑣1 (𝑘,𝑔𝑡 ), . . . , 𝑣𝑛 − 𝑣𝑛 (𝑘,𝑔𝑡 )] is true. Again by induction hypoth-

esis, there exists an allocation of A′ first 𝑡 − 1 items such that

𝑣𝑖 (A′) = 𝑣𝑖 − 𝑣𝑖 (𝑘,𝑔𝑡 ). Then, consider the allocation A𝑡
such that

𝐴𝑡
𝑘

:= 𝐴′
𝑘
∪ {𝑔𝑡 } and 𝐴𝑡𝑖 := 𝐴′

𝑖
for all 𝑖 ≠ 𝑘 . Then, 𝑣𝑖 (A𝑡 ) = 𝑣𝑖 for

all 𝑖 ∈ 𝑁 and this settles the claim. □

Given the table T as constructed above, we check if any of

the table entries corresponding to 𝑇 [𝑚, 𝑣1 . . . 𝑣𝑛] is true. If yes, we
check if 𝑣𝑖 ∈ {𝑢,𝑢 + 1}, and if yes, we have that the corresponding

alloctaion A is EQ1 (by Lemma 4.5). □

4.3 An FPT Algorithm
Theorem 4.8. Given a fair division instance I = ⟨𝑁,𝑀, {𝑣𝑖 }𝑖∈𝑁 ⟩

with externalities, computing an EQ1 allocation admits fixed-parameter
tractable algorithm parameterized by the number of different item-
types and the number of agents.

Proof. Let𝜏 be the total number of item-types and𝑇 = {𝑇1,𝑇2, . . . ,𝑇𝜏 }
be the partition of the items according to their types. Let 𝑛𝑇𝑖 be the

number of items in type 𝑇𝑖 . The bundle-type captures the different

item-types with at least one representative in the bundle. Since

there are 𝜏 types of items, there are at most 2
𝜏
bundle-types. For

each agent, we guess its bundle-type. These amount to 2
𝜏𝑛

such

guesses. For each such guess, we also construct a verification ILP

that verifies if the guess satisfies EQ1. To that end, let 𝐵(𝑖) be the set
of item-types present in agent 𝑖′𝑠 bundle according to the guess. Let
𝑣𝑖 ( 𝑗, 𝑡) denote the value that agent 𝑖 derives when an item of type 𝑡

is assigned to agent 𝑗 . We compute for each agent 𝑖 , the item-type 𝑡 ′,
and agent 𝑖′, such that the removal of 𝑡 ′ from 𝑖′𝑠 bundles witnesses
the largest decrease in the value that 𝑖 derives from the allocation.
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We define the variables 𝑥𝑡,𝑖 denoting the number of items of type 𝑡

assigned to agent 𝑖 . The constraint are as follows:∑︁
𝑖∈𝑁

𝑥𝑡,𝑖 = 𝑛𝑡 ∀𝑡 ∈ 𝑇 (3)

𝑥𝑡,𝑖 =

{
≥ 1 if 𝑡 ∈ 𝐵(𝑖)
= 0 if 𝑡 ∉ 𝐵(𝑖)

∀𝑖 ∈ 𝑁,∀𝑡 ∈ 𝑇 (4)

∑︁
𝑡 ∈𝑇
(𝑥𝑡,𝑖𝑣𝑖 (𝑖, 𝑡) +

∑︁
𝑗≠𝑖

𝑥𝑡, 𝑗𝑣𝑖 ( 𝑗, 𝑡)) ≥
∑︁
𝑡 ∈𝑇
(𝑥𝑡, 𝑗𝑣 𝑗 ( 𝑗, 𝑡)+∑︁

𝑖≠𝑗

𝑥𝑡,𝑖𝑣 𝑗 (𝑖, 𝑡))−

max

( 𝑗 ′,𝑡 ′∈𝐵 ( 𝑗 ′ ) )
(𝑣 𝑗 ( 𝑗 ′, 𝑡 ′) − 𝑣𝑖 ( 𝑗 ′, 𝑡 ′))

(5)

(∀𝑖, 𝑗 ∈ 𝑁 )

The constraints in Equation (3) ensures that all the items are

allocated. The constraints in Equation (4) ensure that the alloca-

tion correspond to the guess in question. Finally, the constraint in

Equation (5) verify that the allocation is EQ1. The total number

of variables in the ILP is equal to the number of agents times the

number of item-types (𝑂 (𝑛 · 𝜏)). [20] showed that given an integer

linear program in 𝑑 variables, it can be solved in time 𝑓 (𝑑) ·poly(𝐿),
where 𝐿 denotes the input size and 𝑓 depends only on 𝑑 . Therefore,

this concludes the proof. □

4.4 EQ1 Allocations and Efficient Dominating
Set

Theorem 4.9. Given a fair division instance I : ⟨𝑁,𝑀, {𝑣𝑖 }𝑖 ∈
𝑁 ⟩ with externalities arising from an underlying graph 𝐺 on the
agents, I admits an EQ1 allocation if𝐺 admits an Efficient Dominat-
ing Set.

Proof. Suppose the 𝐺 on the set of agents admits an EDS, say

𝑆 . Then, every vertex in 𝑉 (𝐺) is dominated by exactly one vertex

in 𝑆 = {𝑠1, 𝑠2, . . . 𝑠𝑘 }. Consider an EQ1 allocation A′ of items in𝑀

(without considering the externalities) to the agents corresponding

to the vertices in 𝑆 . (A classical EQ1 allocation always exists; give

the least happy agent its most favourite available item.) Extend this

to an allocation A among all the 𝑛 agents as follows:

𝐴𝑖 =

{
𝐴′
𝑖
, if 𝑖 : 𝑠𝑖 ∈ 𝑆
∅, otherwise

We claim thatA is EQ1 for the instanceI with externalities. Indeed,

sinceA′ is EQ1 for all the agents corresponding to 𝑆 , we have that
𝑣𝑖 (𝐴′𝑖 ) ≥ 𝑣 𝑗 (𝐴

′
𝑗
\ 𝑔) for some 𝑔 ∈ 𝑀 . Since 𝑆 is an EDS and hence,

is an independent set, 𝑣𝑖 ( 𝑗, 𝑔) = 0 for all 𝑖, 𝑗 : 𝑠𝑖 , 𝑠𝑖 ∈ 𝑆 . Therefore,
we have 𝑣𝑖 (A) = 𝑣 𝑗 (A \ 𝑔) for all 𝑖, 𝑗 : 𝑠𝑖 , 𝑠 𝑗 ∈ 𝑆 . All the agents 𝑖′
such that 𝑠𝑖′ ∉ 𝑆 are adjacent to exactly one vertex in 𝑆 , say 𝑖 , again

by the definition of EDS. Therefore, 𝑣𝑖′ (A) = 𝑣𝑖 (A) ≥ 𝑣 𝑗 (A \ 𝑔)
for all 𝑗 ≠ 𝑖 : 𝑠 𝑗 . This settles the claim that A is EQ1. □

5 Hardness Results
We now analyze the computational complexity of deciding the

existence of EQ and EQ1 allocations. We first show that deciding

whether an EQ allocation exists is NP-Complete even with identical

binary valuations and normalized externalities.

Theorem 5.1. Given fair division instances I = ⟨𝑁,𝑀, {𝑣𝑖 }𝑖∈𝑁 ⟩,
deciding the existence of an EQ allocation is NP-Complete even with
identical (hence, normalized) {0, 1} valuations and normalized exter-
nalities.

Proof. We present a reduction fromEDS. This problem is known

to be computationally hard even on regular graphs [8, 19].

Given an instanceI′ = ⟨𝐺,𝑘⟩ of EDS, we construct the allocation
instance I as follows. We construct𝑚 = 𝑘 items and 𝑛 = |𝑉 (𝐺) |
agents. Every agent 𝑖 values any item {𝑔𝑖 }𝑖∈[𝑘 ] at 1 and derives

an externality of 1 if any item is allocated to an agent 𝑗 such that

(𝑖 𝑗) ∈ 𝐸 (𝐺). That is, we have 𝑣𝑖 (𝑖, 𝑔) = 1 for all 𝑖 ∈ 𝑁 , 𝑔 ∈ 𝑀 and,

for all 𝑗 such that (𝑖 𝑗) ∈ 𝐸 (𝐺), we have 𝑣𝑖 ( 𝑗, 𝑔) = 1 for all 𝑖 ∈ 𝑁
and 𝑔 ∈ 𝑀 . This completes the construction.

We now argue the equivalence.

Forward Direction. Suppose I′ is a yes instance and let 𝑆 be the

size-𝑘 EDS of 𝐺 . Then consider the allocation A which allocates

exactly one item to the agents corresponding to the vertices in 𝑆 .

Then, for all agents 𝑖 such that 𝑖 ∈ 𝑆 , we have 𝑣𝑖 (A) = 1. Also, since

𝑆 is an EDS, any vertex not in 𝑆 is adjacent to exactly one vertex

in 𝑆 . So, for all agents 𝑗 such that 𝑗 ∉ 𝑆 , 𝑣 𝑗 (𝑖, 𝑔) = 1 for exactly one

agent 𝑖 ∈ 𝑆 . Therefore, 𝑣 𝑗 (A) = 1. Hence, A is an EQ allocation

and I is a yes instance.

Reverse Direction. Suppose I is a yes-instance and A is an EQ

allocation. We first claim that no agent can receive two items under

A. Suppose some agent 𝑖 got two items underA. Then, 𝑣𝑖 (A) ≥ 2.

Since there are only 𝑘 items and at least one agent ends up getting

more than one item, at most 𝑘 − 1 agents can receive the actual

items, and the rest of them derive their utility from the external

value. Since 𝐺 is a regular graph of degree 𝑑 , the 𝑘 − 1 vertices

can be adjacent to at most (𝑘 − 1)𝑑 vertices. However, the total

number of vertices in 𝐺 is 𝑘 (𝑑 + 1) (the existence of size-𝑘 EDS

ensures that the closed neighbourhood of vertices in the EDS forms

a partition of 𝑉 (𝐺)). This implies that only (𝑘 − 1) + (𝑘 − 1)𝑑 =

(𝑘 − 1) (𝑑 + 1) agents get a non-zero utility underA, leaving behind

𝑘 (𝑑 + 1) − (𝑘 − 1) (𝑑 + 1) = 𝑑 + 1 agents with 0 utility. Therefore, for

A to be an EQ allocation, every agent must get at most one item.

Let 𝑆 be the set of 𝑘 agents who receive exactly one item under

A. We claim that 𝑆 forms an EDS of 𝐺 . We have 𝑣𝑖 (A) ≥ 1 for all

𝑖 ∈ 𝑆 . Since A is an EQ allocation, we must have 𝑣 𝑗 (A) ≥ 1 for

all 𝑗 ∉ 𝑆 . There are 𝑘𝑑 many agents outside 𝑆 , and none of them

receive any item under A, they must have derived their utility as

an external value. This implies that every 𝑗 ∉ 𝑆 is adjacent to some

vertex in 𝑆 . Since each of the 𝑘 vertices in 𝑆 can only dominate

𝑑 many vertices because of the degree bound, and each of the 𝑘𝑑

vertices outside 𝑆 must be dominated for them to receive a non-zero

utility, it must be the case that 𝑆 is an independent set. This implies

that 𝑣𝑖 (A) = 1 for all 𝑖 ∈ 𝑆 . Since A is EQ, we get 𝑣 𝑗 (A) = 1 for

al 𝑗 ∉ 𝑆 , consequently every agent not in 𝑆 is adjacent to exactly

one agent in 𝑆 . Hence, 𝑆 forms an EDS of size 𝑘 , thereby I′ is a yes
instance. □



GAIW’26, May 2026, Paphos, Cyprus

We now show that deciding the existence of EQ1 allocations

such that every agent gets a minimum utility of 𝑟 is hard even for

(nearly normalized) binary valuations.

Theorem 5.2. Given fair division instances I = ⟨𝑁,𝑀, {𝑣𝑖 }𝑖∈𝑁 ⟩,
deciding the existence of an EQ1 allocation with a minimum utility
of 𝑟 is hard even with nearly normalized {0, 1} valuations.

Proof. We present a reduction from Eqitable 3 Coloring

wherein given an instance I′ = ⟨𝐺,𝑘⟩, with |𝑉 (𝐺) | = 3𝑟 , the

problem is to decide if there is a partition of the vertex set 𝑉 (𝐺)
into 3 color classes (independent sets) {𝑉1,𝑉2,𝑉3} such that |𝑉1 | =
|𝑉2 | = |𝑉3 | = 𝑟 . We construct the fair division instance as follows.

We create 𝑛(= 3𝑟 ) vertex-items {𝑔𝑣}𝑣∈𝑉 (𝐺 ) , and 3𝑚𝑟 edge-items
{𝑔𝑐 𝑗𝑢𝑣} for 𝑢𝑣 ∈ 𝐸 (𝐺), 𝑐 ∈ {𝑥,𝑦, 𝑧} and 𝑗 ∈ [𝑟 ].

We create the following agents.

(1) 3 class-agents, namely, {𝑎𝑥 , 𝑎𝑦, 𝑎𝑧 }, that correspond to the

three color classes {𝑥,𝑦, 𝑧}. These agents value all the 3𝑟

vertex items at 1 each. In aggregate, the class-agents value

the entire bundle of goods at 3𝑟 and derive 0 externality from

any assignment.

(2) 3𝑚 edge-agents for each pair of an edge and a color class,

namely, 𝑎𝑐𝑢𝑣 for 𝑢𝑣 ∈ 𝐸 (𝐺) and 𝑐 ∈ {𝑥,𝑦, 𝑧}. These agents
value all the 𝑟 copies of the corresponding edge-item in

their color-class at 1 each. In particular, 𝑎𝑥𝑢𝑣 values 𝑟 items

{𝑔𝑥 𝑗

𝑢𝑣} 𝑗∈[𝑟 ] . For each such edge-item that they value, they

also derive an externality of 1 regardless of which agent the

item is allocated to.

Every agent 𝑎𝑐𝑢𝑣 also values the vertex-items correspond-

ing 𝑔𝑢 and 𝑔𝑣 to their end points. The agent 𝑎𝑐𝑢𝑣 derives an

externality of 1 each if 𝑔𝑢 and 𝑔𝑣 is allocated to 𝑎𝑐 . In aggre-

gate, 𝑎𝑐𝑢𝑣 values 𝑟 + 2 items and derives a total externality of

(𝑛 − 1)𝑟 + 2.

These add up to a total of 3𝑚 + 3 agents and 3𝑟 + 3𝑚𝑟 items.

Note that every agent values either exactly 3𝑟 or 𝑟 + 2 items, hence

the instance is nearly normalized. Additionally, the vertex agents

derive a total externality of 0 each, while the edge agents derive a

total externality of (𝑛 − 1)𝑟 + 2. The completes the construction.

We now argue the equivalence.

Forward Direction. Suppose Eqitable 3-coloring is a yes-

instance and there is a partition of the vertices into 3 independent

sets 𝑉1, 𝑉2, 𝑉3 such that |𝑉𝑖 | = 𝑟 . Then, consider the following

allocation 𝐴. The 3 class agents {𝑎𝑥 , 𝑎𝑦, 𝑎𝑧 } get the 3 partitions

{𝑉1,𝑉2,𝑉3} respectively, and each edge agent 𝑎𝑐𝑢𝑣 gets 𝑟 edge items.

Then, it is easy to see that every agent either gets a utility of 𝑟 or

𝑟 + 1. Note that since 𝑉𝑖 are independent sets, no end-points of an

edge are allocated to the same agent; consequently, the utility of

every edge agent is at most 𝑟 + 1. This concludes that 𝐴 is an EQ1

allocation with minimum utility 𝑟 .

Reverse Direction. Suppose there is an EQ1 allocation such that

the minimum utility is 𝑟 . Then, note that all the vertex items must

be allocated to the class-agents, since they do not value anything

else. This forces the 3𝑟 vertex items to be equally divided among

the 3 class-agents. What remains are the edge-items, which can be

allocated to anyone, but due to the externalities, the edge-agents will

end up getting a utility of at least 𝑟 from the edge-item regardless of

which agent receives them. An edge agent, say 𝑎𝑥𝑢𝑣 can also receive

a utility of 2 if two vertex-items {𝑢, 𝑣} such that (𝑢𝑣) ∈ 𝐸 (𝐺) end up
with a class agent, say 𝑎𝑥 . But then the total utility of 𝑎𝑥𝑢𝑣 becomes

at least 𝑟 +2, which violates the EQ1 constraint, since the maximum

utility can be at most 𝑟 + 1. Therefore, no two end-points of an

edge are allocated to the same agent under any EQ1 allocation,

which implies that there is a vertex partition of 3𝑟 vertices into

3 independent sets, each of size 𝑟 . This implies that Eqitable 3

Coloring is a yes-instance. The theorem stands proved. □

Going slightly beyond binary valuations, we now show that

deciding the existence of EQ1 allocations such that every agent

gets a utility of at least 𝑟 is hard even with {0, 1, 𝑟 } normalized

valuations and normalized externalities.

Theorem 5.3. Given fair division instances I = ⟨𝑁,𝑀, {𝑣𝑖 }𝑖∈𝑁 ⟩,
deciding the existence of an EQ1 allocation with a minimum utility
of 𝑟 is hard even with {0, 1, 𝑟 }-normalized valuations and normalized
externalities.

Proof. We present a reduction from Eqitable 3 Coloring

wherein given an instance I′ = ⟨𝐺,𝑘⟩, with |𝑉 (𝐺) | = 3𝑟 , the

problem is to decide if there is a partition of the vertex set 𝑉 (𝐺)
into 3 color classes {𝑉1,𝑉2,𝑉3} such that |𝑉1 | = |𝑉2 | = |𝑉3 | = 𝑟 . We

construct the fair division instance as follows. We create 𝑛(= 3𝑟 )
vertex-items {𝑔𝑣}𝑣∈𝑉 (𝐺 ) , 3𝑚 edge-items {𝑔𝑐𝑢𝑣} for 𝑢𝑣 ∈ 𝐸 (𝐺), 𝑐 ∈
{𝑥,𝑦, 𝑧} and 3 dummy-items {𝑔𝑑1

, 𝑔𝑑2
, 𝑔𝑑3
}.

We create the following agents.

(1) 3 class-agents, namely, {𝑎𝑥 , 𝑎𝑦, 𝑎𝑧 }, that correspond to the

three color classes {𝑥,𝑦, 𝑧}. These agents value all the 3𝑟

vertex items at 1 each. They also value two dummy items

𝑔𝑑1
and 𝑔𝑑2

. They derive an externality of 1 each if 𝑔𝑑1
and

𝑔𝑑2
are allocated to a fixed edge agent, say, 𝑎𝑥𝑢𝑣 for edge

(𝑢𝑣) ∈ 𝐸 (𝐺). In aggregate, {𝑎𝑐 }𝑐∈{𝑥,𝑦,𝑧} values the entire
set of items at 3𝑟 + 2 and derives a total externality of 2.

(2) 3𝑚 edge-agents for each pair of an edge and a color class,

namely, 𝑎𝑐𝑢𝑣 for 𝑢𝑣 ∈ 𝐸 (𝐺) and 𝑐 ∈ {𝑥,𝑦, 𝑧}. These agents
value all the corresponding 3 edge-items at 𝑟 each. In partic-

ular, 𝑎𝑥𝑢𝑣 values {𝑔𝑐𝑢𝑣} where 𝑐 ∈ {𝑥,𝑦, 𝑧}. Every agent 𝑎𝑐𝑢𝑣
also values the vertex-items corresponding 𝑔𝑢 and 𝑔𝑣 to their

end points at 1 each. The agent 𝑎𝑐𝑢𝑣 derives an externality

of 1 each if 𝑔𝑢 and 𝑔𝑣 are allocated to 𝑎𝑐 . In aggregate, 𝑎𝑐𝑢𝑣
values all the entire set of items at 3𝑟 + 2 and derives a total

externality of 2.

(3) 3 dummy-agents {𝑎𝑑𝑖 }𝑖∈[3] . The agent 𝑎𝑑𝑖 values all the 𝑔𝑑𝑖
at 𝑟 while the remaining two dummy items at 𝑟 + 1 each and

drives an externality of 1 each when 𝑔𝑑𝑖 is allocated to either

of the other two dummy agents. In aggregate, {𝑎𝑑𝑖 }𝑖∈[3]
values all the entire set of items at 3𝑟 + 2 and derives a total

externality of 2.

These add up to a total of 3𝑚 + 6 agents and 3𝑟 + 3𝑚 + 3 items.

Note that every agent values exactly 3𝑟 + 2 items, derives a total

externality of 2 each. Hence, the instance has normalized valuations

and normalized externalities. This completes the construction.

We now argue the equivalence.

Forward Direction. Suppose Eqitable 3-coloring is a yes-

instance and there is a partition of the vertices into 3 independent
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sets 𝑉1, 𝑉2, 𝑉3 such that |𝑉𝑖 | = 𝑟 . Then, consider the following

allocation 𝐴. The 3 class agents {𝑎𝑥 , 𝑎𝑦, 𝑎𝑧 } get the 3 partitions

{𝑉1,𝑉2,𝑉3} respectively, each edge agent 𝑎𝑐𝑢𝑣 gets the edge-item

𝑔𝑐𝑢𝑣 , the dummy agents 𝑎𝑑𝑖 gets the dummy-item 𝑔𝑑𝑖 . Then, it is

easy to see that every agent either gets a utility of 𝑟 or 𝑟 + 1. Note

that since 𝑉𝑖 are independent sets, no end-points of an edge are

allocated to the same agent; consequently, the utility of every edge

agent is at most 𝑟 + 1. This concludes that 𝐴 is an EQ1 allocation

with minimum utility 𝑟 .

Reverse Direction. Suppose there is an EQ1 allocation such that

the minimum utility is 𝑟 . Then, note that all the dummy items must

be allocated to the dummy agents, since they do not value anything

else. This forces the 3𝑟 vertex items to be equally divided among the

3 vertex agents. The 3 edge-items {𝑔𝑐𝑢𝑣}𝑐∈{𝑥,𝑦,𝑧} must be allocated

equally among the 3 edge-agents {𝑎𝑐𝑢𝑣}𝑐∈{𝑥,𝑦,𝑧} , otherwise, the
value of the edge-agents remain strictly less than 𝑟 . Additionally, an

edge agent, say 𝑎𝑥𝑢𝑣 can also receive a utility of 2 if the two vertex-

items {𝑔𝑢 , 𝑔𝑣} such that (𝑢𝑣) ∈ 𝐸 (𝐺) end up with a class agent, say

𝑎𝑥 . But then the total utility of 𝑎𝑥𝑢𝑣 becomes at least 𝑟 + 2, which

violates the EQ1 constraint, since the maximum utility can be at

most 𝑟 + 1. Therefore, no two end-points of an edge are allocated to

the same agent under any EQ1 allocation, which implies that there

is a vertex partition of 3𝑟 vertices into 3 independent sets, each of

size 𝑟 . This implies that Eqitable 3 Coloring is a yes-instance.

The theorem stands proved. □

6 Conclusion
In this work, we explore the existence and computational complex-

ity of EQ1 allocations in fair division problems with externalities.

We demonstrate that the presence of externalities significantly al-

ters the landscape of equitable allocations, leading to non-existence

even for small and normalized instances. We also show the compu-

tational hardness of deciding the existence of EQ1 allocations with

a minimum utility guarantee to every agent. Towards tractability,

we present an efficient algorithm that outputs an EQ1 allocation

for two agents and binary normalized valuations. We also present

pseudo-polynomial and fixed-parameter tractable algorithms for

specific settings. Our work highlights the challenges posed by exter-

nalities in fair division and opens avenues for further research into

efficient algorithms and approximation techniques in such settings.

The complexity of deciding the existence of EQ1 allocations for

binary normalized instances with normalized externalities remains

open. One immediate interesting direction is to explore the exis-

tence of EQ-𝑘 allocations, where the inequity can be eliminated by

the removal of at most 𝑘 items.
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